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ABSTRACT

This paper deals with the steady two-dimensional laminar flow of a viscous nanofluid of magnetohydrodynamic
(MHD) flow and heat transfer of the boundary layer flow over a nonlinear stretching sheet. The flow is caused by a
nonlinear stretching sheet with effect of velocity slip and variable temperature in the presence of viscous dissipation
and non-uniform heat source parameter. The resulting governing equations are converted into a system of nonlinear
ordinary differential equations by applying a suitable similarity transformation and then solved numerically using
Keller-Box technique. The effect of different flow parameters on velocity, temperature and concentration profiles are
presented in both graphical and tabular forms. Numerical values of local skin-friction coefficient, local Nusselt number
and Sherwood number are tabulated. It is found that the velocity decreases and the temperature & concentration are
increases with increase of velocity slip parameter.
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INTRODUCTION

The boundary layer flow and heat transfer over a stretching sheet have important aspects not only from a theoretical
point of view but also concerning their practical applications in the paper production, polymer industry, crystal
growing, food processing etc. The boundary layer flow problem over a stretching sheet was first studied by Crane [1],
he analyzed an exact solution for the developing problem. Afterwards, the boundary layer flows by linear and nonlinear
stretching surfaces have attracted a great deal of attention of the researchers. R. Cortell [2] investigated on fluid flow
and radiative nonlinear heat transfer over a stretching sheet. The effect of variable fluid properties on the hydro-
magnetic flow and heat transfer over a non-linearly stretching sheet was investigated by K.V. Prasad et al. [3].

Magnetohydrodynamic (MHD) flow and heat transfer due to the effect of magnetic fields on the boundary layer flow, it
acts as electrically conducting fluids. In addition, this type of flow detects many applications in engineering problems
such as MHD generators, plasma studies, nuclear reactors and geothermal energy extractions. M. Subhas Abel and
Mahantesh M. Nandeppanavar [4] discussed heat transfer in MHD viscoelastic boundary layer flow over a stretching
sheet with non-uniform heat source/sink. MHD flow and heat transfer over a stretching surface with variable thermal
conductivity and partial slip was analyzed by Mahantesh et al. [5]. Asterios Pantokratoras [6] studied numerically the
MHD boundary layer flow over a heated stretching sheet with variable viscosity.

In recent years, some studies have been given to the interest of nano fluids of convective transport. Conventional heat
transfer fluids, including oil, water and ethylene glycol mixture are inadequate heat transfer fluids, since the thermal
conductivity of these fluids plays an important role on the heat transfer coefficient between the heat transfer medium
and the heat transfer surface. Therefore, several methods have been taken to improve the thermal conductivity of these
fluids by suspending nano/micro or larger-sized particle materials in liquids. An advanced technique to improve heat
transfer is by using nanoparticles in the base fluid. Nanotechnology has been widely used in industry, since materials
with size of nanometers have unique physical and chemical properties. Nano-scale particle added fluids are called as
nanofluid and these nanoparticles range in diameter between 1 - 100 nm. Nanofluid term was coined by Choi firstly [7].
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Khan and Pop [8] derived Boundary-layer flow of a nanofluid past a stretching sheet. MHD boundary layer flow and
heat transfer of nanofluids over a nonlinear stretching sheet using R.K method by Mabood et al. [9]. Malvandi et al.
[10] analyzed boundary layer flow and heat transfer of nanofluid induced by anon-linearly stretching sheet using
homotopy analysis method. Sheikholeslami et al. [11] discussed MHD nanofluid flow and heat transfer considering
viscous dissipation using numerical technique. Hydromagnetic nanofluid flow due to a stretching or shrinking sheet
with viscous dissipation and chemical reaction effects was analyzed numerically by P.K. Kameswaran et al. [12]. Dulal
Pal and Gopinath Mandal [13] investigated the mixed convection-radiation on stagnation-point flow of nanofluids over
a stretching/shrinking sheet in a porous medium with heat generation and viscous dissipation. Rizwan Ul Haq et al.
[14] discussed the effect of thermal radiation and slip effects on MHD stagnation point flow of nanofluid over a
stretching sheet.

Rana and Bhargava [15] examined mixed convection flow of nanofluids with heat source or sink along a vertical plate
using numerical technique. Nandy and Mahapatra [16] analyzed the stagnation point flow of nanofluids over a
stretching sheet or shrinking sheet with effects of slips and heat generation/absorption. A. Alsaediet. et al. [17]
discussed the effects of heat generation/absorption on stagnation point flow of nanofluid over a surface with convective
boundary conditions. Noghrehabadi et al. [18] studied effect of partial slip boundary condition on the flow and heat
transfer of nanofluids past stretching sheet with constant wall temperature. Magnetohydrodynamic (MHD) mixed
convection slip flow and heat transfer over a vertical porous plate problem was discussed by Swati Mukhopadhyay and
Iswar Chandra Mandal [19]. Mustafa et al. [20] investigates motion of nanofluid in a channel with wall properties.
Bhattacharyya et al. [21] explained Slip effects on boundary layer stagnation-point flow and heat transfer towards a
shrinking sheet. Naramgari Sandeep et al. [22] discussed the flow and heat transfer in MHD dusty nanofluid past a
stretching/shrinking surface with non-uniform heat source/sink. Dulal Pal and Gopinath Mandal [23] investigated the
effect of thermal radiation and MHD on boundary layer flow of micropolar nanofluid past a stretching sheet with non-
uniform heat source/sink. Tasawar Hayat et al. [24] studied the effect of inclined magnetic field and heat source/sink
aspects in flow of nanofluid with nonlinear thermal radiation.

The objective of the present paper is to study the MHD nanofluid flow and heat transfer over a nonlinear stretching
sheet with partial slip effects. Therefore to extend the work of Mahantesh et al. [25] by considering viscous dissipation
in to account. Using the similarity transformations, the set of governing P.D.E. and the boundary conditions are reduced
to a system of non-linear ordinary differential equations which are solved numerically using Keller-Box method and the
effects of the governing parameters on the flow field are discussed.

FORMULATION OF THE PROBLEM

Consider a two dimensional, incompressible viscous and steady fluid flow of a water-based nanofluid flow past a
nonlinear stretching surface. The sheet is extended with velocity U,, = bx" with fixed origin location, where n is a

nonlinear stretching parameter, b is a constant, and x is the coordinate measured along with the stretching surface. The
nanofluid flows at y > O, where y is the coordinate normal to the surface. The fluid is electrical conducting due to an

applied magnetic field B(X) normal to the stretching sheet. The magnetic Reynolds number is assumed small and so,
the induced magnetic field can be considered negligible. The wall temperature TW and the nanoparticle fraction CW are
assumed constant at the stretching surface. When y tends to infinity, the ambient values of temperature and nano

particle fraction are denoted by TOc and Cw, respectively. The boundary layer equations that govern the present flow,
as per the above assumptions, are

Y.v A
Tm, Coo
Nanofluid
T, C,
stretching force
€« —_—>
o > x,u

i T B

Fig (i): Physical model and coordination system
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The boundary sheet is stretched nonlinearly with a velocity proportional to x coordinate (i.e., the distance from a slit);

hence theappropriate boundary conditions for the problem are

ou
u=u,+A—,v=0T=Ax",C=C_ aty=0 (5)
oy
u=0T >T,C—>C_ay—>w (6)
where x and y denote the cartesian coordinates along and normal to the sheet, respectively, u and v are the velocity
components of the fluid in the x and y directions, respectively, p is the fluid density, UIE is the kinematic
Yo

viscosity, 4 is the viscosity, T is the temperature, C is the concentration, k is the thermal conductivity, and C, is the
specific heat at constant pressure.

is the thermal diffusivity, 7 = ® is the ratio
(pC) (PC)

between the effective heat capacity of the nanoparticle material and the heat capacity of the ordinary fluid. We assume

Where u,, = bx", A1 is the velocity slip parameter, & =

that the variable magnetic field B(X) = BOX"_”2 where B, is constant. Q" is the non-uniform heat source, which is
modeled as:
ku, (X)) A+ b(n+1 .
o=t U{A r. o] -3 P00 e —n)] o
Xv v

where A"and B” are parameters of the space and temperature dependent internal heat generation/absorption. The case

A">0and B> 0 corresponds to internal heat generation while A'<0andB'<0 corresponds to the internal heat
absorption.

The dimensionless variable can be taken as

u =bx" fq(n),v=—‘/wxn;[f(ﬂ) rr:éﬂf (77))

b(n+1) T-T c-C ©
+ f— J— p—
= —X 2 ’9 =% s .
e s
Substituting Eqg. (8) into Esg. (1) - (4), we obtain the ordinary differential equations as follows:

fr ( 2n jf'z + 7= Mf'=0 ©)

n+1
" ' "2 " ar 12 2 [ 2 * 2 *e
0" +Pr| f0'+ Ecf " + NbO'¢' + NtO'* —| —— Af O |+| — B O+| —— |A f'=0 (10)
n+1 n+1 n+1
Nt

"+ Lefg' +—60"=0 11
¢ ¢ Nb (11)
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The transformed boundary conditions

f(n)=0,f"(n)=1+81"(n),0(n)=Le(n)=1atn=0

12
f'(7)—>0,0(n)— 0,¢(7) >0asn — x. (12)
where the prime denotes differentiation with respect to 1.
) 2 ¢) Dy(C,-C
M :ZO-;BO,PI‘ZZ,EC:U—W,N[J:('O )p B( w 00)'
pb(n+1) a c,(T,-T.) (pc), v “
1
c) D (T, —T n-1
Le:L,Ntz(p )p T( w oo),ﬂzAl bu(n+1)x2
D (pc), T 2

The special interests and importance of the present problem of nano fluid, in this study, the local skin-friction, Nusselt
number and Sherwood number are defined as

_ Mi |ou X% _ X0

i
pLIW ay y=0 k(TW Too) DB (CW Cw) (14)

Where K is the thermal conductivity of the nanofluid and (],,, ,, are the heat and mass fluxes at the surface, given by

oT oC
. » O = —Dg| —
qW |:ay:|y_0 q |:6yj|y_0

Substituting Eqg. (6) into Egs. (14)-(15), we obtain

rRev2ct, = "), Re2 Nu, =— | " Lg(0), Ret2sh, =— "Ly (0)
2 2 2 16)

Where Re, =U,, X/ v is the local Reynolds number.

(15)

METHOD OF SOLUTION

The system of nonlinear ordinary differential equations in Egs.(9)-(11) with the boundary conditions (12) are solved
numerically by means of a finite-difference scheme known as the Keller-box method,the following steps are involved
to achieve the Numerical solution.
e Reduce the non-linear higher order ordinary differential equations into a system of first order ordinary
differential equations.
o  Write the finite differences for the first order equations.
e Linearize the algebraic equations by Newton’s method, and write them in matrix—vector form. Solving the
linear system by the block tri-diagonal elimination technique.
e In order to solve the above differential equations numerically, we adopt Matlab software which is very
efficient in using the well known Keller box method.
For getting accuracy of this method to choose appropriate initial guesses.

1
f =———(1-e"),0(n)=¢e", =e
(=, pyi-e")-et=e"0()
The step size 0 = 0.006 is used to obtain numerical solution with four decimal place accuracy as criterion of
convergence.

RESULT AND DISCUSSION

The aim of this paper is to discuss the effect of various physical parameters such as magnetic parameter (M), velocity
slip parameter ( ), prandtl number (Pr), viscous dissipation parameter (Ec), Brownian motion parameter (Nb),

themoporesis parameter (Nt), Lewis number (Le) and non-uniform heat source/sink parameters (A*) and (B*)on

velocity, temperature and concentration profiles. The transformed momentum, energy and concentration Egs. (9) to
(11) and boundary conditions (12) were numerically solved by using Keller-Box method. The numerical results were
discussed for the various values of the parameters graphically and in tabular form. To validate the present results,

comparisons have been made with previous results (Nandeppanavar et al. [25]) for local nusselt number —8'(0) for

various values of A*, B*, A and Pr in the absence of M, /3, Le, Nb, Ntand Ec are presented in table-1 and which are
found in good agreement.
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Effects of £, Ec, Nb, Nt, Le and M when Pr = 1.0, n = 0.5, A* = B*=0.1, 2= 2.0 on skin-friction, local Nusselt and
loacal Sherwood numbers are presented in Table 2. It is to found that skin friction coefficient increases for different
values of magnetic parameter M, but skin friction coefficient slowly decreases with increasing in /3.

Table-1: Comparison values of Local Nusselt number — 6'(0) for several values of the flow parameters.

—6'(0)
Parameter | Values | Mahantesh M. Nandeppanavar et al. [25] Present Results
n=0.5 n=1.0 n=15 n=0.5 n=1.0 n=15
1.0 0.994706 0.864169 0.784960 | 0.994701 | 0.864167 | 0.784953
A 2.0 1.452543 1.237484 1.100034 | 1.452538 | 1.237484 | 1.100025

3.0 1.818398 1.544861 1.365733 | 1.818377 | 1.544858 | 1.365733
1.0 1.452443 1.237484 1.00034 1.452441 | 1.237484 | 1.000025
Pr 2.0 2.226426 1.927176 1.732455 | 2.226422 | 1.927167 | 1.732449
3.0 2.799134 2.436357 2.199036 | 2.799130 | 2.436321 | 2.199032
-0.1 1.561825 1.354497 1.22213 1.561825 | 1.354478 | 1.222150
A" 0.0 1.507134 1.295990 1.161123 | 1.507134 | 1.295989 | 1.161122
0.1 1.452443 1.237484 1.00034 1.452441 | 1.237484 | 1.100025
-0.1 1.560166 1.334991 1.188739 | 1.560163 | 1.334991 | 1.188737
B” 0.0 1.508454 1.288311 1.146251 | 1.508455 | 1.288311 | 1.146250
0.1 1.452443 1.237484 1.100034 | 1.452441 | 1.237484 | 1.100025

Table-2: Calculation of —f£"(0), —6'(0) and—¢'(0) for various flow parameters
when Pr=1.0, n=0.5, A*=B*=0.1, 1= 2.0

M | Ec|Nb|Nt|Le| S |—f"0)|-6(0)]|—¢'(0)
0.0 0.7717 | 1.1806 | 0.0414
0.1]05 0.8224 | 1.1552 | 0.0428
0.2 01 0.8705 | 1.1306 | 0.0449
00| ™ 1.2764 | -0.0602

0.1 0.1 1.2521 | -0.0396

0.3 20 1.2037 | -0.0016

0.1 ' 1.1552 | 0.0428

0.3 0.1 1.0889 | 0.6130

0.5 1.0266 | 0.7263

0.1 0.8224 1.1552 | 0.0428

0.1 0.3 1.1203 | -1.5260
05 0.5 1.0877 | -2.9918

' 2.0 1.1552 | 0.0428

0.1 3.0 1.1463 | 0.3490

01 5.0 1.1350 | 0.8152

' 0.1 ] 0.8224 | 1.1552 | 0.0428

20[ 05| 05280 | 1.0106 | 0.0162

0.7 | 0.4423 | 0.9490 | 0.0151

Fig. 2 shows that the effect of magnetic field (M) on velocity profile. It is observed that an increase in magnetic field
decreases the velocity of the fluid. This is due to the fact that as Lorentz force increases the magnetic field generate an
opposite force to the flow. This Lorentz force may slow down the velocity of the fluid in the stretching case. As the
values of magnetic parameter M increase, the retarding body force enriches and as a result the velocity reduces.
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Figure-4: Effect of Magnetic field M on concentration profile

Effect of magnetic parameter (M) on temperature and concentration profiles are presented in figs. 3 and 4. From these
figures, we observed that an increase in magnetic parameter enhances both the temperature and concentration profiles
of the fluid phase in the nonlinear stretching surface. Physical significance of this behavior is, As Lorentz force is a
frictional resistive force opposes the fluid motion and therefore heat produced. According to result, the thermal
boundary layer thickness and concentration boundary layer thickness become heavier for stronger magnetic field.
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Figs.5, 6 and 7 demonstrates the effect of velocity slip parameter () on velocity, temperature and concentration

profiles. From the figure 5 it is observed that the velocity profile decreases with increasing values of S . As the

velocity slip parameter increases, the slip velocity increases and the fluid velocity decreases. The reason for this
phenomena is when the slip condition occurs, the velocity of the stretching sheet is not same as the velocity of the flow
near the sheet. The effect of velocity slip parameter on the temperature profile and the concentration profile are
presented in Figs. 6 and 7. In the presence of a magnetic field and a thermal jump, it is observed that the temperature

and concentration profiles increases as the value of the velocity slip parameter [ increases.
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Figure-7: Effect of velocity slip parameter £ on concentration profile
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Figure 8 depicts the influence thermophoresis parameter (Nt) and Brownian motion parameter (Nb) on temperature
profile. As the thermophoretic and Brownian motion parameters increases, the movement of nanoparticles from the hot
surface to cold surface and ambient fluid is occurred, as result the temperature increases in the boundary layer, this
results in the growth of thermal boundary layer thickness.

1

Pr=10 A*=B*=F=01.Ec=n=M=05
=le=20
08 .
06} _
= Ne =Mt = 0.1
04r — —Mb=Mt=03
-------- Mb=MNt=05
02} .
ﬂ 1

0 1 2 3 4 5 g

xﬂl Pr=10 A*=B*=p=Nt=0.1
08_3\ i=le=20Ec=n=M=05 i
] Y 4
= Mb = 0.1
oal \ — —MNb=103 4
NG . Nb =05
0.zt 5 1
T
"-1"_‘-:;:,:_\
0 1 ] It e =
0 1 2 3 4 5 5
n
Figure-9: Effect of Nb on concentration profile
1.8
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Figure-10: Effect of Nt on concentration profile
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Figure 9 illustrates the effect of Brownian motion parameter (Nb) on concentration profile. The nanoparticle
concentration profile decreases with the increase in the Brownian motion parameter Nb. Brownian motion attends to
warm the boundary layer and simultaneously infuriates particle deposition away from the fluid regime or onto the
surface, thereby describing for the reduced concentration magnitudes. For large particles and clearly Brownian motion
does maintain a significant enhancing influence on concentration profiles. The converse is the case, for minor particles
and Brownian motion is strong and the parameter Nb will have high values. Figure 10 shows the effect of
thermophoresis parameter (Nt) on concentration profile. We observed that the concentration profile is increased with
increasing values of thermophoresis parameter Nt. This is due to the fact that the thermophoretic force is produced by
the temperature gradient and it creates a very high speed flow away from the stretching sheet. Hence the concentration
profile ¢(n) increases at the surface.

1

09

[=2]

filn)

o

Figure-12: Effect of B* on temperature profile

Figs. 11 and 12 depict the effect of non-uniform heat source/sink parameter on the temperature profiles of the flow. It is
observed from the figures that an increase in the values of A*, B* increases the temperature profiles of the flow. The
positive values of non-uniform heat source/sink parameters behave like heat generators. Producing the heat causes to
release the heat energy to the flow and hence raises the temperature profiles of the flow. This agrees with the general
physical behavior of heat source parameter.
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Figure-13: Effect of Eckert number Ec on temperature profile

Fig.13. illustrates the effects of the viscous dissipation parameter (Eckert number) Ec on the temperature. It can be seen
that the temperature increases with increasing values of Ec and that the thermal boundary layer thickness also increases.
This is due to the fact that heat energy is stored in the liquid due to the frictional heating. The effect of increasing Ec, is
to enhance the temperature at any point.
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Figure-14: Effect of Lewis number Le on concentration profile

Fig. 14.depicts the influence of the Lewis number on the concentration profile. It is noticed that the nanoparticle
volume fraction experiences a strong reduction for larger Le values. The dimensionless Lewis number is defined as the
ratio of thermal and mass diffusivity. By increasing the value of Le, the thermal boundary layer thickness is increased
whereas the concentration boundary layer thickness is reduced.

1

o8}

i)

04

0.2

0 1 2 3 4 3

[*3]

Figure-15: Effect of A on temperature profile
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Fig. 15 shows that the effect of the parameter A on temperature distribution. It can be observed that the direction of

heat transfer depends on the magnitude of the parameter A . From fig. 15 it can be seen that, the increasing values of A
is to decrease the magnitude of temperature in the boundary layer, and hence there is heat transfer from sheet to liquid.

1

Mt=F =01

4 5 6

[a=]
=2
(S
L5 ]

Figure-17: Effect of non-linear stretching sheetparameter (n) on temperature profile

The effect of non-linear stretching sheetparameter (n) is discussed in Fig. 16 & Fig. 17. It is evident that as the
nonlinear stretching parameter n increases, velocity profiles are decreases whereas temperature distribution is
accelerate.

The variations of quantities of the physical interest from engineering point of view. That is, local skin friction — f "(0)

and the local Nusselt number — 9'(0). Fig. 18 and 19 reveals that for higher values of magnetic parameter M and non-

linear stretching parameter n, the Skin friction coefficient and local Nusselt number shows the increasing behavior.
This means that fluid motion on the wall of the sheet is increased.
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Figure-18: variation of — f "(O)for different values of Magnetic field M and non-linear stretching sheet parameter n.
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Figure-20: variation of — 0'(O)With thermophores is parameter Nt for different values
of Brownian motion parameter Nb.

Figure 20 shows the effect of both Brownian motion parameter Nb and thermophoresis parameter Nt on local
Nusseltnumber—@'(O). It is observed that, as Nt&Nb increase, the heat transfer rate on the surface of a sheet

decreases. This indicates that an increment in thermophoresis parameter induces resistance to the diffusion of mass.
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CONCLUSIONS

The problem of MHD boundary layer flow of nanofluids and heat transfer over a nonlinear stretching sheet with
viscous dissipation, non-uniform heat source and velocity slip condition has been investigated numerically. Similarity
solutions are presented which effects magnetic field, nonlinearly stretching sheet, Brownian motion parameter,
thermophoresis parameter, viscous dissipation, velocity slip parameter and Lewis number. The governing partial
differential equations were transformed to non-linear ODEs with the help of similarity transformations. The solution of
the problem was obtained numerically using Keller box method.

The following conclusions have been drawn from the present study:

1.

Velocity distribution decreases with increasing the values of Magnetic field M, whereas temperature and
concentration profiles are increases.

The effect of increasing values of velocity slip parameter () is to decrease the velocity distribution, but

increase the temperature and concentration distributions in flow region.

An increase in Brownian motion parameter and thermophoresis parameter inceases the temperature
distribution.

Concentration profilesare decreased with increasing of Brownian motion parameter, whereas it increases when
the thermophoresis parameter increases.

The internal heat generation/absorption parameters space dependent (A*) and temperature dependent (B*)
increases then temperature profiles are also increases.

It is noted that with increasing values of Eckert number (Ec) the surface temperature increases.

Concentration profiles are reduced with the larger values of Lewis number.

The rate of heat transfer increases with the increasing values of non-linear stretching parameter, magnetic
parameter. Whereas it decreases with increasing values of Brownian motion parameter and thermophoresis
parameter.

Skin-friction coefficient increases with increasing values of non-linear stretching parameter and magnetic
parameter.
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