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ABSTRACT

Let P be a finite poset. For a subset A of P, the upper cover set of A is defined as U(A) = {xeP|x covers an acA}. The
upper closed neighbours of A is defined as U[A]=U(A) U A and A is called an U — covering set of P if U[A] =P. The
U — covering number V(P) is the minimum cardinality of a U-covering set. Let U} be the family of all U-covering sets
of a chain P, with cardinality i. Similarly we can define L — covering and N-covering sets of P, with cordinality i.
w(Ppi) = |UL], €(Py, i) = |L4|, n(P,, i) = [NE|. In this paper, we construct U}, and obtain a recursive formula for
U(P,,i). Using this recursive formula we construct the polynomial U(P,,x) :Z?J”/z fu(Pn,i)xi called U-covering

polynomial of P, .
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1. INTRODUCTION

A poset P is finite if it has finite number of elements. Let P be a finite poset. The open upper cover set of A is the set
U(A) = {xeP |x covers an acA}. The closed upper cover set of A is the set U[A] = U(A) U A. We denote U({x}) as
U(x). A set Ac P is a U-covering set of P if U[A] = P. The U-covering number V(P) is the minimum cardinality of a
U-covering set of P. A poset P is a chain if every pair of elements is comparable. Let P, be the n element chain
X1 < Xp < ... < X Let UL be the family of U-covering sets of P, with cardinality i and let w(P,,i)= |UL|. The polynomial
U(Pn, X) = Xity e,y #(Pn, D)X' is called the U-covering polynomial of P,

2. U-COVERING SETS OF CHAINS
In this section we construct the family of U-covering sets of chains by a recursive method. We use [ x|, for the smallest

integer greater than or equal to x. Let Ul be the family of U-covering sets of P, with cardinality i. The following lemma
follows from observation.

Lemma 2.1: V(P,) =[ = 1.
By the definition of U-covering set and by lemma 2.1, we have the following lemma
Lemma 2.2: U} = ¢ ifand only if i > j or i <|_%-|.

A chain connecting a and b where a < b is a simple chain if every element other than a and b in the chain has exactly
one upper cover and lower cover.

The following lemma follows from observation.

Lemma 2.3: If a poset P contains a simple chain of length 2k-1, then every U-covering set of P must contain atleast k
elements of the chain.
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To find a U-covering set of P, with cardinality i, we do not need to consider U-covering sets of P,; with
cardinality i-1. We show this in lemma 2.4. So, we only need to consider U4 and UlZ%,.

Lemma 2.4: If D e ULZ} and if there exist xe P, such that DU{x}e Ul then D € Ul %
Proof: Suppose that D & Ui~%. Since DeULZ% | D contains X4 Or X,.3. If X,.3€D, then DeULZY, | a contradiction.
Hence x,., € D. But in this case, D U {x} & Ul for any xeP,, a contradiction.

Lemma 2.5:
(i) If Ui_1 =U% = =0 then Uit = = 0.
(i) IfUZY # ¢ and UiZL # o then UL # .
(iii) If U}l_l =Ut=9¢ then Ul =o.

Proof:
(i) Since U4 =UlY (pbylemmarzz11>n10r|1<|_(n 2]
~i-l1>n-2ori-1<[ (n2_2) Tand hence Ui=L, = ¢
(ii) Suppose that Ul% = ¢, then by lemma 2.2 i-1 > n-2 then i-1 <[ (“2;2) .
If i-1>n-2 ori-1>n-3 and hence Ui-% = o, a contradiction.
Hence i-1 <[ (nz;z) 1< ? Tand hence Ui~Y = o, a contradiction.

(i) Suppose that U # ¢. Let DeU! . Then x, or X,.1 is in D. If x,eD, then by lemma 2.3, atleast one of X, or
Xno isinD. If x,;eDor X,, € D then D-{x,} €U} , a contradiction. If x,;eD, then by lemma 2.3
atleast one of X., or X,3€D. If X,,€D or X,;€D then D-{x,..} € U, , a contradiction.

Lemma 2.6: If Ul # o, then
(M Ul L =¢and Ui 7ﬁ(p if and only if n=2k and i=k for some ke N.
(i) Ui 1 #¢and UiZY, = ¢ ifand only if i=n.

(iii) Ui ;rﬁ(p,andU},lz7ﬁ(p|fandonly|f|_(n D7s1<i<nl

Proof:
(i) (=)since U #¢, by lemma 2.2, i-1>n-1 ori-1 <[ @T If i-1 > n-1, then i>n and hence by lemma 2.2
Ul= ¢, a contradiction. Therefore, i-1 < |_( Y7 and since Ul Sl<i< |_(n U741, This gives us n=2k and
i=k for some keN.
(<) If n=2k and i=k for some keN, then i < T(“;”T +1 and hence i-1 < T%T. Therefore by lemma 2.2,

Ui—l =¢
(i) (=) since UL = o, by lemma 2.2, i-1> n-2 or i-1 <[ (n DY 0f i< f(“ D7 then i-1 < f(“ Y7 and hence
UL =g, a contradlotlon Therefore, i-1 > n-2 and so i>n- 1 Also, since UL 7& ¢,1<nand hence i=n.

() If| n, then by lemma 2.2, U4 #¢,and UL, = o
n—-1
(iii) (=) since U'"% # ¢ and U Z;t(p,r(n D < 1<n 2 and hence |_(n Dl41<i<n-1.

() If |_(n2—1)-| +1 <i<n- 1, then the result follows from lemma 2.2

Theorem 2.7: For every n >3 and i> |_n_|

(i) If U4 =¢and U ;t 0, then UL = {{X1, X3, Xs, ..., Xn.1}}
(i) If U}, 11 #¢ and U = ¢, then U1 {{X1, X2, X3, -0y X3}
(iii) IfU L #¢and Ui ;t(p, then
{{Xn}UX|Xe Uh—h JU{{xa 1 3UXIXe UR, VUL JU{{x1JUX| X eUr, NULY 3

Proof:
(i) U4 =¢and UL #¢. So, by lemma 2.6 (i), n=2k and i=k for some keN.

Therefore Ul = UE = {{X1, X3, X5, .., Xn-3, Xn-1}}

(i) Uy #o and UL = ¢. So, by lemma 2.6 (ii), i=n.
Therefore Un ={{X1, X2, X3, «ovy Xn1y Xn}}

(iii) UL # o and Ui #(p Let X, e Ui‘1 . Then x,. zexl Of Xp.q € Xl In both cases, X; U{x,} € UL.
Let XzeU L\UIZY . Then X,e UL but X, € UL . X,e Uiy implies that X, or Xp- 3 isin Xz
Since X,¢ Un 1 ,xn_ze X, and hence Xn_3€xZ. Therefore, {Xn-l}UXZ e Ul. Let XzeUiZL N UL
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Then X; eUlZY, and Xze UL . Xze UL, implies that X,.3€ X5 OF Xp0€ X3.
Since Xse Ui, 1 ,xnz e Xa. Therefore {xn 1}nge UL . Hence, we have
{{xUXXeUrh Ju{{xn3UXIXe Ui, \Uih JU {{x13UXXe Ui, NURY 3 € U @

Conversely, let YeU!, . Thenx, €Y or X,; € Y. If x,e Y, then by lemma 2.3, atleast one of X,; 0Or X,, € Y.
Therefore, Y=X U {x,} for some X € Ui"Y . Ifx,; € Y and x, Y, then By lemma 2.3, atleast one of X,., or X, €.

If X, €Y and X,3 €Y then Y = X U{X,1} for some X e UL | UL . If X, €Y, then Y=X U{X,..} where
XeUL nU, .

Therefore Ul < {{x.JUX|XeUY Ju{{x,.. JuX|Xe UL \UY 3 U {{x.1JUX[Xe UL NUiy (2)
From (1) and (2), we get (iii).

Table-1: «(P,,j) the number of U-Covering sets of P, with cardinality j.

i 1 2 3 4 5 6 7 8 9 10
n

11

2 11

3 02 1

4 01 3 1

5 00 3 4 1

6 0016 5 1

7 000 4 10 6 1

8 000 1 10 15 7 1

9 000 O 20 21 8 1
10 0 0 0 0 1 15 35 28 9 1

3. U-COVERING POLYNOMIAL OF A CHAIN

Let U(P,,x) = Zi"z FET“(P”J) x' be the U-covering polynomial of a chain P,. In this section we study this polynomial.
2

Theorem 3.1:
(i) 1f UL isthe family of U-covering sets with cardinality | of P,, then |U} | = UEZY |+ UL |
(i) Forevery n>3, U(Pp, X) = X [U(Pn.1, X) + U(P.», X)] with initial values U(P1,x)=x and U(P, X)=x*+x.

Proof:
(i) It follows from Theorem 2.7
(i) It follows from part (i) and the definition of the U-Covering Polynomial.

REFERENCES

1. Bayer, M. and Billera, J., Counting chains and Faces in Polytopes and Posets, Contemporary Mathematics 34
(1984) 207-252.

2. Crawley, P. and Dilworth, R.P., Algebraic theory of Lattices, Prentice-Hall, Inc. Englewod, Cliffs, New
Jersey. 1973.

3. Davey, B.A and Priestley, H.A., Introduction to Lattices and Order, Second Edition, Cambridge University
Press, 2002.

4. Garrett Birkhoff, Lattice Theory, American Mathematical Society Colloquim Publications XXV 1961.

5. Gratzer, G., General Lattice Theory, Birkhauser Verlag, Basel, 1978.

6. Greene, C. On the Mobius algebra of a partially ordered set, Advances in math. 10 (1973) 177-187.

7. Gunter M.Ziegler, Lectuers on Polytopes, Springer — Verlag, New York, Inc., 1995.

8. Paffenholz, Andreas, Construction for posets, Lattices, and Polytopes, Doctoral Dissertation, School of

Mathematical and Natural Sciences, Technical University of Berlin, 2005.
9. Stanley, R.P., Enumerative Combinatorics, Volume 1, Wordsworth and Brooks / Cole, 1986.
10. Vethamanlckam A., Topics in Universal Algebra, Ph.D. Thesis, Madurai Kamaraj University, 1994.

© 2017, IIMA. All Rights Reserved 43



A. Vethamanickam®, K. M. Thirunavukkarasu® / U-Covering Sets and U-covering Polynomials... / IIMA- 8(8), August-2017.

11. Vethamanickam, A. and Subbarayan R., Simple extensions of Eulerian Lattices, Acta Math. Univ.
Comenianae LXXIX 1 (2010) 47-54.

12. R.Subbarayan and A.Vethamanickam, On the Lattice of Convex Sublattices, Elixir Dis. Math. 50 (2012)
10471-10474.

13. A.Vethamanickam and R.Subbarayan, Some Properties of Eulerian Lattices Commentationes Mathematicae
Universitatits Carolinae 55 (2014) 499-507.

14. Saeid Alikhani and Yee-Hock Peng, Dominating Sets and Domination Polynominals of Paths, International
Journal of Mathematics and Mathematical Sciences (2009) 1-10.

Source of support: Nil, Conflict of interest: None Declared.
[Copy right © 2017. This is an Open Access article distributed under the terms of the International Journal
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2017, IIMA. All Rights Reserved 44




