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ABSTRACT

Stability of iterative procedure plays very important role in various fields like computer programming. game theory
etc. The aim of this paper is to establish the stability results using Ciric multi-valued contraction for iterative
procedure on a metric space.
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1. INTRODUCTION

According to Rhoades [21] the concept of stability of a fixed point iteration procedure was due to Ostrowski, It has

been systematically studied by Harder in her thesis and published in the papers of Harder and Hicks ([6] and [7]). Let

T: X — X be a mapping on complete metric space (X, d). Let T has atleast one fixed point and there exists a sequence

{x,} which converges to a fixed point q € X. Let {y,} be an arbitrary sequence in X and x,,, = f(T,x,) be an

iteration procedure, now set €,= d(V,+1, f(T,¥,)) .The iteration procedure x,,; = f(T,x,) is called T-stable if

lim,,_,,, €,= 0 implies that lim,_y, = qand, is said to be almost T-stable, if the convergence of the series
iz1 €; < oo implies that lim,_ y, = q.

First time Harder and Hicks [6, 7] defined the concept of the stability of general iterative procedures, after that many
authors have studied various special cases of the general iterative procedure. Some of them are Berinde [2], Imoru and
Olatinwo [9], Jachymski [10, 11], Matkowski and Singh [13], Osilike [18] and Rhoades [21]. In the year 2005, Singh et
al [25] introduced the stability of Jungck and Jungck-Mann iterative procedures for a pair of Jungck-Osilike-type maps
on an arbitrary set with values in a metric space.

Non linear equation and approximating fixed points of a corresponding contractive type operator have very close
relationship between them. There are so many methods for approximating fixed points .1t is very interesting to know
whether these methods are numerically stable or not. Many authors done remarkable work on the role of stability of
iterative procedure , some of them are czerwik et al [4,5], Harder and Hicks [7,8], Lim [12], Matkowski and Singh
[13], Ortega and Rheinboldt [16], Osilike [17,19], Ostrowski [20], Rhoades [22,23], Rus et al [24] and Singh et al [26].

All these papers applied the concept of stability which was introduced by Harder [8] and some of them used the
concept of almost stability introduced by Osilike [18].
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2. PRELIMINARIES

Here we defined various definitions which are used in this paper.

Let (X, d) be a metric space and

CB(X) = {A: A is a nonempty closed bounded subset of X},

CL(X) = {A: Ais a nonempty closed subset of X}.

For A, B € CL(X) and € >0,

N(e, A) = {x € X : d(X, @) < & for some a € A},

E,p={e>0: A€ M B), BS N5 A)},

H(A,B) = (infE,p if Exp # @, + if Esp = 0}

H is called the generalized Hausdorff metric (resp. Hausdorff metric) for CL(X) induced by d. For any nonempty
subsets A, B of X, d(A, B) will denote the distance between the subsets A and B, while we write d(a, B) for d(A, B)
when A = {a}.

Definition 2.1[14, 15]: Let T: X — CL(X) be a mapping on a complete metric space. If there exist a constant g such

that 0 < g <landH (Tx, Ty) <qgd(x,y) forall x,y € X, thenthe map T: X — CL(X) is called a Nadler multi-
valued contraction.

Definition 2.2 [30]: If there exist real numbers @, 8 and y suchthat 0 < a <1, 0 < B < % and0<y< %and atleast
one of the following condition holds:
(i) H(Tx,Ty) <ad(x,y),
(i) H(Tx,Ty) < Bld(x,Tx) +d(y, Ty)],
(i) H(Tx,Ty) < y[d(x,Ty) + d(y,Tx)] wherex,yeX
Thenthemap T: X — CL(X) is called a Zamfirescu multi-valued contraction.
Definition 2.3 [3]: If there exists a nonnegative number g such that

H(Tx,Ty) < qmax{ d(x,),d(x T2),d0,Ty), (5) (G, Ty) +d (3, Tx)]
forall x,y € X thenthemap T: X — CL(X) is called a Ciric generalized multi-valued contraction.

The inequality given by Timis [29] in his paper is as follows:

1
H(Tx,Ty) < qmax] d(Tx,Ty), d(x, ), G T, G, T, (5) (46, T + 40, T)]
Where q is any nonnegative number.

Definition 2.4: Definition of Stability

LetT: X — CL(X) be a mapping on a metric space X. Let the sequence {x,, } converges to a fixed point p of T and the
iteration procedure is x,,,; € f(T,x,)

Let {v, } be any arbitrary sequence in X and set
€n=HWn, T(My), n=0,1,2..

Then the iteration procedure x,, ., € f(T, x,,) is called T-stable if lim,,_,,, €,,= 0 implies that lim,,_,,, y;,, = p.

Ostrowski [20] proved that the picard iterative procedure is stable for single valued Banach contraction. While Singh
and chadha [27] extended this theorem for multivalued contraction which is as follows

Theorem 2.1 [27]: Let (X,d) be a complete metric space and T: X — CL(X) a multi-valued contraction with
constant g defined as

H(Tx,Ty) < qd(x,y)
forallx,y € Xwhere0<g<1
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Let p be the fixed point of T. Let x, € X and x,,,, € Tx,,n = 0,1,2 ... Suppose that {y,}»-, be asequence in X and
En= H(yn+1rTYn); n= 0,1,2
Then

d®, Yn+1) < d (0, %n41) + @™ d(x0,50) + 2o q" €

Further, if Tp is singleton then
lim, y,, = p ifand only if lim, €, =0

After this Singh, Jain and Mishra [28] extended this theorem for Zamfirescu multi-valued contraction which is given as

Theorem 2.2 [28]: Let (X,d) be a complete metric space and T: X — CL(X) a multi-valued contraction which is
defined in definition (2.2).

Let p be the fixed point of T. Let x, € X and x,,, € Tx,, n =0,1,2... Suppose that {y, }n=, be asequence in X and

€En= H(yn+1' Tyn)
Then,

d®, Yn+1) < d (@, Xp41) + Tiizo 28™ 7 H (x, Tx) + 6™ d (0, o) + Xheo 6™ €
Where 6 = max {a,i,i} and n=0,1,2 ...
1-B 1-y
Further, if Tp is singleton then,
lim y,, = p ifand only if lim €,=0
n-ow n-ow

We will use the following lemma

Lemma 2.1 [7]: If ¢ is a real number such that 0 < |c| <1 and {b,}x=, is a sequence of real numbers such that
limk_mc bk =0 f then limn_mc(z‘;cl:o Cn_kbk) =0

3. MAIN RESULT

Theorem 3.1: Let (X,d) be a complete metric space and T: X — CL(X) a multi-valued contraction with constant g
defined as

H(Tx,Ty) < gqmax {d(x,y),d(x,Tx),d(y,Ty), G) (d(x, Ty) + d(y, Tx))}
forallx,y € Xwhere0 <q < 1.

Let p be the fixed point of T. Let x, € X and x,,, € Tx,,n = 0,1,2 ... Suppose that {y,}-, be a sequence in X and

En= H(yn+1r Tyn) (A)
Then,

d®, Yn+1) < d@, Xn11)+ER=0 8™ H (x, Txy) + 6™ d (%, ¥o) + Xk 8" e 0

Where § = max (ﬁ,ﬁ,;qu)and n=012..

Further, if Tp is singleton then
lim,,_,, ¥, = p if and only if lim,,_,, €,= 0 (1

Proof: Let x,y € X. Since T is a ciric generalised multi-valued contraction then,

H(Tx, Ty) < q max {d(x,y), d(x, Tx), d(y, Ty), (%) (d(x,Ty) +d(y,T))}
< g max (H(x,), H G T, H, T, (3) (HG T) + HO, )
< g max {H o), HG T, Hy) + HGe T + HEre T, (2) (0079 F f;(TjTT xy)) HHON )
< gmax {H(x, ), H(x, Tx), H(y, x) + H(x, Tx) + H(Tx, Ty), (%) (2H(x, Tx) + H(Tx,Ty) + H(x, y))}

H(Tx,Ty) < qH(x,y)

H(Tx,Ty) < qH(x,Tx)
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Now,
H(Tx,Ty) < qH(y,Ty)
H(Tx,Ty) < qmax {H(y,x) + H(x,Tx) + H(Tx,Ty)}
(1—-q)H(Tx, Ty) < qmax {H(x,y) + qH(x,Tx)}
H(Tx,Ty) < ﬁ H(x,y) + (ﬁ) H(x,Tx) 2

H(Tx,Ty) < q {(%) (2H(x, Tx) + H(Tx,Ty) + H(x, y))}
H(Tx,Ty) < q {(H(x, Tx) + (5) H(Tx, Ty) + () Hx, y))}
(1-9)H(Tx,Ty) < q {(H(x, Tx) + (5) H(x, y))}

(2%‘*) H(Tx,Ty) < q {(H(x, Tx) + (%) H(x, y))}

H(Tx,Ty) < ( (zz_qq)) H(x,Tx) + (ﬁ) H(x,y) ®)

This yields,
H(Tx,Ty) < §H(x,Tx) + 6H(x,y)
H(Tx,Ty) < 6H(x,Tx) + 8d(x,y) (B)
Where &§ = max (L,i,z—q)
1-q 2—q 2—q
Since,
d(p: Yn+1) < d(p: xn+1) + d(xn+1' yn+1) (4)

We have,

d(xn+1' yn+1) < H(Txn' yn+1)
< H(Txn' Tyn) + H(TYn' yn+1)
< 6H(x,, Txy) + 8d (%, V) + €, (From (A) and (B),) (5)

Consequently,
d(xn' yn) < 5H(xn—1' Txn—l) + Sd(xn—l' yn—l) + €n—1 (6)

Using (5) and (6) in (4) we get,
d(p' yn+1) < d(p: xn+1) + SH(xn'Txn) + €n + 5[5H(xn—1'Txn—1) + 5d(xn—1' yn—l) + En—l]
< [d(p: xn+1) + 6H(xn' Txn) + 62H(xn—1:Txn—1) + 52d(xn_1, yn—l) +(€n + (Sen—l)]

On repeating this process (n — 1) times, we get,
d®, Yn+1) <A@, X)Xz 6™ HH (o, Txp) + 6™ d (x4, ¥0) + Xheo 6™ ey

This proves (I).

From (A) we have
€En= H(yn+1' Tyn)
< dn+1,p) + H, Tp) + H(Tp, Ty,)
< d(Yn41,p) + H(p,Tp) + 8H(p, Tp) + 8d(p, ,)) (From (B))
This concludes that €,,— 0 asn — o because Tp = {p} by hypothesis.

Conversly, suppose that €,—» 0asn - «
First we assume that limy ., H(x,, Tx; ) = 0, if Tp = {p}

For,
H(x,,Tx,) < H(x, Tp) + H(Tp, Txy)
< d(x,{p}) + H(Tp, Tx,) (7)

As we know that T is a ciric multivalued contraction and {Tx, } is a Cauchy sequence. Also Tx, — Tp as k — . SO
putting k — oo in (7) we get the required result.
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Now 0 <48 <1, If§ =0 then () gives,
limy, =p

n—oo
So we consider that 0 < § < 1, Then,

§"d(x0y0) > 0Oasn > o

Since, limy_., H(x, Tx;) = 0,lim;_.€, = 0, therefore by lemma 2.1,
Y o 28™ 1K H(x,,, Tx) » 0and YR_,6" e, >0 asn > w

Hence from (1)
limy, .y, = p.

Corollary 3.1: Let (X, d)be a complete metric space and T: X — X be a Ciric contraction with constant g defined as
d(Tx,Ty) < q max {d(x, v),d(x,Tx),d(y, Ty), G) (d(x, Ty) + d(y, Tx))} forall x,y e Xwhere 0 <q < 1.

Let p be the fixed point of T. Letx, € X and x,,,; = Tx,,n = 0,1,2 ... Suppose that {y,}-, be asequence in X and
En= d(yn+1' Tyn)

Then,
d®, Yn+1) < d®, Xps)+0i= 6" d (e, Xi1) + ™A (X0, ¥o) + Xieeo 8 ey
where 6 = max (L,L,z—q) and n=0,1,2 ...
1-q 2—-q 2—q

Further, if Tp is singleton then,

lim y,, = p if and only if lim €,= 0

n—-oo n-—-oo
Proof: We know that if T is single valued mapping then €,= H(yn4+1, Ty,) becomes €,=d(y,4+1,Ty,) and
H (x,, Tx,) becomes d(x,,, X;+1)-

As we know that p € X in second part of Theorem 3.1, is not necessarily a unique fixed point of T. This shows that Tp
contains just one point.

Theorem 3.2: In case of theorem 3.1, if we replace €,= H(Yps+1, TYn) by €,=d¥Vns1, Pn), Pn €Ty,, n=0,12..
Then, d(®, Yn+1) < d(D, Xn41) + Zitmo 8™ OH G, Txi) + 8T DA (x0, ) + Do 6™ (Hye + €1)
Where

Hy = H(Xp41, Txy) (1

Further, if Tp is singleton then
lim,,_,,, y,, = p ifand only if lim,_,, €,= 0 (V)

If T is continuous and lim €,= 0 then limy, =p
n—-oo

n-o

Proof: Let T be a Ciric multi-valued contraction, from (B) we have,
H(Tx,, Ty,) < 8H(x,, Tx,) + 6d(x,, y,) for any x,,, y,€ X. Thus, if n is any non negative integer then,

d(xn+1' yn+1) < d(xn+1' pn) + d(pn' yn+1)
< H(xn+1r Tyn) +€n
< H(xpy1, Txy) + H(Tx,, Tyy) +€,
< H, + 6H(x,, Tx,) + 6d(xp, vy) +€,
< H, + 6H(x,, Tx,) + 6{Hy_1 + SH(xp_1, Txp_1) + 6d(Xp_1,Vn_1) +€n_1} + €,
< 5H(xn' Txn) + 62H(xn—1'Txn—1) + 52d(xn_1, yn—l) + S(Hn—l +€n—1) + (Hn +En)

Respectively,
d(Xns1 Yni1) S Tieo 8T OH (x, Txg) + 8™ d(x0, ) + oo 8™ F(Hy + ) (8)

Thus,
d(p: yn+1) < d(p: xn+1) + d(xn+1' yn+1)

From (8),
d®, Y1) < AP, %ns1) + Li=o STOH G, Txy) + 8V d (%, y0) + Tiizo 8™ F (Hy + €)
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Now if we assume that y, » pasn - «

Then,
€En= d(yn+1' pn) < H(yn+1'Tyn)

Thus, theorem 3.1 shows that lim,,_,,, €,= 0

Now if we consider that T is continuous and lim,,_,,, €,= 0 then from (l11)
A, Yn+1) < A, Xns1) + Y=o 5(n+1_k)H(xk' Tx) + 5(n+1)d(xo’}’o) + Yk=o0 sty

where t, = (Hy + €;). According to the proof of theorem 3.1 we need to show that the sequence {t,} is convergent to
0.As we assumed that, the sequence {e,} is convergent to 0, it is sufficient to show that {H,, } is also convergent to 0.
Since T is continuous,

lim Hn = 7111_1;23 H(xn+1,Txn) = H(pr Tp) =0

n—-ow

Thus the proof is complete.

Theorem 3.3: Let (X,d) be a complete metric space and T: X — CL(X) a multi-valued contraction with constant g
defined as

H(Tx,Ty) < qmax{ d(Tx,Ty), d(x,),d(x,Ty), d(, T2), (3) (A ) + d0, 7)) .
Forall x,ye Xwhere0 < g <1

Let p be the fixed point of T. Let x, € X and x,,, € Tx,,n = 0,1,2 ... Suppose that {y,}_; be asequence in X and

En= H(yn+1'Tyn) (C)
Then,
d(®,Yn+1) < d®, %p41)+Zie=o ™ TH Gy, Txp) + 8 "1 (20, ¥0) + Tie=o 67 e V)
Where 6 = max (q,i,i,z—q)
1-q 2—q 2—q

Further, if Tp is singleton then

lim,,_,., y,, = p ifand only if lim,_,, €,= 0 (v
Proof: Let x,y € X. Since T is a generalised multi-valued contraction given by Timis [29] then,

H(Tx,Ty) < qmax{ d(Tx,Ty), d(x,),d(x,Ty),d(, T, (3) (d(,Tx) + d(,T))}

H(Tx,Ty) < q H(x,y) ©)

H(Tx,Ty) < q H(x,Ty)

< q[H(x,Tx) + H(Tx,Ty)]
(1-q@H(Tx,Ty) < q [H(x,Tx)]
H(Tx,Ty) < 1f—qH(x, Tx) (10)

H(Tx,Ty) < q H(y,Tx)
H(Tx,Ty) < q[H(y,x) + H(x,Tx)] (11)

H(Tx,Ty) < 1[H(x,Tx) + H(y,Ty)
H(Tx,Ty) < g[H(x, Tx) + H(y,x) + H(x,Tx) + H(Tx, Ty)]
(1 =DH(Tx,Ty) < J[2H(x, Tx) + H(y, )]

H(Tx,Ty) < ﬁ [2H (x, Tx) + H(y, x)] (12)
This yields,

H(Tx,Ty) < §H(x,Tx) + 6H(x,y)

H(Tx,Ty) < 6H(x,Tx) + 8d(x,y) (D)
Where,

— q q 2q

0= max(q,E,E,E)

Since,

d(p' Yn+1) < d(p: xn+1) + d(xn+1' yn+1) (13)
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We have,

d(Xps1, Yne1) < H(Txp, Yi1)
< H(Txnr Tyn) + H(Tynr yn+1)

From (C) and (D), we have,
< 6H(x,, Txy) + 8d (%, y) + € (14)

Consequently,
d(xn' Yn) < 5H(xn—1' Txn—l) + 5d(xn—1' Yn—l) + €n—1 (15)

Using (14) and (15) in (13) we get,
d(pr yn+1) < d(prxn+1) + SH(xn' Txn) + €n + S[SH(xn—erxn—l) + Sd(xn—l: yn—l) + En—l]
< [d(p' xn+1) + SH(xn'Txn) + 52H(xn—1' Txn—l) + 52d(xn—1ﬁ :Vn—l) (En + 5611—1)]

On repeating this process (n — 1 )times, we get,
d®, Yn+1) < A, X 1)+ Lk=o 8™ TH (i, Txp) + 8™ d (%0, ¥0) + Xieo 6™ ey

This proves (V)
By (C)

En= H(yn+1r Tyn)
< d(Yn+1,0) + Hp,Tp) + H(Tp, Ty,)

From (B),
< d(Yn41,p) + Hp, Tp) + 6H(p, Tp) + 6d(p, ¥,))

This concludes that €,,— 0 as n — o« because Tp = {p} by hypothesis.
Conversely, suppose that €,—» 0 asn —
First we assume that limy ., H(x, Tx; ) = 0,if Tp = {p}

For,
H(x,Tx) < H(x,, Tp) + H(Tp, Txy)
< d(x{p}) + H(Tp,Tx;) (16)

As we know that T is a multi-valued contraction and {Tx, } is a Cauchy sequence. Also Tx;,, = Tp as k — . So putting
k — oo in (16) we get the required result.

Now 0 <6 <1, If§ =0 then (V) gives,
limy, =p

n—-oo

So we considerthat 0 < § < 1,

Then,
§"d(x0y0) » 0Oasn > o

Since limy oo H(x, Tx ) = 0,limy_, €, = 0, therefore by lemma 2.1, ¥ 26™*1"¥H (x;,, Txy) — 0 and Yp_o 6™ e, — 0 asn — oo

Hence from (V),
limy, = p.

n—-o

Corollary 3.2: Let (X, d) be a complete metric space and T: X — X is a single valued mapping with constant q defined
as

d(Tx,Ty) < qmax{ d(Tx, Ty),d(x,), d(x Ty),d0, T2, (5) (G, Tx) +d 0, TY))}:
Forall x,ye Xwhere0 < g <1

Let p be the fixed point of T. Let x, € X and x,,,; = Tx,,n = 0,1,2 ... Suppose that {y,}n=, be asequence in X and
En= d(yn+1'Tyn)
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Then,
d®, Yn+1) < d®, Xps )+ Xk=0 6" d (e, Txp) + 8 1A (x5, ¥o) + Xieeo 8™ ey
Where § = max (q,i,i,z—q)
1-q 2—-q 2—q

Further, if Tp is singleton then
lim y,, = p ifand only if lim €,=0
n—-oo n-—-ow

Proof: We know that if T is single valued mapping then €,= H(yn+1, Ty,) becomes €,=d(yn4+1, Ty,) and
H(x,, Tx,) becomes d(x,,, X;+1)-

As we know that p € X in second part of Theorem 3.3, is not necessarily a unique fixed point of T. This shows that Tp
contains just one point.

Theorem 3.4: In case of theorem 3.3, if we replace €,= H(Yns1, Tyn) by €,= d(Vns1, Pn), Pn €Ty,, n=0,12..
Then,

A®, Yns1) < A, Xns1) + Tioo MTTOH(x, Ty + TP d (%, y0) + T 6™ F (Hy + €1)
Where

Hy = H(xp41, Txi)

Further, if Tp is singleton then

lim y,, = p if and only if lim €,= 0
n—-oo

n—-oo

If T is continuous and lim,,_,,, €,= 0 then lim,_, y,, = p.

Proof: Proof directly follows from theorem 3.2
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