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ABSTRACT

In this paper, we analyse Composite Convolution operators which are obtained by composing convolution operators
with composition operators. We calculate the norm of composite convolution operators. The norm of trace of composite
convolution operators has also been explored. In this paper, an attempt has been made to investigate semigroups of
one-parameter family and two-parameter family of composite convolution operators. A dynamical system induced by
composite convolution operator is also obtained.
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1. INTRODUCTION

Let (X, Q, u) be a o-finite measure space. For 1< p < oo and for each f € LP(u), there exists a unique ¢ () measurable
function E(f) such that

Jafdu= [gE(f)du
for every ¢ () measurable function g for which left integral exists. The function E(f) is called conditional expectation
of f with respect to the sub - algebra ¢™(£). For more details about expectation operators, one can refer to Parthasarthy
[8]. Let ¢p: X = X be a non-singular measurable transformation, (i.e., u(E) =0 = u ¢*(E) =0). Then a composition
transformation, for 1< p <oo, Cy: LP(u) = LP( ) is defined by

Cop =f o9
for every f € LP(u). If Cy is continuous, then it is a composition operator induced by ¢. It is well-known result of Singh

-1
d”d"; , the Radon-Nikodym derivative of the measure u ¢ with

respect to the measure u is essentially bounded. For more detail about composition operators, we refer to Singh and
Manhas [11].

[11] that Cy is a bounded operator if and only if fy =

Given f, g € L*(R), then convolution of fand g, f * g is defined by
fxg(x) = [ g(x =) d),
where g is fixed, k(x,y) = g(x-y) is a convolution kernel, and the integral operator defined by
I f(0) = [ k(e =) f )du(y)
is known as Convolution operator. The composite convolution operator is obtained by composing convolution operator
I, and a composition operator Cy. Suppose ¢: X — X is a measurable transformation, then
Lo FOO) = [kGx =N F(6O))duy) = [ kg (x —Y)f)du()

is known as composite convolution operator (CCO) induced pair (k, ¢) for every f e LP (w),
where ky(x —y) = E(fa Mk =)o~ ().
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The integral operators, in particular convolution operators have already been studied extensively over the last few
decades. For more detail about composition operators, integral operators, convolution operators, composite integral
operators and composite convolution operators we refer to Singh and Manhas [11], Halmos and Sunder ([5],[6]),
Stepanov ([9], [10]), Gupta and Komal [1] and Gupta ([2], [3], [4]). Whitley [12] established the Lyubic's [7]
conjecture and generalized it to Volterra composition operators on L [0,1]. This paper broadens the approach that was
taken into account in the papers of Gupta ( [2], [3]).

Here, | recall some basic notion in operator theory. Let H be a Hilbert space and B(H) be the algebra of all bounded
linear operators acting on H. Let L*(u) consists of all measurable functions f: X — R (or (C) such that (f| f(x) | ?
du(x) ) ¥* < co. The space L*(X, Q, u) is a Banach space under the norm defined by || f || = (] f(x) | * d u(x) ) *2.
Also, L?() the space of square-integrable functions of complex numbers is a Hilbert space.

Let G be a group with identity e and X be a non-empty set. Let I1: GxX X — X be a mapping such that

I (e, x)=x; M(stx) =T (s, I (t,x))
forall xe Xands, te G. Then ITis called an action of G. If G is a topological group, X is topological space and IT is
continuous, then (G, X, IT) is known as a dynamical system.

The study of Composite Convolution operators has been initiated in the work of Gupta [2]. The present paper illustrates
some properties of composite convolution operators. In this paper main focus is to obtain semigroups of composite
convolution operators. We also obtain dynamical system induced by composite convolution operators (CCO).

2. BOUNDED AND HILBERT-SCHMIDT COMPOSITE CONVOLUTION OPERATORS (CCO)

In this section, it is shown that composite convolution operator Iy 4 is bounded and linear operator from L"(u ) into
L(w). It has also been proved by Gupta [2] that CCO Iy, ¢ is bounded operator if and only if k4 € L?(u X ). We also
obtain the norm of CCO and norm of trace of CCO.

Theorem 2.1: Let ¢ : X — X be a non-singular measurable transformation. For 1< p, q < oo, if I; 4, maps LP(n) into
L@(u), then I ¢ is a bounded operator. Moreover, I 4 is a linear operator.

Proof: Let {f,} be a sequence in L"(p) such that f, — fand I , f, — g for some fe L"(u)and g€ L%u) for palmost
all xe X. Then, we select a subsequence {f, } of {f,} such that f;,, (x) — f(x) for p-almost all xe X. Again, since I 4
fn — g, we select a dominated subsequence {f,, } of {f, }suchthat I 4 f,, (X) = 9(x).
That is,

J ko ¢ =Y o, 0du() - g(x).

For u-almostall x € X. Also, we have |f,, | <h for some h e LY ().

Again, we have,

ko (x =V f, ) = kg FONF)

for u almost all x € X, and
|k (x = Wy, | < |kp(x = 9RO

But dominated subsequence k, f,,, convergesto k4 f a.e.

Hence, by Lebesgue Dominated Convergence theorem, we conclude that
J koG =V fn, Dduy) = [ky (x =) f duy)
for u - almost all x € X. Thus, we have
Lo f () = [ ke(x =Nf)dp) = gx),

which proves that graph of I, 4 is closed. Hence, I 4 is a bounded operator by using closed graph theorem.

Again, if f, g € L°(u), we have
Iig (af +B9)X) = [ke(x =) Caf + Bg)()duy)
=afky (x=YfQ) du) + B [ ky (x = y)g(»)du(y)
=algy f )+ B gy g(x)
Thus, we have
Lp(+B9)=alyy f+ Blpg

Hence, the result follows.
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In the next result, the condition for CCO to be Hilbert-Schmidt is evaluated.
Theorem 2.2: Letky € L?(u X ). Then I, is a Hilbert-Schmidt operator.

Proof: Firstly, we show that I, , € B(L?(w). For fe L?[0,1], we have
g f112=Jy | g FOOP d u(x)
=0y Jy ke =) ) RO du)
<Jy Uy Vg (e =) 1 du(y) Jy1 FOIIP du(y)] d u(x)

= [y Ly Vg (e =) 12du(y) du®) f, 1 FOII° du(y)]
=C*||f 113

< oo,

where C? = [' [ [ kg (x — ) [2du(y) du(x)
Thus, I, 4 € B(L*(w).

Again,
kg 13 1= 1 [ kg (c— ) 17du(y) du(x)

< 0o,

Indeed,
o £11= 11 f ke =0 FONARGNI? du(x)]?
<llky 113 J, 1fO)IPdu(»)
= [lkg 113 11 113

This implies that, || I ¢ [| <l kg |12
Therefore, Iy 4 is a Hilbert-Schmidt operator.

In the next result, we have estimated the norm of CCO minus identity operator I. We consider f € L'[0,1] such that
f=f*-f"and|f|=f*+ f~. Suppose kernel ky,(x —y) =5 (x—y)and§ (x —y)=1,ifx=yand § (x —y) =0,
ifxX#£y.

Theorem 2.3: Let I 4 € B(L'[0,1]). Then
ey -Vl < 2lIf [l
where | is an identity operator.

Proof: Let f e LY[0, 1].
e (=10 = [ | Ly £() — If (O ldp(x)
< [J (U Ly FO1 du() + f,1FCO1) du(@) (1)

Also, we have
g 1 =1lee(ff—f7)]
S| eo 5 |+ 1 g £
=l fr + Ly f~
=he T+ )
=1k,¢|f| (2

Now using equations (1) and (2), we have
Wy =11l < () Lol FIG) + | IFGO]) du(x)
= [ (e [F0) = -]+ (FF () — f~(0)))du(x)
= iUy koG =) (FY + FOOuO)) du) + [, 1f (@) + £~ ()] du(x)
=21 )+ f~ (] du(x),

by using given condition, kg (x —y) = & (x —y), we conclude that
Wig f=11l = 20 f 1l

Hence, the result follows.

© 2017, IIMA. All Rights Reserved 17



Anupama Gupta* / On Dynamical System and Semigroups induced by Composite Convolution... / IMA- 8(8), August-2017.
In this result, we calculate the norm of CCO on L?[0,1] space.

Theorem 2.4: Let I 4 €B(L’0,1]) and ks be kerel function on [0,1]x[0,1] withk, €L*(p X p). Then
o fI1? < llkgll?.

Proof: Let f€ L?[0,1] besuchthatf = f* — f~. Then, we have
ko f 112 =y (ff = fOI
=k f*— Iof ™ II?
=l fHN? + 1o f 1P = 2k f gf ™

since [ f*(x) f~(x)dx = 0.Now, we have
ko fIIZ = ke FHEONZ+I| g f~ O I?
< kg IPLIFHNZ + 11 £ 117
< |k¢||2.

Here, we have make use of Theorem 2.3. Hence, the result is proved.

In the next result, we explore the norm of trace of CCO. We define the trace of K, denoted by tr(K) = fol k(Cx, x)du(x).
In the proof of this theorem we use the result of Gupta [3], that is, product of two CCO operators is again a CCO.

Theorem 2.5: Let K4 and J; 4 be two composite convolution operators induced by kernel functions kg and jg,
respectively. Then
ler(Kieg 1j.0)1% < kg 112 1lg |l2-

Moreover,
| Ko Jio 113 < [lkgll3 11gll5 -

Proof: For any f € L’[0, 1], we have
Kip Jjp D) =Ky g (Jjp f(X))
= [y Ly kg G =) Jg (y-2) du(y)] f(2) du(@)
= Jy ty (x = 2Df Ddu(2).
where t4 is the kernel of K 4 J; 4 and ty (x-2) = fol ke (x —y)jg (v — 2) du(y).

Then, we have
1t (Kig Ji0)I2 =1 [yt (x = 2)f (2)du(2) |
=1 fy tp (x—x) du() |
= fol fol kg (x —¥)jp (¥ —x) du(y) du(x)|
< J) Uy kg e =P 2 (f) 1ip & = )Pdu()) 2 ) du(x)
=N koll5 g 115

Also, we have
I Kig Jip T 13 = J, | [ te (x — 2)f (2) dp(@)|? dpu(x)
<fy (U 1tgG =D du(@ [} 1 f() 12 du(@)) du(x)
= [ (Jy 1tp(x = DI du(@)du(x) [, f(2) ? du(z))
=\t 115 1F113,
which proves that
1 Kep Jio)I5<llke 115 Nljp 115

3. SEMIGROUP OF COMPOSITE CONVOLUTION OPERATORS (CCO)

For each real, t > 0, a collection {T(t)} of bounded linear operators on Banach space X is said to be a semigroup of one-
parameter if
TO)=1and T(t; + t,)=T(t; ) T(t,) Vit t, =0.

A collection A < B(X) is said to be two parameter semigroup of operators of
A={T(ts):(t,s) €[0,00) x[0,0),
© 2017, IIMA. All Rights Reserved 18
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where T(t, s) is a bounded linear operator on X if the collection A satisfies
T(0,0)=1and T(t;+ty, 54 + S3) =T(t1, s1)T(t;,5,).

Suppose N, = N U{0}, define translation map ¢, : N, — Njas ¢, (x) = x +t. In this section, we explore the
conditions for CCO to be semigroup of one-parameter and two-parameter family. The kronecker delta function is
defined as

S(x—y)=1lifx=yand§ (x —y) =0,ifx#y.

Theorem 3.1: Let I 4, € B(L?[0,1]). Then Ig,:t € Ngy is a semigroup of one-parameter family if and only if
ks (x —y) =68 (x — y), where convolution kernel is equal to kroneker delta function.

Proof: Firstly, suppose that the condition is true.

For f e L?[0,1], we have
I, f () = [ k(x = ) f(9:(0))du@).

Then,

Lego FOO) = [ k(=) £ ( $o(3))du(»)
= [, k(x =) f 0)du()
=f(x) = If(x).

Hence,
Ik,¢0 = I
Now,

Lot so fOO = [ kG = D (h5s e 3))du()
= [ k(=) f( y +5+du)
=f(s+t+x).

Again,

Legs Tig fOO = [ kG =) g, £ )(ds0))du(y)
= Jo kG =2) (g, (s + %) du(x)
= [} g, f(s+x)dp(x)
= [ k(s +x =Y f (¢ ))du®)
= [, k(s + x =) f (¢ + ) du)
=f(s+t+Xx).

Therefore, we have,
Legsre = Tkgs gy

This shows that I 4, :t € N, is a semigroup of one-parameter family.
Converse follows trivially, if we take f = e,, where e, (m) = §(n-m).
Hence, the result is proved.

Theorem 3.2: Let I, € B(L*[0,1]). Then I 4, :t € Ny x Ny, is a semigroup of two-parameter family if and only if
ky(x —y) =8 (x — y), where translation map ¢, : No x Ny = N, x N, defined as ¢, (a) = a +t, where t = (¢, , t,),
a=(aq, ay).

Proof: First, we suppose that the condition is true. That is, kg (x —y) =6 (x — y).

For f € L?[0,1], we have
Lo fCO) = f; ke = W ($:(6) du(y)

Then, we have
Iy F O = Jy k@ = M ($00)3)) du(y).
= [, k(x = )f(0,0) +¥) du().

= Jy kG = F ().
= f(x) = If(x),
for x = (x1,%2), ¥y = (¥1,¥2)-
© 2017, IIMA. All Rights Reserved 19
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Again, if a = (al, a, ), b = (bl,bz) € NOXN(), then
Dedarny F O = Tegay ayye (b oy f
1
= [ kG = (Dlay an) + (b1 5 P)) du(y).

1
= [, k=) f(ay + by + y1, az+ by +¥,) du().
=f(a1 + b1+x1, a, + b2+ xz)

For x = (x1,%3), vy = (y1,¥2), We have
T oo FOO = [ kG =W T .y F(Diay ) D))
= [y kG = %) Ui, 0y (@1, @) +5)) du(x)
= (Ik,¢(b1_b2) f((ar, az) + (x1,x3))
=k, ¢, by flar + X1, a3 + x3)
=ik ((a+ %, G+ %) = 01 + ¥2)) f(Don, b)) D) du(¥)

= folk (Car+ x1, ay + x2) = (1 +2)) f((b1,b2) + (1 + ¥2) )du(y)
=f(ay + by +xq, a + b, +x;)

This shows that I, 4, :t € Ny X N, is a semigroup of two-parameter family.
Here, converse follows trivially.
4. ADYNAMICAL SYSTEM INDUCED BY COMPOSITE CONVOLUTION OPERATORS (CCOQ))

In this section, we obtain a dynamical system induced by CCO I, 4, where we have consider translation mapping
I, Va€ R, Il,: R— Rdefined as Tl,(x) =a+x, Vx € R.

Theorem 4.1: Suppose 1< p, q < oo and k is a convolution kernel such that k(x-y) = § (x —y). If
IT:R X LP(R) — LP (R) is a mapping defined by IT (&, f) = Iy, f, Ya € Rand f € L? (R). Then (R, LP(R),
IT) is a dynamical system.

Proof: For a € Rand f € L? (R), we have
I, f)= Ik,HO f
= J, k(x = 0f (Mo())dB)

= [, k(x = Y fGA®)
= f(x) = | f(x)

Now, for a,b € R, we have
M(a+b, )=1I e f (X
I3 kCx = F (I s (0))d»)

[ k(x =y f(a+b+y)d®)
=f(a+b+Xx)

Also, we have
I1 (a,H (b,f))=lk' I, H(b, f)

= [y kG = y) M (b,f) (M,())d()
= [, k(x=y) L (b,f)(a+y) d(¥)
=1 (bf)(a+x)

=ln, f(a+x)

= [ k(a+x—y) f(I1,()d®)

= [} k(a+ x = y)f(b+y)d©)
=f(a+b+x)

Hence, we have
IM(a+bh, f)=1II(a,II (b, ).

This shows that IT is a motion. Next, to show that (R, LP(R), IT) is a dynamical system, we have to show that IT is
separately continuous. For, let {a,} be a sequence in R such that a,, — a.

© 2017, IIMA. All Rights Reserved 20
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| (an, ) - T(a, £) [

limg, | A g, f— T, flle

lim f(“k,na fX) - Ly n f(X)|de)1/p

an > 0 n rhe

Jim J1Jk(x=9[f(an+y) = f(a+y)] dy|P dx)'/P
— 0 asn — oo.

Again, we have to prove the continuity of ITin the second co-ordinate, for { f;,} € LP(R) such that f,, — f, we have
[T(a,fn) - T(a,f) [lp=limg, [ Ten,fo— Ik, £l
lim f( | Len, fa(X) - I, M, f (x)|° dx )1/p

n — oo

Jim [ fk(x=y) [fula+y) —f(a+y)] dylP dx)'/?

n — o0
— 0 asn — oo,

Thus, (R, LP (R), IT) is a dynamical system. Hence, the theorem is proved.
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