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ABSTRACT
In this paper characterization of degree set in certain fuzzy graphs are given with counter examples.
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I. INTRODUCTION

The phenomena of uncertainty in real life situation were described in a mathematical framework by Zadeh in 1965.
Fuzzy graph is the generalization of the ordinary graph. Therefore it is natural that though fuzzy graph inherits many
properties similar to those of ordinary graph, it deviates at many places. A. Nagoor gani and K. Radha introduced
incidence sequence of a fuzzy graph in [6]. K.Radha and A.Rosemine introduced degree sequence of fuzzy graph in [9]
and introduced degree set of a fuzzy graph in [10]. In this paper we gave characterizations of degree sets for certain
fuzzy graphs.

Il. PRELIMINARIES
A summary of basic definitions is given, which can be found in [1] - [10].

A fuzzy graph G is a pair of functions G: (o, n) where o is a fuzzy subset of a non empty set V and p is a symmetric
fuzzy relation on 6 (i.e.) p(xy)< o(x) A o(y)Vx,y € V.The underlying crisp graph of G: (o, p) is denote by G*: (V, E)
where E SV XV

In a fuzzy graph G: (o, p) degree of vertex peV is d (U) =X ,upu(uv), The minimum degree of G is
(G) = A {dg(u) /u € V}, the maximum degree of G is A(G) = {dg(u) /u € V}.

A sequence of real numbers (dy,d,ds,...,dy ) with d; > d, > d;>...>d,, where d; is equal to d(v;), is the degree
sequence of a fuzzy graph .A sequence S= (dy, dy, da,...,d,) of real numbers is said to be fuzzy graphic sequence if there
exists a graph G whose vertices have degree d;and G is called realization of S.A degree sequence of real numbers in
which no two of its elements are equal is called perfect degree sequence. In crisp graph theory there is no perfect
degree sequence. But fuzzy graphs may have perfect degree sequence. A degree sequence of real numbers in which
exactly two of its elements are same is called quasi- perfect. A homomorphism of fuzzy graphs h: G— G' is a map
h: V — V'such that 6(x) < ¢'(h(x) V X€V, u(xy) < n'(h(x) h(y)) vV X,y € V. A weak isomorphism of fuzzy graphs h:
G— G'isamap h: V — V' which is a bijective homomorphism that satisfies 6(x) = ¢'(h(x) V X€ V, p(xy) < p'(h(x)
h(y)) vV x,y € S. A co-weak isomorphism of fuzzy graphs h: G - G'is a map h: V - V' which is a bijective
homomorphism that satisfies 6(x) < o'(h(x) V X€ V, p(xy) = p'(h(x) h(y)) v x,y €S.
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An isomorphism h: G- G'is a map h: V. — V' which is a bijective that satisfies o(x) = ¢'(h(x)) V X € V,
p(xy) = p'(h(x) h(y)) ¥ x,y € S. The union of two fuzzy graphs Gi: (o1, ly) and G, :( 6, U,) is G; defined to be a fuzzy

graph G =G;1 UG,:( 01 Uoy, Yy U Hp) where V=V, U V; and E = E;U E, with
o, (u) ifueVy, —V,
61Uo, (U) = a, (u) ifueV, = 1;

oo WV o, W ifueVynlV,

() ifeeE; — E
and HiUW: (6) = 2 (e) ifeeE, — E
p (Vv uy (e) ifeeEy NE,

The join of two fuzzy graphs G;: (o1, Hy) and G, :( 6,, W) i G; defined to be a fuzzy graph G; + G, :( 61+ 05, My + M)
where V=V,;U V, and E = E;U E, U E' where E’ is the set of all edges joining the vertices of V; with vertices of V, such
that
(01+ 02) (ll) = (01U62) (U) for all uev,uVv,
_ (WU pp) (wv) ifuv € E; VE,
and (e 2) (U) = {01 W A o, (u) ifuwE€E'

The set of distinct positive real numbers occurring in a degree sequence of a fuzzy graph is called its degree set.

A set of positive real numbers is called a degree set if it is the degree set of some fuzzy graph. The fuzzy graph is said
to realize the degree set.

3. CHARACTERIZATIONS

Theorem 3.1: Let d be any positive real number, then {d} is a degree set of a fuzzy graph on a cycle if and only if
0<d<2.

Proof: Let C,be a cycle viv,vavy......... V, V1 0N n vertices where n is any positive integer.
Suppose that {d} is the degree set of a fuzzy graph (o, p) on C.

Then d(v;) = u( Vi Vi) + (Vi Vier) Vi=1,2,....,N.
<lIl+1
<2.

Since M(ViVis1) >0, d(v;) >0,Vi=12,.....n.
Hence 0<d<2.

Conversely, assume that 0 < d< 2. Then 0 < d/2 < 1. Assign p( Vi Vis1) = d/2 V i=1,2,....,n where V= V,. Assign any
value satisfying the condition of fuzzy graph as o(v;) for all i. Then

d( v)) :dp( Vjil Vi) + U Vi Vi) V i=1,2,....,0.
+

T2 2
=d, vi=l2,....n.

Thus {d} is a degree set of a fuzzy graph (o, p) on C, .

Theorem 3.2: Let d be any positive real number, then {d} is a degree set of a fuzzy graph on a complete graph K,, if
and only if 0<d<n-1.

Proof: Let K, be a complete graph on n vertices say, V 1 V, V3 Vg, ..., V. Suppose that {d} is a degree set of a fuzzy
graph on a complete graph K.

Then d(v) =Xj- u(v; v;) V i=1,2, ..,n
JET)
SZ}Ll 1 vV i=1,2,..,n
j=i
<n-1
Since p(Vv;Vi:) >0V i=1,2,....,n.

Hence 0<d<n-1.

© 2017, IJIMA. All Rights Reserved 274



K. Radha*, A. Rosemine’ / Some Results On Degree Set of Fuzzy Graphs / IJMA- 8(7), July-2017.

Conversely assume that 0 < d<n-1. Then 0 < d/(n-1) < 1. Assign p( v;v;) = d/(n-1) V i# j
Assign any value in [%, 1] as o(v;) for all i.

Then d(vi) = Xj-; u(v; v;) V i=1, 2, ..,n
J#i
d .
= Z;le Vi=l2,..,n
Jj#i
-— d —
= (n-l); v i=1,2,..,n
=2. vV i=1,2,..,n

Thus {d} is a degree set of a fuzzy graph (o, u) on K, .

Theorem 3.3: Let d be any positive real number, then {d} is a degree set of a fuzzy graph on a a path P, if and only if
0<d<1andn=2.

Proof: Let P,be a path on n vertices say, v 1 Vo V3 V4, ..., V. Suppose that {d} is a degree set of a fuzzy graph (o, p) on
apath P,.

Then d(v;)=d V i=1,2,..,n,n>2. Therefore d=d (vy) = p(vivy) > 0<d < 1.
If possible assume that n> 2. then d (v,) = p(vy Vo) + H(V2 V3)

= d+ p(v, v3)

>d which is a contradiction.
Hence n = 2.

Conversely, assume that 0 <d<1 and n = 2.

A path P, on two vertices is same as the complete graph K, on two vertices. Therefore by theorem 3.2, {d} is a degree
set of a fuzzy graph (o, 1) on a path P,.

Theorem 3.4: Let d be any positive real number, then {d} is a degree set of a fuzzy graph on a star K, if and only if
0<d<1andn=1.

Proof: Let Ky, be star vo vy Vp V3 ..., V, with n+1 vertices and v, as its center. Let {d} be a degree set of a fuzzy

graph (o, p) onastar Ky, Thend=d (vj) = p(Vvivg) , V i=1,2,..,n
=>0<d<1.

Also  d (Vo) = Xity u(v; vo)

=2i=1d

=nd.
Since {d} is a degree set of a fuzzy graph on a star Ky, d (vo) = d.
Therefore nd =d < n=1. Hence the proof.
Theorem 3.5: If {dy, d,} is the degree set of a fuzzy graph on a cycle then 0 < d; <2 fori=1, 2.
Proof: Let {d;, d, } be the degree set of a fuzzy graph on a cycle viv,vsv;......... Vi Vi
Then d; =d (v;) for some i

d, = d (v;) for some j

Therefore dy = p(vi Vi) + U(ViVis1) < 2 and dp = P(Vj1 V) + H(V; Vjer) < 2.
Also p(vivis) >0 Vi=1,2,....,n. Hence 0 < d; <2 for i=1, 2.
Theorem 3.6: If {dy, d, d,....... ,d,} is the degree set of a fuzzy graph on a cycle then 0 < d; <2 fori=1, 2, ...,n.

Proof: The proof is similar to the proof of the theorem 3.5, since each d; is the sum of the two edges incident on it.
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Theorem 3.7: If there exists ate€ (0,1] such that 0 <d;-t<1;i=1, 2 then {dy, d, } is the degree set of a fuzzy graph
on an even cycle.

Proof: Consider an even cycle C: viV,Vavg......... Von V1

Assign (Vi Vo) = M(VaVy) = (V5 V) = ..... = M( Vont Von) =t and p( vy v3) =d; — t; (Vo V1) = dy — t. For all the
remaining edges assign either d; —t or d, — t as their membership values.

Then, d (v1) = 1 (V1 V2) + H(V2q V1)
=t + d2 -t
= dz.
d (V2) = K (v1V2) + U(V2Va)
=t+ dl -t
= dl'

Similarly all the remaining vertices are of either degree d; or d,.

Assign any value satisfying the condition of fuzzy graph as the membership values of the vertices. Thus {d,, d,} is the
degree set of a fuzzy graph on an even cycle.

Example 3.8: Let us illustrate the procedure described in the above theorem by the following example.

Let d;= 1.9, d,=1.5, thent > 0.9, take t = 0.9.Consider a fuzzy graph G on cycle with six vertices viVv,vsv, VsV and
assign J(vy Vo) = (V3 Va) = (Vs V) =0.9, p(Vovz) =d;—t=1.9-0.9=1and p(vsVs) = p(Vevy) =d, —t=1.5-0.9=0.6,
then d(vy) = d(vs) = d(vs) = d(ve) = 1.5, d(v,) = d(vs) = 1.9 (fig.1). Hence the following fuzzy graph is of degree set
{1.9,1.5}

V1 (0.9)

vg (0.9) V2 (1)
0.9 1
Vs (0.9) V5 (1)

v (0.9)

G:lo,ul

Figure-1

Theorem 3.9: If there exists ate€ (0,1] such that 0 < d; - t<1; i=1, 2 and 2t is either equal to d; or d, then {dj, d}
is the degree set of a fuzzy graph on an odd cycle.

Proof: Consider a odd cycle C: viV,oVavy......... Vons1 Vi

Assign p(vy Vo) = U(V3 Va) = (Vs Vs ) = ... = U(Voner Vo) =t and (Vo V3) =dy — t; (Vo Vane1) = di — t . For all the
remaining edges assign either d; — t or d, — t as their membership values. Then,
d (Vi) = M (V1 V2) + U(Vane1 Vi)
=t+t
=2t

d (V) =H (V1V2) + H(V2 V)
=t+ d2 -t
= dz.
d (Vans1) = M (Van Vansz) + H(Vans1 Vi)
= d1 —-t+t
= dl.
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Similarly all the remaining vertices are of either degree d; or d.

Assign any value satisfying the condition of fuzzy graph as the membership values of the vertices. Thus {d;, d,} is the
degree set of a fuzzy graph on an odd cycle.

Example 3.10: Let us illustrate the procedure described in the above theorem by the following example.
Letd;=2,d,=1.5,thent>1, take t = 1.
Consider a fuzzy graph G on cycle with five vertices viv,vsv, vsand

Assign J(vy Vo) = (Va3 V) = H(Vs V1) =1, i(vp va) =d; —t =2 -1 =1 and p(vsVs) = d, —t =1.5- 1 =0.5, then
d(vy) = 2(t) =d; = 2.d(vs) = d(vs) = 1.5, d(v,) = d(vs) = 2.

Hence the following fuzzy graph is of degree set {2, 1.5}

vy (1)

1 1
vs (1) v (1)
0.5 1
vy (1) @ ) ®y.(1)
&:(a,m)
Figure-2

Theorem 3.11: If d;and d, are two positive real numbers, then {d;, d,} is a degree set of a fuzzy graph on a star K, if
and only if 0<d, <1 and d;=nd,.

Proof: Let Ky, be star vo vy Vo V3 ..., v, with n+1 v ertices and vy as its center.
Let {d;, d,} is a degree set of a fuzzy graph (o, ) on a path K .
Thend (vi) = u(vivo), Vv i=1,2,..,n ,d (Vo) = 2=, u(v; vy) and dy <d,
We must have d, =d (vi) =X, u(v; vy) and dy=d (vo),
Therefore 0<d,<1and d(vo) =Xt u(v; vy)
=2is1d;
= ndz.

Conversely assume that 0 < d; < 1 and d; = nd,. Assign u(v; vy) =d, V i=1, 2, ...,n. Assign any value satisfying the
condition of fuzzy graph as the membership values of the vertices. Then d (v;) = u(v; vy) =d, and

d (Vo) = Xiz1 u(vi vo)
=it dy
= ndz: dl.
Hence {d;, d,} is a degree set of a fuzzy graph (o, ) on a star Ky ..
Example 3.12: Let us illustrate the procedure described in the above theorem by the following example.
Consider the set {1.5, 0.5}. Let d;= 1.5, d,=0.5.
Consider a fuzzy graph G on a star Ky 3 with vertices voviV,vs

Assign p(vev) =05 fori=1,2,3,4.

Then d(vo) = 1.5=dy. d(vs) = d(vs) = d(vs) =d(vs)=05.
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Hence {1.5, 0.5} is the degree set of the fuzzy graph G:(o, W) on the cycle in figure 3

vy (0.5)

vg(0.5)

v5(0.5) G:(o, 1) v,(0.5)

Figure-3

Theorem 3.13: If d;and d, are two real numbers such that 0 <d, <3 and nd, =3 d; then {d,, d,} is the degree set of a
fuzzy graph on a wheel W,..

Proof: Let W, be wheel on vy vy v, v3 ..., v, with n+1 vertices and v, as its center.

Since0<d,; <3,0< % < 1. Assign Q(V; Visg) = % vV i=1,2,....,n where vy.1= vi and p(vevi) = % vV i=1,2,....,n. Assign
any value satisfying the condition of fuzzy graph as the membership values of the vertices.

Then fori=1,2,......,n d(v;) = (Vi Visg) + 1(Vi Vo) + (Vi Vi)

da da d
=22 4+ 22 + 2z
3

3 3
= dz.

and  d (Vo) =X", u(v; vo)
—\" dz
—Zi=1?
=nZ,
3
:dl-

Hence {d;, d,} is a degree set of a fuzzy graph (o, p) on a star W,
Remark 3.14: For any non negative real number d, {d} cannot be a degree set of a fuzzy graph on a bistar.

Theorem 3.15: Let d;and d, be any two nonnegative real number such that d;< d,. Then {dy, d,} is a degree set of a
fuzzy graph on a bistar with 2m+2 verticesm>1 ifand only if 0 <d,<1 and 0< d;-md, <1.

Proof: Let G be a bistar on n vertices vg Vi, Vo, V3, ..., Vi, Ug, Uz, Uy, Us, ..., Uy Which is obtained by joining the apex
vertices Vo and ug of the two stars with the vertex sets (Vo Vi Vo Vs ..., Vip) and (Up, Uy, Uy, Us, ..., Uny ).

Suppose that {d;, d,} is a degree set of a fuzzy graph G :( o, 1) on a bistar graph.
Fori=1,2,3....m, d(u;) and d(v;) are the membership value of the edge u;uq, ViV, respectively.
Also, d(vo) = X7 u(vve) + uugvy)
d(uo) = X2, u(wiue) + pu(uovy ).
Since d;< d, ,d(vg) = d(ug) = d; and d(v;) = d(u;) = d, fori=1,2,...,m
Therefore0<d,<land d, =X, d; + u(uevy) =md; + p(uyvy)
Hence 0 <d;-md, <1.
Conversely {d,, d,} satisfy the given hypothesis. Assign p(vqg Vi) = p(Ug U;) = d.

M(Vo Ug) = d; - m d,. Assign any value satisfying the condition of fuzzy graph as the membership values of the vertices.
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Thend(v;) = (vivg) = d,, d(uj) = (uup) = d, for i=1,2,3,....,m and
d(vo) = XiZ, u(vivp) + p(uovy)
:Zﬁlmdz + dl - de
=d.

Hence {dy, d,} is an edge degree set of a fuzzy graph (o, p) on a bistar with 2m+2 vertices.

The above theorem 3.15 can also be stated as follows:

Theorem 3.16: {dy, d,} is a degree set of a fuzzy graph on a bistar if and only if 0<d, <1 and (nT_z) dy< d; < (nz;z)
d, +1 where n is an even integer greater than or equal to 4.

Proof: Let m= ("T_Z) then ("T_Z) d, < dls(nT_z) d,+1 = md, < dy<md, +1
=0<d;-md, <1.

Hence the proof is similar to the proof of the theorem 3.13.

Example 3.17: Let us illustrate the procedure described in the above theorem by the following example.

Letd;=1, d,=0.5. Then the value d; - md, =1-0.5=0.5, since 0<05<1.

Therefore m =1,

Consider a fuzzy graph G on a bistar with vertices v;Vg Ug Uy, assign p(viVg) = H(UiUp) = 0.5 then d(v,) = d(uy) =0.5= d;.
Also assign i( Voug) = 0.5 = d(vg) = d(ug) =1 =d,.

Hence {1, 0.5} is the degree set of the fuzzy graph in fig.4.

v1(0.5) uy (0.5
0.5 /s
Vg (0.5) o ug (0.5)
Gi{o, )
Figure-4

IV. CONCLUSION

In fuzzy graph theory degree of an edge is a parameter of a graph. In this paper we made a study about the edge degree
set of a fuzzy graph.
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