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ABSTRACT

In this paper, efficiently dominating steiner number of a graph is defined and this number is found for some standard
graphs and their subdivision graphs.
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1. INTRODUCTION

The concept of domination in graphs was introduced by Ore and Berge [4]. Let G = (V, E) be a finite undirected graph
with neither loops nor multiple edges. A subset D of V(G) is a dominating set of G if every vertex in \* D is adjac ent
to atleast one vertex in D. The minimum cardinality of a dominating set of G is called the domination number of G and
is denoted by y(G).

The concept of Steiner number of a graph was introduced by G. Chatrand and P. Zhang [1]. For a nonempty set W of
vertices in a connected graph G, the Steiner distance d(W) of W is the minimum size of a connected sub graph of G
containing W. Necessarily each such subgraph is a tree and is called a Steiner tree with respect to W or a Steiner
W -tree. The set of all vertices of G that lie on some Steiner W -tree is denoted by S(W). If S(W) =V, then W is called
a Steiner set for G and is denoted by s-set of G. A Steiner set of minimum cardinality is the Steiner number s(G) of G.

The concept of Steiner domination number of a graph was introduced by John, et al.[3]. For a connected graph G, a set
of vertices W in G is called a Steiner dominating set if W is both a Steiner set and a dominating set. The minimum
cardinality of a Steiner dominating set of G is its Steiner domination number and is denoted by ys(G). A steiner
dominating set of cardinality ys(G) is said to be a y;- set.

A subset S of V(G) is called an efficient dominating set of G if for every veV(G), [N[V]NS|=1. A graph G is efficient if
G has an efficient dominating set.

For a connected graph G, let W be a ys— set of G. Then, W is an efficiently dominating steiner set of G if for every
veV(G), IN[VINW[=1. The cardinality of W is the efficiently dominating steiner number of G and is denoted by Ey,(G).

A subset S of V is called an independent set of G if no two vertices of S are adjacent in G. A subdivision of an edge
e = uv of a graph G is the replacement of the edge e by a path {u, v, w}. If every edge of G is subdivided exactly once,
then the resulting graph is called the subdivision graph and is denoted by S(G). Let G; and G, be two graphs with

disjoint vertex sets V; and V,and edge sets E; and E, respectively. Then their union G=G,UG; is a graph with vertex set

V=V,UV, and edge set E= E,UE,. Clearly G;UG;, has p;+p, vertices and g;+q;, edges. Let G; and G, be two graphs with

disjoint vertex sets V; and V; and edge sets E; and E; respectively. Then the join of G; and G, is denoted by G;+G, and
is defined as V(G;+G,) = VUV, and E(G;+G,) = E;U E,U {uv: u € Vi, v € V,}.
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Theorem 1.1[6]: For a Wheel graph Wy ,;={Vv,v1,V2,V3,....,Vp}, p>4, the set W={v,v1,V3,....,Vp.1} is the unique minimum
steiner dominating set and ys(Wy ) = p—2.

2 ifm=n=1
Theorem 1.2[3]: For the complete bipartite graph G = Ky, 7 (G) =in ifn>2m=1
min{m,n}if m,n>2

Theorem 1.3[5]: For the complete graph Ky(p > 2), vs(K;) = p.

n_—4 +2 ifn>5;
Theorem 1.4[5]: y,(P,) = 3

2 if n=23or 4.
Theorem 1.5[5]: Forn>5, (C,) = [2—'

2. EFFICIENTLY DOMINATING STEINER NUMBER OF A GRAPH

Definition 2.1: Let G be a connected graph and W be a ys-set of G. Then, W is an efficiently dominating steiner set of

G if for every v € V(G), IN[VIN"W|=1. The cardinality of W is the efficiently dominating steiner number of G and is

denoted by Eys(G). An efficiently dominating steiner set of cardinality Eys(G) is called a Eys-set of G. A graph G is said
to be an efficiently dominating steiner graph if it has an efficiently dominating steiner set.

Example 2.2: Consider the graph G in Figure 2.1. Here, W={vy, Vg}is the minimum steiner dominating set of G.

IN [vi] N W| =1 for all vieV(G), 1 <i < 6. Therefore, W is the minimum efficiently dominating steiner set of G and
Evs(G) = 2. Therefore, the graph G is an efficiently dominating steiner graph.

?

Vi

Va

\] Vs

Ve
G: Figure 2.1

Example 2.3: Consider the graph G in Figure 2.2. Here, W= {v,, v,} is the minimum steiner dominating set of G. Here,
IN[vi]NWI|= [N [vs]"W| = [N [vs]"W| = 2. Therefore, W is not an efficiently dominating steiner set of G. Here, G has
no efficiently dominating steiner set and hence G is not an efficiently dominating steiner graph.

V4

Vi V3

V2
G: Figure 2.2
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n-4
Theorem 2.4: The path P, n=1 (mod 3) has an efficiently dominating steiner set and Ey(P,) = ys(Py) = [ 3 —‘ +2.

Proof: Let P, = (vy, V2, Vs, ..., Vaks1), K> 0.
W = {Vy, V4, V7, ..., Vaks1} i the unique ys—set of P,,. Clearly we can see that [N[v] N W| =1 for all v eP,,. Hence W is the

n-4
efficiently dominating steiner set of P,. Therefore, Eys(P,) = ys(Pn). By Theorem 1.4, Eys(Pn):lr 3 —‘+2.

Theorem 2.5: The paths P,, n=0 (mod 3) and n=2 (mod 3) have no efficiently dominating steiner set.
Proof: Let P, = (vy, V2, Vs, ..., V).
Case-(i) n=0 (mod 3) Then, n= 3k, k>0

In this case, P, has more than one steiner dominating set and in each set any one of the vertices v,, Vs, Vg, ..., V-1 does
not satisfy the condition |N[ v] N W| = 1.

Therefore, P,, n =0 (mod 3) has no efficiently dominating steiner set.
Case-(ii) n=2 (mod 3)
Then,n=3k+2,k>0

In this case also, P, has more than one steiner dominating set and in each set any one of the vertices vy, Vs, Vg4, V7, ...,
Vi1, Vi, does not satisfy the condition [N [v]N' W | = 1.

Therefore, P, n =2 (mod 3) has no efficiently dominating steiner set.
Theorem 2.6: The graph G = C3,, n > 1 has an efficiently dominating steiner set and Ey¢(Cs,) = n.

Proof: Let V(Csy) = {vi, Vo, ..., Va}. The yssets of Cg, are Wi={vy,Va,...Vam 11}, Wo={V2,Vs,...,.V3n-1)+2} and
W3={V3,Vs,...,Van}. Obviously, [N [V]0 W ;| =1 for all v eCs, and i = 1, 2, 3. Hence Cg, is an efficiently dominating
steiner graph and W;, i=1,2,3 are efficiently dominating steiner sets of Cs,. Therefore, Eys(Cz,) = vs(Cz,). BY

H
Theorem 1.5, Ey4(Csp) = ? =nN.

Theorem 2.7: The cycles Cy, n=1(mod 3) and n=2(mod 3) have no efficiently dominating steiner set.

Proof: Let C, = (vq, Vo, ..., Vi,V1)

Case-1: n=1 (mod 3)

The graph C,, has more than one y . -set. In each set, there exists elements u and v such that, d(u,v) = 1 or d(u,v) = 2.
Sub Case-1a: d(u,v) =1

Let u,v € W; where W; is one of the y -sets of C,.

Therefore, [N[ulNW;| # 1 and [N[V]NW;| # 1. Therefore, C, has no efficiently dominating steiner set.

Sub Case-1b: d(u,v) =2

Let u, vé W; where W, is one of the y_-sets of C,. Let w € C, be the vertex which lies between u and v. Then,
IN[w] N\W;| # 1.

Therefore, C, has no efficiently dominating steiner set.

© 2017, IJIMA. All Rights Reserved 122



K. Ramalakshmi**, K. Palani’ / Efficiently Dominating Steiner Number of Graphs / IJMA- 8(8), August-2017.
Case-2: n=2 (mod3)
Sub Case2a:n=5
Here the cycle is Cs and every steiner dominating set of Cs contains a pair of adjacent vertices.
Therefore, Cs has no efficiently dominating steiner set.

Sub Case 2b: n>5
Here, C,, has more than one y-set. In each set, there exists elements u and v such that d(u,v) = 2. Let u,veW,; where W;

is one of the y -sets of C,.. Let weC, be the vertex which lies between u and v. Then, IN[w]NW;| # 1. Therefore, C, has
no efficiently dominating steiner set.

Theorem 2.8: The complete graph K, is not an efficiently dominating steiner graph.

Proof: By Theorem 1.3, the steiner domination number of K, is ys(K,) = n. Since, all the vertices belongs to the
minimum steiner dominating set of K, it has no efficiently dominating steiner set. Hence, complete graphs are not
efficiently dominating steiner graphs.

Theorem 2.9: The Wheel graph W, ; has no efficiently dominating steiner set.

Proof: Let Wy ,={V,v1,V,v3,....,Vp}. Let W be the minimal steiner dominating set of Wy, Then by theorem 1.1,
W:{V,Vl,V3,....,Vp_1} and 'Ys(Wl,p) = p_2

Let v be the central vertex of the wheel graph. Then, |[N[v] N"W| > 2. Therefore, Wheel graphs have no efficiently
dominating steiner set.

Theorem 2.10: The star graph Ky, n > 2 is not an efficiently dominating steiner graph.

Proof: By Theorem 1.2, y(Ky,) = n. Let W be the unique minimum steiner dominating set and let v be the central
vertex of the star graph. Then, IN[vV] N W|> 2 = n> 2. Therefore, W is not an efficiently dominating steiner set. Hence,
star graphs are not efficiently dominating steiner graphs.

Theorem 2.11: Complete bipartite graphs Ky, are not efficiently dominating steiner graphs.

Proof:

Case (i):m=n=1

Now, the graph is isomorphic to K,. Then by Theorem 2.8, it is not an efficiently dominating steiner graph.

Case (ii):n=>2,m=1

We get a star graph. By Theorem 2.10, it is not an efficiently dominating steiner graph.

Case (iii): m,n>2

Let V (Kmn) = {V1, V2, ..., Vp, Uy, Uy, ..., Up}. If n<m, by Theorem 1.2, W = {v;,V5, ..., v} is the unique minimum steiner
dominating set of K,,. Also, each of uy, U, ..., Uy is adjacent with vy,v,,...,v,. Therefore, [IN[u]NW|=n > 2 for all
Ui, 1 <i<mand [N[v]JN"W|=m > 2 for all vj, 1 <j <n. Therefore, W is not an efficiently dominating steiner set. Hence,

complete bipartite graphs are not efficiently dominating steiner graphs.

Observation 2.12: A graph G has no efficiently dominating steiner set if it has a vertex with more than one pendant
edge.

Theorem 2.13: Every efficiently dominating steiner set of a graph G is independent.

Proof: Let W be an efficiently dominating steiner set of G. Let u and v be any two distinct vertices of W. If uand v are
adjacent then, [N[u]N"W | > 2 and N[v]NW |> 2, which is a contradiction.

Hence, every efficiently dominating steiner set is independent.
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Observation 2.14:
(i) If Gy and G, are efficiently dominating steiner graphs, then G;U G, is also an efficiently dominating steiner
graph.
(if) 1f Giand G, are efficiently dominating steiner graphs with disjoint vertex sets then,
Eys(G1U G2) = Eys(Gy) + Evs(Go).

Remark 2.15: If G; and G, are efficiently dominating steiner graphs then, G;+G, need not be an efficiently dominating
steiner graph.

For Example consider, the paths P, and P;. By theorem 2.4, both P, and P; are efficiently dominating steiner graphs.
Consider the graph P4+P;in Figure 2.3.

Uy Uy Us Ug Us Ug Uy
P4+P5: Figure 2.3

All the vertices of the graph P,+P; belong to the minimum steiner dominating set. Hence, P,+P; is not an efficiently
dominating steiner graph.

3. EFFICIENTLY DOMINATING STEINER NUMBER OF SUBDIVISION GRAPHS
Theorem 3.1: S(P,,), where n=1(mod 3) is an efficiently dominating steiner graph.

Proof: S(P,), where n =1 (mod 3) is also a path P, with n= 1 (mod 3). Therefore, by Theorem 2.4, S(P,) where rel
(mod 3) is an efficiently dominating steiner graph.

Theorem 3.2: S(P,)) is not an efficiently dominating steiner graphs where n= 0 (mod 3) and n =2 (mod 3).
Proof:
Case-(i): n =0 (mod 3)

The graph S(P,), n=0 (mod 3) is a path P, with n=2 (mod 3). Therefore, by Theorem 2.5 case (ii), S(P,) where n=0
(mod 3) is not an efficiently dominating steiner graph.

Case-(ii): n=2 (mod 3)

The graph S(P,), n= 2 (mod 3) is a path P,, with n= 0 (mod 3). Therefore, by Theorem 2.5 case (i), S(P,) where n=2
(mod 3) is not an efficiently dominating steiner graph.

Theorem 3.3: S(Cs,,) where n> 1 is an efficiently dominating steiner graph and Ey(S(Cgz,)) = 2n.

Proof: The graph S(Cs,) where n> 1, is also a cycle isomorphic to C 3y, m = 2, 4,...,2n. Therefore by Theorem 2.6,
S(Csp) is an efficiently dominating steiner graph and also Eys(S(Csn)) = Evs(Cam) = 2n.

Theorem 3.4: S(C,), where n=1(mod 3) or n=2(mod 3) have no efficiently dominating steiner set.
Proof: Let C, = (vy, Vo, ..., Vi, V1)
Case-1: n=1(mod 3)

Then, S(C,) is a cycle C, with n=2(mod 3). Therefore, by case 2 of Theorem 2.7, S(C,), n=1(mod 3) has no efficiently
dominating steiner set.
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Case-2: n=2(mod 3)

Then, S(C,) is a cycle C, with r=l (mod 3). Therefore, by caselof Theorem 2.7, S(C,), i=2(mod 3) has no efficiently
dominating steiner set.

Theorem 3.5: The subdivision graph S(W,), p > 3 is not an efficiently dominating steiner graph.

Proof: Let v be the central vertex of the graph W ,. Let {uy, Uy, ..., up} be the vertices which subdivide the edges of the
outer cycle of the graph Wy . Then, W = {v, uy, U, ..., Up} is the unique minimum steiner dominating set of the graph
S(Wap). If {v1, Vo, ..., vp} are the rim vertices of Wy, then N([vijNW)=2 for all i=1,2,...,p. Therefore, S(Wy,) has no
efficiently dominating steiner set. Hence, S(W, ;) is not an efficiently dominating steiner graph.

Observation 3.6:
(i) S(K,) where n>4 is not an efficiently dominating steiner graph.
(if) S(Ky,) is not an efficiently dominating steiner graph.
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