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ABSTRACT 
In this paper we have established the 𝐶-Class function of coincidence and common fixed point theorems of self maps 
for altering distance function and ultra altering distance function of weak contraction in regular cone metric spaces. 
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1. INTRODUCTION AND PRELIMINARIES 
 
In 2007, Huang and Zhang [6] introduced the concept of cone metric spaces and fixed point theorems of contraction 
mappings; Any mapping 𝑇 of a complete cone metric space 𝑋 into itself that satisfies, for some 0 ≤ 𝑘 < 1, the 
inequality 𝑑(𝑇𝑥,𝑇𝑦) ≤ 𝑘𝑑(𝑥,𝑦),∀𝑥,𝑦 ∈ 𝑋 has a unique fixed point.Arslan Hojat Ansari,Sumit Chandok, Nawab 
Hussin and Ljiljana Paunovic are discuss the concept of fixed points of (𝜓,𝜙)- weak contractions in regular cone 
metric spaces via new function[11,12]. 
 
In this paper, we discuss about common and coincidence fixed point theorems of self maps for altering distance 
functions and ultra altering distance functions of weak contractions in regular cone metric spaces via 𝐶-Class function. 
Also our result is supported by an example. 
  
Definition 1.1: [6] Let 𝐸 be a Banach space. A subset 𝑃 of 𝐸 is called a cone if and only if: 

1. 𝑃 is closed, nonempty and 𝑃 ≠ 0 
2. 𝑎𝑥 + 𝑏𝑦 ∈ 𝑃 for all 𝑥,𝑦 ∈ 𝑃 and nonnegative real numbers 𝑎, 𝑏 
3. 𝑃 ∩ (−𝑃) = {0}. 

 
Given a cone 𝑃 ⊂ 𝐸, we define a partial ordering ≤ with respect to P by 𝑥 ≤ 𝑦 if and only if 𝑦 − 𝑥 ∈ 𝑃. We will write 
𝑥 < 𝑦 to indicate that 𝑥 ≤ 𝑦 but 𝑥 ≠ 𝑦, while 𝑥,𝑦 will stand for 𝑦 − 𝑥 ∈ 𝑖𝑛𝑡𝑃, where 𝑖𝑛𝑡𝑃 denotes the interior of 𝑃. 
The cone 𝑃 is called normal if there is a number 𝐾 > 0 such that 0 ≤ 𝑥 ≤ 𝑦 implies ∥ 𝑥 ∥≤ 𝐾 ∥ 𝑦 ∥ for all 𝑥,𝑦 ∈ 𝐸. 
The least positive number satisfying the above is called the normal constant. 
 
The cone 𝑃 is called regular if every increasing sequence which is bounded from above is convergent. That is, if {𝑥𝑛} is 
sequence such that 𝑥1 ≤ 𝑥2 ≤ ⋯ ≤ 𝑥𝑛 ⋯ ≤ 𝑦 for some 𝑦 ∈ 𝐸, then there is 𝑥 ∈ 𝐸 such that ∥ 𝑥𝑛 − 𝑥 ∥→ 0 as 𝑛 → 0. 
Equivalently the cone 𝑃 is regular if and only if every decreasing sequence which is bounded from below is 
convergent. It is well known that a regular cone is a normal cone. Suppose 𝐸 is a Banach space, 𝑃 is a cone in 𝐸 with 
𝑖𝑛𝑡𝑃 ≠ 0 and ≤ is partial ordering with respect to 𝑃. 
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Example 1.2: [15] Let 𝐾 > 1 be given. Consider the real vector space with 

𝐸 = {𝑎𝑥 + 𝑏: 𝑎, 𝑏 ∈ 𝑅; 𝑥 ∈ [1 −
1
𝑘

, 1]} 
with supremum norm and the cone 

𝑃 = {𝑎𝑥 + 𝑏: 𝑎 ≥ 0, 𝑏 ≤ 0} 
in 𝐸. The cone 𝑃 is regular and so normal. 
 
Definition 1.3: [6] Let 𝑋 be a nonempty set. Suppose the mapping 𝑑:𝑋 × 𝑋 → 𝐸 satisfies 

1. 𝑑(𝑥,𝑦) ≥ 0,  and 𝑑(𝑥,𝑦) = 0 if and only if 𝑥 = 𝑦 ∀𝑥,𝑦 ∈ 𝑋, 
2. 𝑑(𝑥,𝑦) = 𝑑(𝑦, 𝑥),  ∀𝑥,𝑦 ∈ 𝑋, 
3. 𝑑(𝑥,𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧,𝑦),  ∀𝑥,𝑦, 𝑧 ∈ 𝑋, 

Then (𝑋,𝑑) is called a cone metric space simply Cone metric space 
 
Lemma 1.4: [9] Every regular cone is normal. 
 
Example 1.5: Let 𝐸 = 𝑅2 

𝑃 = {(𝑥,𝑦):𝑥,𝑦 ≥ 0} 
𝑋 = 𝑅 and 𝑑:𝑋 × 𝑋 → 𝐸 such that 

𝑑(𝑥,𝑦) = (∣ 𝑥 − 𝑦 ∣,𝛼 ∣ 𝑥 − 𝑦 ∣) 
where 𝛼 ≥ 0 is a constant. Then (𝑋,𝑑) is a Cone metric space. 
 
Definition 1.6: be a sequence in 𝑋. Then {𝑥𝑛}𝑛=0∞  converges to 𝑥 in 𝑋 whenever for every 𝑐 ∈ 𝐸 with 0 ≪ 𝜀, there is a 
natural number 𝑁 ∈ 𝑁 such that 𝑑(𝑥𝑛 , 𝑥) ≪ 𝜀 for all 𝑛 ≥ 𝑁. It is denoted by lim𝑛→∞𝑥𝑛 = 𝑥 or 𝑥𝑛 → 𝑥. 
 
Definition 1.7: Let (𝑋,𝑑) be a Cone metric space and {𝑥𝑛}𝑛=0∞  be a sequence in 𝑋. {𝑥𝑛}𝑛=0∞  is a Cauchy sequence 
whenever for every 𝑐 ∈ 𝐸 with 0 ≪ 𝜀, there is a natural number 𝑁 ∈ 𝑁, such that 𝑑(𝑥𝑛 , 𝑥𝑚) ≪ 𝜀 for all 𝑛,𝑚 ≥ 𝑁. 
 
Lemma 1.8: Let (𝑋,𝑑) be a Cone metric space with regular cone 𝑃 such that 𝑑(𝑥,𝑦) ∈ 𝑖𝑛𝑡𝑃, Let {𝑥𝑛} be a sequence in 
𝑋. If {𝑥𝑛} converges to 𝑥 and {𝑥𝑛} converges to 𝑦, then 𝑥 = 𝑦. That is the limit of {𝑥𝑛} is unique. 
 
Definition 1.9: Let (𝑋,𝑑) be a Cone metric space, if every Cauchy sequence is convergent in 𝑋, then 𝑋 is called a 
complete Cone metric space. 
 
Lemma 1.10: Let (𝑋,𝑑) be a Cone metric space with regular cone 𝑃 such that 𝑑(𝑥,𝑦) ∈ 𝑖𝑛𝑡𝑃, Let {𝑥𝑛} be a sequence 
in 𝑋. Then {𝑥𝑛} is a Cauchy sequence if and only if 𝑑(𝑥𝑛 , 𝑥𝑚) → 0(𝑛,𝑚 → ∞). 
 
Definition 1.11: Let 𝑇 and 𝑆 be two self maps defined on a set 𝑋 maps 𝑇 and 𝑆 are said to be commuting of           
𝑇𝑆𝑥 = 𝑆𝑇𝑥 for all 𝑥 ∈ 𝑋 
 
Definition 1.12: Let 𝑇 and 𝑆 be two self maps defined on a set 𝑋 maps 𝑇 and 𝑆 are said to be weakly compatible if they 
commute at coincidence points. that is if 𝑇𝑥 = 𝑆𝑥 forall 𝑥 ∈ 𝑋 then 𝑇𝑆𝑥 = 𝑆𝑇𝑥 
 
Definition 1.13: Let 𝑇 and 𝑆 be two self maps on set 𝑋. If 𝑇𝑥 = 𝑆𝑥, for some 𝑥 ∈ 𝑋 then 𝑥 is called coincidence point 
of 𝑇 and 𝑆 
 
Lemma 1.14: Let 𝑇 and 𝑆 be weakly compatible self mapping of a set 𝑋. If 𝑇 and 𝑆 have a unique point of 
coincidence, that is 𝑤 = 𝑇𝑥 = 𝑆𝑥 then 𝑤 is the unique common fixed point of 𝑇 and 𝑆. 
 
Definition 1.15: An altering distance function is a function 𝜑:𝑃 → 𝑃 which satisfies: 

1. 𝜑 is continuous. 
2. 𝜑(𝑡) = 0 if and only if 0 ≪ 𝑡 

 
Definition 1.16: [11] An ultra-altering distance function is a function 𝜓:𝑃 → 𝑃 which satisfies 

1. 𝜓 is continuous and non-decreasing 
2. 𝜓(0) > 0. 
3. 𝜓(𝑡1 + 𝑡2) ≤ 𝜓(𝑡1) + 𝜓(𝑡2) 

 
Definition 1.17: [12] A mapping 𝐹:𝑃2 → 𝑃 is called cone 𝐶-class function if it is continuous and satisfies following 
axioms: 

1. 𝐹(𝑠, 𝑡) ≤ 𝑠; 
2. 𝐹(𝑠, 𝑡) = 𝑠 implies that either 𝑠 = 0 or 𝑡 = 0; for all 𝑠, 𝑡 ∈ 𝑃. 
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We denote cone 𝐶-class functions as 𝒞. 
 
Example 1.18: [11] The following functions 𝐹:𝑃2 → 𝑃 are elements of 𝒞, for all 𝑠, 𝑡 ∈ [0,∞): 

1. 𝐹(𝑠, 𝑡) = 𝑠 − 𝑡, 
2. 𝐹(𝑠, 𝑡) = 𝑘𝑠, where 0 < 𝑘 < 1, 
3. 𝐹(𝑠, 𝑡) = 𝑠𝛽(𝑠), where 𝛽: [0,∞) → [0,1), 
4. 𝐹(𝑠, 𝑡) = 𝛹(𝑠), where :𝑃 → 𝑃 ,𝛹(0) = 0 ,𝛹(𝑠) > 0 for all 𝑠 ∈ 𝑃 with 𝑠 ≠ 0 and 𝛹(𝑆) ≤ 𝑠 for all 𝑠 ∈ 𝑃., 
5. 𝐹(𝑠, 𝑡) = 𝑠 − 𝜑(𝑠), where 𝜑: [0,∞) → [0,∞) is a continuous function such that 𝜑(𝑡) = 0 ⇔ 𝑡 = 0; 
6. 𝐹(𝑠, 𝑡) = 𝑠 − ℎ(𝑠, 𝑡), where ℎ: [0,∞) × [0,∞) → [0,∞) is a continuous function such that 

 ℎ(𝑠, 𝑡) = 0 ⇔ 𝑡 = 0 for all 𝑡, 𝑠 > 0. 
7. 𝐹(𝑠, 𝑡) = 𝜑(𝑠),𝐹(𝑠, 𝑡) = 𝑠 ⇒ 𝑠 = 0, here 𝜑: [0,∞) → [0,∞) is a upper semi continuous function such that 

𝜑(0) = 0 and 𝜑(𝑡) < 𝑡 for 𝑡 > 0. 
 
Lemma 1.19:[12] Let 𝜓 and 𝜑 are altering distance and ultra altering distance functions respectively , 𝐹 ∈ 𝒞 and {𝑠𝑛} a 
decreasing sequence in 𝑃 such that 

𝜓(𝑠𝑛+1) ≤  𝐹(𝜓 (𝑠𝑛),𝜑 (𝑠𝑛))   
for all 𝑛 ≥ 1. Then lim

𝑛→∞
𝑠𝑛 = 0. 

 
2. MAIN RESULTS 
 
Theorem 2.1: Let (𝑋,𝑑) be a complete Cone metric space with regular cone 𝑃 such that 𝑑(𝑥,𝑦) ∈ 𝑖𝑛𝑡𝑃, for 𝑥,𝑦 ∈ 𝑋 . 
Let 𝑇:𝑋 → 𝑋 be a mapping satisfying the inequality 

𝜓�(𝑇𝑥,𝑇𝑦)� ≤ 𝐹 �𝜓�𝑑(𝑥,𝑦)�,𝜑�𝑑(𝑥,𝑦)��   for  x, y \in X                                                            (2.1) 
where 𝜓 and 𝜑 are altering distance and ultra altering distance functions respectively,𝐹 ∈ 𝒞  such that 
(𝑖)  𝜓(𝑡 + 𝑠) ≤ 𝜓(𝑡) + 𝜓(𝑠). 
(𝑖𝑖) either 𝜓(𝑡),𝜑(𝑡) ≤ 𝑑(𝑥,𝑦) or 𝑑(𝑥,𝑦) ≤ 𝜓(𝑡),𝜑(𝑡), for 𝑡 ∈ 𝑖𝑛𝑡𝑃 ∪ {0} and 𝑥,𝑦 ∈ 𝑋. Then 𝑇 has a unique fixed 
point in 𝑋. 
 
Proof: Let 𝑥0 ∈ 𝑋 be arbitrary and choose a sequence {𝑥𝑛} such that 𝑥𝑛+1 = 𝑇𝑥𝑛 = 𝑇𝑛𝑥0. 
 
Take 𝑥 = 𝑥𝑛 ,𝑦 = 𝑥𝑛−1 case 1: 

𝜓(𝑑(𝑥𝑛 , 𝑥𝑛+1)) = 𝜓�𝑑(𝑇𝑥𝑛−1,𝑇𝑥𝑛)� ≤ 𝐹(𝜓(𝑑(𝑥𝑛 , 𝑥𝑛+1)),𝜑(𝑑(𝑥𝑛 , 𝑥𝑛+1))) 
 
Since 𝜓 is non-decreasing and monotone, we have 

𝑑(𝑥𝑛, 𝑥𝑛+1) < 𝑑(𝑥𝑛 , 𝑥𝑛−1) + 𝑑(𝑥𝑛+1, 𝑥𝑛) 
 
Suppose the sequence 𝑑(𝑥𝑛 , 𝑥𝑛+1) is decreasing and monotone. Since regular cone 𝑃 such that 0 ≤ 𝑑(𝑥𝑛 , 𝑥𝑛+1) ∈ 𝑖𝑛𝑡𝑃, 
for all 𝑛 ∈ 𝑁, there exists 𝜆 ∈ 𝑃 such that 

𝑑(𝑥𝑛, 𝑥𝑛+1) → 𝜆   as n → ∞ 
 
Since 𝜑,𝜓 are continuous and 
𝜓(𝑑(𝑥𝑛 , 𝑥𝑛−1) + 𝑑(𝑥𝑛+1, 𝑥𝑛)) ≤ 𝜓(𝑑(𝑥𝑛 , 𝑥𝑛−1)) + 𝜓�𝑑(𝑥𝑛+1, 𝑥𝑛)� 

≤ 𝐹(𝜓(𝑑(𝑥𝑛−1, 𝑥𝑛 )),𝜑(𝑑(𝑥𝑛−1, 𝑥𝑛 ))) + 𝜓(𝑑(𝑥_(𝑛 + 1), 𝑥_𝑛))) 
 
We have by taking 𝑛 → ∞ 

𝜓(𝜆) ≤ 𝐹(𝜓(𝜆),𝜑(𝜆)) + 𝜓(𝜆) 
 
which is a contradiction unless 𝜆 = 0. Hence 𝑑(𝑥𝑛 , 𝑥𝑛+1) → 0 as 𝑛 → ∞. 
 
Let 𝜀 ∈ 𝐸 with 0 ≪ 𝜀 be arbitrary. Since 𝑑(𝑥𝑛 , 𝑥𝑛+1) → 0 as 𝑛 → ∞, there exists 𝑚 ∈ 𝑁 such that 

𝜓(𝑑(𝑥𝑚 ,𝑥𝑚+1)) ≪ 𝜑(𝜑(𝜀/2)). 
 
Let ℬ(𝑥𝑚, 𝜀) = {𝑥 ∈ 𝑋:𝜓(𝑑(𝑥𝑚, 𝑥)) ≪ 𝜀}. Clearly, 𝑥𝑚 ∈ ℬ(𝑥𝑚, 𝜀). Therefore, ℬ(𝑥𝑚, 𝜀) is nonempty. Now we will 
show that 𝑇𝑥 ∈ ℬ(𝑥𝑚, 𝜀), for 𝑥 ∈ ℬ(𝑥𝑚 , 𝜀). Let 𝑥 ∈ ℬ(𝑥𝑚 , 𝜀). Case (ii) Consider 𝜓, we have the following two 
possible sub cases. 
 
Case-(i): 𝜑(𝑑(𝑥, 𝑥𝑚)) ≤ 𝜑(𝜀/2),𝜓(𝑑(𝑥, 𝑥𝑚)) ≤ 𝜑(𝜀/2) or 
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Case-(ii): 𝜑(𝜀/2) ≤ 𝜑(𝑑(𝑥, 𝑥𝑚)),𝜑(𝜀/2) ≤ 𝜓(𝑑(𝑥,𝑥𝑚)). Here we have, Case (i): 

𝜓(𝑑(𝑇𝑥, 𝑥𝑚)) ≤ 𝜓(𝑑(𝑇𝑥,𝑇𝑥𝑚) + 𝑑(𝑥𝑚,𝑇𝑥𝑚)) 
≤ 𝐹 �𝜓�𝑑(𝑥, 𝑥𝑚)�,𝜑�𝑑(𝑥, 𝑥𝑚)�� + 𝜓�𝑑(𝑥𝑚 ,𝑇𝑥𝑚)� 

≤ 𝐹 �𝜓�𝑑(𝑥, 𝑥𝑚)�,𝜑�𝑑(𝑥, 𝑥𝑚)�� + 𝜓�𝑑(𝑥𝑚 , 𝑥𝑚+1)� 

≤ 𝐹 �𝜑 �
𝜀
2
� ,𝜑 �

𝜀
2
�� + 𝜑 �𝜑 �

𝜀
2
�� 

≤ 𝜑(
𝜀
2

) − 𝜑(
𝜀
2

) + 𝜑(
𝜀
2

) ≤
𝜀
2
≤ 𝜀. 

 
Case-(ii): 𝜓𝑑(𝑇𝑥, 𝑥𝑚)) ≤ 𝜓(𝑑(𝑇𝑥,𝑇𝑥𝑚) +  𝑑(𝑥𝑚,𝑇𝑥𝑚)) 

 ≤ 𝜓�𝑑(𝑇𝑥,𝑇𝑥𝑚)� + 𝜓 �𝑑(𝑥𝑚 ,𝑇𝑥𝑚)� 
 ≤  𝐹 �𝜓�𝑑(𝑥, 𝑥𝑚)�,𝜑�𝑑(𝑥, 𝑥𝑚)�� + 𝜓�𝑑(𝑥𝑚 ,𝑇𝑥𝑚)� 

 ≤ 𝜓(𝑑(𝑥, 𝑥𝑚) − 𝜑 �𝜖
2
� + 𝜑 �𝜑 �𝜖

2
�� 

 ≤ 𝜓(𝑑(𝑥, 𝑥𝑚)�𝑏𝑒𝑐𝑎𝑢𝑠𝑒 𝜑�𝑑(𝑥, 𝑥𝑚)� ≥ 𝜑 �𝜖
2
� ,𝜓�𝑑(𝑥,𝑇𝑥𝑚)� ≤ 𝜑 �𝜑 �𝜖

2
��� < 𝜖. 

 
In any case 𝑇𝑥 ∈ ℬ(𝑥𝑚 , 𝜀) for 𝑥 ∈ ℬ(𝑥𝑚 , 𝜀). Therefore, 𝑇 is a self mapping of ℬ(𝑥𝑚, 𝜀). Since 𝑥𝑚 ∈ ℬ(𝑥𝑚 , 𝜀) and 
𝑇𝑥𝑛−1 = 𝑥𝑛 ,𝑛 ≥ 1, it follows that 𝑥𝑛 ∈ ℬ(𝑥𝑚 , 𝜀), for all 𝑛 ≥ 𝑚. Again, 𝑐 is arbitrary. This establish that {𝑥𝑛} is a 
Cauchy sequence. From the completeness of 𝑋, there exists 𝑥 ∈ 𝑋 such that 𝑥𝑛 → 𝑥 as 𝑛 → ∞. Now, 

(𝜓(𝑑(𝑥𝑛,𝑇𝑥)) = 𝜓(𝑑(𝑇𝑥𝑛−1,𝑇𝑥)) ≤ 𝐹(𝜓(𝑑(𝑥𝑛−1, 𝑥)),𝜑(𝑑(𝑥𝑛−1, 𝑥)))). 
 
Taking 𝑛 → ∞, we have, 

𝜓(𝑑(𝑥,𝑇𝑥)) ≤ 0. 
 
But 𝜓(𝑑(𝑥,𝑇𝑥)) ≥ 0. This implies that 𝑑(𝑥,𝑇𝑥) = 0 and 𝑥 = 𝑇𝑥. That is 𝑥 is a fixed point of  𝑇. 
 
If 𝑦 ∈ 𝑋, with 𝑦 ≠ 𝑥, is a fixed point of 𝑇. Then 𝜑(𝑑(𝑥,𝑦)) ∈ 𝑖𝑛𝑡𝑃 and so 

𝜓(𝑑(𝑥,𝑦) = 𝜓(𝑇𝑥,𝑇𝑦) ≤ 𝐹(𝜓(𝑑(𝑥,𝑦)),𝜑(𝑑(𝑥,𝑦))) < 𝑘𝜓(𝑑(𝑥,𝑦)), where 0 < 𝑘 < 1 
 
which is a contradiction and hence 𝑑(𝑥,𝑦) = 0, i.e. 𝑥 = 𝑦. 
 
Definition 2.2: Let (𝑋,𝑑) be a Cone metric space and let 𝑇, 𝑆:𝑋 → 𝑋 be a pair of mappings is said to be a weakly 
(𝜓,𝜑)-pair, if 

𝑑(𝑇𝑥,𝑇𝑦) ≤ 𝐹(𝜓(𝑀𝑇,𝑆(𝑥,𝑦)),𝜑(𝑀𝑇,𝑆(𝑥,𝑦))),                                                                              (2.2) 
for all 𝑥,𝑦 ∈ 𝑋, for some 𝑧 ∈ 𝑀𝑇,𝑆. where 

𝑀𝑇,𝑆 = max{𝑑(𝑆𝑥, 𝑆𝑦),𝑑(𝑇𝑥, 𝑆𝑥),𝑑(𝑇𝑦, 𝑆𝑦)}. 
 
Lemma 2.3: [2] Let (𝑋,𝑑) be a Cone metric space with regular cone 𝑃 such that 𝑑(𝑥,𝑦) ∈ 𝑖𝑛𝑡𝑃, for 𝑥,𝑦 ∈ 𝑋 with 
𝑥 ≠ 𝑦. Let 𝜑: 𝑖𝑛𝑡𝑃 ∪ {0} → 𝑖𝑛𝑡𝑃 ∪ {0} be a function with the following properties: 

(i) 𝜑(𝑡) = 0 if and only if 𝑡 = 0, 
(ii) (𝜑(𝑡) ≪ 𝑡, for 𝑡 ∈ 𝑖𝑛𝑡𝑃 and 
(iii) either 𝜑(𝑡) ≤ 𝑑(𝑥,𝑦) or 𝑑(𝑥,𝑦) ≤ 𝜑(𝑡), for 𝑡 ∈ 𝑖𝑛𝑡𝑃 ∪ {0} and 𝑥,𝑦 ∈ 𝑋. Let {𝑥𝑛} be a sequence in 𝑋 for 

which {𝑑(𝑥𝑛 , 𝑥𝑛+1)} is monotonic decreasing. Then {𝑑(𝑥𝑛 , 𝑥𝑛+1)} is convergent to either 𝜆 = 0 or 𝜆 ∈ 𝑖𝑛𝑡𝑃. 
 
Theorem 2.4: Let (𝑋,𝑑) be a Cone metric space with regular cone 𝑃 such that 𝑑(𝑥,𝑦) ∈ 𝑖𝑛𝑡𝑃, for all 𝑥,𝑦 ∈ 𝑋. Let 
𝑇, 𝑆:𝑋 → 𝑋 be a mapping and weakly (𝜓,𝜑)-pair. If 𝑇𝑥 ⊂ 𝑆𝑥 and 𝑆𝑥 is a complete subspace of 𝑋, then 𝑇 and 𝑆 have a 
unique point of coincidence in 𝑋. Moreover, if 𝑇 and 𝑆 are weakly compatible, then 𝑇 and 𝑆 have a unique common 
fixed point in 𝑋. 
 
Proof: Suppose 𝑥0 is an arbitrary initial point of 𝑋 and construct (𝑇(𝑥𝑛)) be a 𝑇-𝑆-sequence with initial point 𝑥0. If 
𝑇(𝑥𝑛) = 𝑇(𝑥𝑛−1) for some 𝑛 ∈ 𝑁, then 𝑇(𝑥𝑚) = 𝑇(𝑥𝑛) for all 𝑚 ∈ 𝑁 with 𝑚 > 𝑛 and so (𝑇(𝑥𝑛)) is a Cauchy 
sequence. Therefore we consider that 𝑇(𝑥𝑛) ≠ 𝑇(𝑥𝑛−1) for all 𝑛 ∈ 𝑁. 
 
We have for all 𝑛 ≥ 0, 

𝜓(𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛+2)) ≤ 𝐹(𝜓(𝑧),𝜑(𝑧)) 
where 𝑧 ∈ 𝑀𝑇,𝑆(𝑥𝑛+1, 𝑥𝑛+2) = {𝑑(𝑇𝑥𝑛 ,𝑇𝑥𝑛+1),𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛),𝑑(𝑇𝑥𝑛+2,𝑇𝑥𝑛+1)}.  
 
If 𝑧 = 𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛+2), then we have 

𝜓�𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛+2)� ≤ 𝐹(𝜓(𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛+2)),𝜑(𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛+2)).                                        (2.3) 
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Using a property of 𝜓 and 𝜑, the inequality (2.3) hold if and only if 𝑑(𝑇𝑥𝑛+1, 𝑓𝑛+2) = 0 and 𝑇𝑥𝑛+1 = 𝑇𝑥𝑛+2, a 
contradiction. Now if 𝑧 = 𝑑(𝑇𝑥𝑛 ,𝑇𝑥𝑛+1), then, 

𝜓�𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛+2)� ≤ 𝐹(𝜓(𝑑(𝑇𝑥𝑛 ,𝑇𝑥𝑛+1)),𝜑(𝑑(𝑇𝑥𝑛,𝑇𝑥𝑛+1))).                                               (2.4) 
 
Using a property of 𝜑, we have for all 𝑛 ≥ 0, 

𝜓(𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛+2)) ≤ 𝜓(𝑑(𝑇𝑥𝑛 ,𝑇𝑥𝑛+1)), 
 
which implies that 

𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛+2) ≤ 𝑑(𝑇𝑥𝑛 ,𝑇𝑥𝑛+1), 
 
Since 𝜓 is strongly monotone increasing. Therefore, {𝑑(𝑇𝑥𝑛 ,𝑇𝑥𝑛+1)} is a monotone decreasing sequence. Hence by 
Lemma (2.3), there exists an 𝑟 ∈ 𝑃 with either 𝜆 = 0 or 𝑟 ∈ 𝑖𝑛𝑡𝑃, such that 

𝑑(𝑇𝑥𝑛 ,𝑇𝑥𝑛+1) → 𝜆 as  𝑛 → ∞.                                                                                                        (2.5) 
 
Letting limit as 𝑛 → ∞ in (2.4), using (2.5) and the continuities of 𝜓 and 𝜑, 

𝜓(𝜆) ≤ 𝐹(𝜓(𝜆),𝜑(𝜆)) 
 
which is a contradiction unless 𝜆 = 0. So we must have, 

𝑑(𝑇𝑥𝑛 ,𝑇𝑥𝑛+1) →   0  as 𝑛 → ∞.                                                                                                      (2.6) 
 
Now we claim that {𝑇𝑥𝑛} is a Cauchy sequence. If {𝑇𝑥𝑛} is not a Cauchy sequence, then there exists a 𝑐 ∈ 𝐸 with 
0 ≪ 𝜀, such that for𝑛0 ∈ 𝑁,there exist𝑛,𝑚 ∈ 𝑁 with 𝑛 > 𝑚 ≥ 𝑛0 such that 𝑑(𝑇𝑥𝑚 ,𝑇𝑥𝑛) < 𝜑(𝜖). Hence by a property 
of 𝜑, 𝜑(𝜀) ≤ 𝑑(𝑇𝑥𝑚,𝑇𝑥𝑛). Therefore, there exist sequences {𝑚𝑖} and {𝑛𝑖} in 𝑁 such that for all positive integers 𝑘, 

𝑛𝑖 > 𝑚𝑖 > 𝑘 and 𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖) ≥ 𝜑(𝜀). 
 
Assuming that 𝑛𝑖 is the smallest such positive integer, we get 

𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖) ≥ 𝜑(𝜀) 
And𝑑�𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖−1� ≤ 𝜑(𝜀). 
 
Now, 

𝜑(𝜀) ≤ 𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖) ≤ 𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖−1) + 𝑑(𝑇𝑥𝑛𝑖−1,𝑇𝑥𝑛𝑖) 
that is, 

𝜑(𝜀) ≤ 𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖) ≤ 𝜑(𝜀) + 𝑑(𝑇𝑥𝑛𝑖−1,𝑇𝑥𝑛𝑖). 
 
Letting 𝑖 → ∞ in the above inequality, using inequality (2.6), we have 

𝑙𝑖𝑚𝑖→∞  𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖) = 𝜑(𝜖).                                                                                                       (2.7) 
 
Again, 

𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖) ≤ 𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑚𝑖+1) + 𝑑(𝑇𝑥𝑚𝑖+1 ,𝑇𝑥𝑛𝑖+1) + 𝑑(𝑇𝑥𝑛𝑖+1,𝑇𝑥𝑛𝑖) 
and 

𝑑(𝑇𝑥𝑚𝑖+1,𝑇𝑥𝑛𝑖+1) ≤ 𝑑(𝑇𝑥𝑚𝑖+1,𝑇𝑥𝑚𝑖) + 𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖) + 𝑑(𝑇𝑥𝑛𝑖 ,𝑇𝑥𝑛𝑖+1) 
 
Letting 𝑖 → ∞ in the above inequalities, using (2.6) and (2.7), we have 

𝑙𝑖𝑚𝑖→∞𝑑(𝑇𝑥𝑚𝑖+1,𝑇𝑥𝑛𝑖+1) = 𝜑(𝜖).                                                                                                       (2.8) 
 
Putting 𝑥 = 𝑥𝑚𝑖+1  and 𝑦 = 𝑥𝑛𝑖+1 in (2.2), we have𝑑(𝑇𝑥𝑚𝑖+1 ,𝑇𝑥𝑛𝑖+1) ≤ 𝐹(𝜓(𝑧),𝜑(𝑧)) 
where 

𝑧 ∈ 𝑀𝑇,𝑆(𝑥,𝑦) = �𝑑�𝑆𝑥𝑚𝑖+1 , 𝑆𝑥𝑛𝑖+1�,𝑑�𝑇𝑥𝑚𝑖+1 , 𝑆𝑥𝑚𝑖+1�,𝑑�𝑇𝑥𝑛𝑖+1, 𝑆𝑥𝑛𝑖+1�� 
  = {𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖),𝑑�𝑇𝑥𝑚𝑖+1 ,𝑇𝑥𝑚𝑖�,𝑑�𝑇𝑥𝑛𝑖+1,𝑇𝑥𝑛𝑖�}. 

 
Case-1: If 𝑧 = 𝑑(𝑇𝑥𝑚𝑖 ,𝑇𝑥𝑛𝑖) and letting 𝑖 → ∞ the above inequality, using (2.7), (2.8) and the continuities of and 𝜑, 
we have 

𝜓(𝜑(𝜀)) ≤ 𝐹(𝜓(𝜑(𝜀)),𝜑(𝜑(𝜀))). 
 
Ii only true for 𝜑(𝜀) = 0. This implies 𝑐 = 0, a contradiction to 0 ≪ 𝜀. 
 
Case-2: If 𝑧 = 𝑑(𝑇𝑥𝑚𝑖+1 ,𝑇𝑥𝑚𝑖) and letting 𝑖 → ∞ the above inequality, using (2.7), (2.8) and the continuities of 𝜑 and 
𝜓, we have 

𝜓(𝜑(𝜀)) ≤ 𝐹(𝜓(0),𝜑(𝜑(0))) = 0. 
This implies that 𝜓(𝜑(𝜀)) = 0 ⇒ 𝜑(𝜀) = 0 ⇒ 𝑐 = 0. It is again a contradiction. 



D. Dhamodharan*1 and R. Krishnakumar2 / 
 Common Fixed points of (𝝍,𝝋)-weak contractions in regular cone metric spaces / IJMA- 8(8), August-2017. 

© 2017, IJMA. All Rights Reserved                                                                                                                                                                      147  

 
Case-3: Similarly in case.2 we get a contradiction. 
Therefore {𝑇𝑥𝑛} be a Cauchy sequence in 𝑆𝑥. Since 𝑆𝑥 is complete, there exists a 𝑞 ∈ 𝑆𝑥 such that {𝑇𝑥𝑛} → 𝑞 as 
𝑛 → ∞. Since 𝑞 ∈ 𝑆𝑥, we can find 𝑝 ∈ 𝑋 such that 𝑆𝑝 = 𝑞. Now, putting 𝑥 = 𝑥𝑛+1 and 𝑦 = 𝑝 in (2.2), we have 

𝜓(𝑑(𝑇𝑥𝑛+1,𝑇𝑝)) ≤ 𝐹(𝜓(𝑧),𝜑(𝑧)), 
where 𝑧 ∈ 𝑀𝑇,𝑆(𝑥𝑛+1, 𝑝) = {𝑑(𝑇𝑥𝑛 , 𝑆𝑝),𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛),𝑑(𝑇𝑝, 𝑆𝑝)}. Now 
 
Case-1: If 𝑧 = 𝑑(𝑇𝑥𝑛 , 𝑆𝑝), then 

𝜓(𝑑(𝑇𝑥𝑛+1,𝑇𝑝)) ≤ 𝐹(𝜓(𝑑(𝑇𝑥𝑛, 𝑆𝑝)),𝜑(𝑑(𝑇𝑥𝑛 , 𝑆𝑝))), 
 
Letting limit 𝑛 → ∞, we have 

𝜓(𝑑(𝑞,𝑇𝑝)) ≤ 𝐹(𝜓(𝑑(𝑞, 𝑞)),𝜑(𝑑(𝑞, 𝑞))), 
i.e. 𝜓(𝑑(𝑞,𝑇𝑝)) ≤ 0. By definition of 𝜓, 𝜓(𝑑(𝑞,𝑇𝑝)) ≥ 0, so we have 𝜓(𝑑(𝑞,𝑇𝑝)) = 0 implies 𝑇𝑝 = 𝑞 = 𝑆𝑝. 
 
Case-2: If 𝑧 = 𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛), then 

𝜓(𝑑(𝑇𝑥𝑛+1,𝑇𝑝)) ≤ 𝐹(𝜓(𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛)),𝜑(𝑑(𝑇𝑥𝑛+1,𝑇𝑥𝑛))), 
 
Letting limit 𝑛 → ∞, we have 

𝜓(𝑑(𝑞,𝑇𝑝)) ≤ 𝐹(𝜓(𝑑(𝑞, 𝑞)),𝜑(𝑑(𝑞, 𝑞))), 
i.e. 𝜓(𝑑(𝑞,𝑇𝑝)) ≤ 0. By definition of 𝜓, 𝜓(𝑑(𝑞,𝑇𝑝)) ≥ 0, so we have 𝜓(𝑑(𝑞,𝑇𝑝)) = 0 implies 𝑇𝑝 = 𝑞. 
 
Case-3: If 𝑧 = 𝑑(𝑇𝑝, 𝑆𝑝), then 

𝜓(𝑑(𝑇𝑥𝑛+1,𝑇𝑝)) ≤ 𝐹(𝜓(𝑑(𝑇𝑝, 𝑆𝑝)),𝜑(𝑑(𝑇𝑝, 𝑆𝑝))), 
 
Letting limit 𝑛 → ∞, we have 

𝜓(𝑑(𝑞,𝑇𝑝)) ≤ 𝐹(𝜓(𝑇𝑝, 𝑞),𝜑(𝑇𝑝, 𝑞)). 
 
This is contradiction if (𝑑(𝑇𝑝, 𝑞)) ≠ 0. Hence 𝑑(𝑇𝑝, 𝑞) = 0 and 𝑇𝑝 = 𝑞. Therefore, we have 

𝑞 = 𝑇𝑝 = 𝑆𝑝. 
 
Hence 𝑝 is a coincidence point and 𝑞 is a point of coincidence of 𝑇 and 𝑆. 
 
We next show that the point of coincidence is unique. For this, assume that there exists a point 𝑞 in 𝑋 such that 
𝑧1 = 𝑇𝑞 = 𝑆𝑞. Then, from (2.2) 

𝜓�𝑑(𝑇𝑝,𝑇𝑞)� ≤  𝐹(𝜓(𝑧),𝜑(𝑧))                                                                                                      (2.9) 
where 𝑧 ∈ {𝑀𝑇,𝑆(𝑝, 𝑞) = {𝑑(𝑆𝑝, 𝑆𝑞),𝑑(𝑇𝑝, 𝑆𝑝),𝑑(𝑇𝑞, 𝑆𝑞)}. 
 
Case-1: If 𝑧 = 𝑑(𝑆𝑝, 𝑆𝑞), then from (2.9) 

𝜓(𝑑(𝑞, 𝑧1)) ≤ 𝐹(𝜓(𝑑(𝑞, 𝑧1)),𝜑(𝑑(𝑞, 𝑧1))), 
it is only true for 𝑑(𝑞, 𝑧1) = 0. Hence 𝑞 = 𝑧1. 
 
Case-2: If 𝑧 = 𝑑(𝑇𝑝, 𝑆𝑝), then from (2.9) 

𝜓(𝑑(𝑞, 𝑧1)) ≤ 𝐹(𝜓(𝑑(𝑞, 𝑞)),𝜑(𝑑(𝑞, 𝑞))) = 0, 
i.e. 𝑑(𝑞, 𝑧1) ≤ 0. But 𝑑(𝑞, 𝑧1) ≥ 0. Hence 𝑞 = 𝑧1. 
 
Case-3: If 𝑧 = 𝑑(𝑇𝑞, 𝑆𝑞), then from (2.9) 

𝜓(𝑑(𝑞, 𝑧1)) ≤ 𝐹(𝜓(𝑑(𝑧1, 𝑧1)),𝜑(𝑑(𝑧1, 𝑧1))) = 0, 
i.e. 𝑑(𝑞, 𝑧1) ≤ 0, but 𝑑(𝑞, 𝑧1) ≥ 0. Hence 𝑑 = 𝑧1. 
 
Therefore, 𝑞 is the unique point of coincidence of 𝑇 and 𝑆. Now, if 𝑇 and 𝑆 are weakly compatible, then by Lemma 
(1.14), 𝑧 is the unique common fixed point of 𝑇 and 𝑆. Hence the roof is completed. 
 
Example 2.5: Let 𝑋 = [0,1] ∪ {2,3,⋯ }, 𝐸 = ℝ2 with usual norm, be a real Banach space, 𝑃 = {(𝑥,𝑦) ∈ 𝐸: 𝑥,𝑦 ≥ 0} 
be a regular cone and the partial ordering ≤ with respect to the cone 𝑃, be the usual partial ordering in 𝐸. We define 
𝑑:𝑋 × 𝑋 → 𝐸 as 

𝑓(𝑥) = �
(|𝑥 − 𝑦|, |𝑥 − 𝑦|),    𝑖𝑓 𝑥,𝑦 ∈ [0,1], 𝑥 ≠  𝑦

(𝑥 + 𝑦, 𝑥 + 𝑦), 𝑖𝑓 𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑜𝑓 𝑥 𝑜𝑟 𝑦 ∉  [0,1]𝑎𝑛𝑑 𝑥 ≠  𝑦,
(0,0),                                                 𝑖𝑓 𝑥 = 𝑦.

� 

for 𝑥,𝑦 ∈ 𝑋. Then (𝑋,𝑑) is a complete Cone metric space with 𝑑(𝑥,𝑦) ∈ 𝑖𝑛𝑡𝑃, for 𝑥,𝑦 ∈ 𝑋. Define 𝜓,𝜑:𝑃 ∪ {0} →
𝑃 ∪ {0} as 

𝜓(𝑡1, 𝑡2) = (𝑡1, 𝑡2), 𝑖𝑓 𝑡1, 𝑡2 ∈ [0,1], 
 = (𝑡12, 𝑡12), 𝑓𝑜𝑟 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. 
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𝜑(𝑡1, 𝑡2) = �
1
2
𝑡12,

1
2
𝑡22� , 𝑖𝑓  𝑡1, 𝑡2 ∈ [0,1], 

 = �1
2

, 1
2
� , 𝑓𝑜𝑟 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒. 

 
Let 𝑇:𝑋 → 𝑋 be defined as 

𝑇𝑥 =  𝑥 −
1
2
𝑥2, 𝑖𝑓 𝑥 ∈  [0,1],  

      = 𝑥 − 1, 𝑖𝑓 𝑥 ∈ {2,3⋯ }  . 
Without loss of generality, we assume that 𝑥 ≥ 𝑦 and discuss the following cases. 
 
Case-1: For 𝑥,𝑦 ∈ [0,1]. Then 

(𝜓�𝑑(𝑇𝑥,𝑇𝑦)� = 𝐹((𝑥 −
1
2
𝑥2) − �𝑦 −

1
2
𝑦2� , �𝑥 −

1
2
𝑥2� − �𝑦 −

1
2
𝑦2�) 

= 𝐹 �(𝑥 − 𝑦) −
1
2

(𝑥 − 𝑦)(𝑥 + 𝑦), (𝑥 − 𝑦) −
1
2

(𝑥 − 𝑦)(𝑥 + 𝑦)� 

≤ 𝐹 ��(𝑥 − 𝑦) −
1
2

(𝑥 − 𝑦)2, (𝑥 − 𝑦) −
1
2

(𝑥 − 𝑦)2�� 

= 𝜓(𝑑(𝑥,𝑦)) − 𝜑(𝑑(𝑥,𝑦))) 
 
Case-2: For 𝑥 ∈ {3,4,⋯ }. Then, If 𝑦 ∈ [0,1] 

𝑑(𝑇𝑥,𝑇𝑦) = 𝑑(𝑥 − 1,𝑦 −
1
2
𝑦2) = (𝑥 − 1 + 𝑦 −

1
2
𝑦2,𝑥 − 1 + 𝑦 −

1
2
𝑦2) ≤ (𝑥 + 𝑦 − 1, 𝑥 + 𝑦 − 1). 

 
If 𝑦 ∈ {2,3⋯ } 

𝑑(𝑇𝑥,𝑇𝑦) = 𝑑(𝑥 − 1,𝑦 − 1) = (𝑥 + 𝑦 − 2, 𝑥 + 𝑦 − 2) < (𝑥 + 𝑦 − 1, 𝑥 + 𝑦 − 1). 
 
Therefore 

 (𝜓(𝑑(𝑇𝑥,𝑇𝑦)) ≤ 𝐹((𝑥 + 𝑦 − 1)2, (𝑥 + 𝑦 − 1)2) 
< 𝐹((𝑥 + 𝑦 − 1)(𝑥 + 𝑦 − 1), (𝑥 + 𝑦 − 1)(𝑥 + 𝑦 − 1)) 
< 𝐹((𝑥 + 𝑦)2 − 1, (𝑥 + 𝑦)2 − 1) 

< 𝐹 �(𝑥 + 𝑦)2 −
1
2

, (𝑥 + 𝑦)2 −
1
2
� 

= 𝐹((𝑥 + 𝑦)2, (𝑥 + 𝑦)2) − �
1
2

,
1
2
� = 𝜓(𝑑(𝑥,𝑦)) − 𝜑(𝑑(𝑥,𝑦)). ) 

 
Case 3. For 𝑥 = 2 and 𝑦 ∈ [0,1]. Then, 𝑇𝑥 = 1, and 

𝑑(𝑇𝑥,𝑇𝑦) = 𝐹(1 − (𝑦 −
1
2
𝑦2),1 − (𝑦 −

1
2
𝑦2)) ≤ (1,1). 

 
So, we have𝜓(𝑑(𝑇𝑥,𝑇𝑦)) ≤ 𝜓(1,1) = (1,1). 
 
Again 𝑑(𝑥,𝑦) = (2 + 𝑦, 2 + 𝑦). So, 

 (𝜓(𝑑(𝑇𝑥,𝑇𝑦)) ≤ 𝐹(𝜓(𝑑(𝑥,𝑦)),𝜑(𝑑(𝑥,𝑦))) 
= 𝐹((2 + 𝑦)2, (2 + 𝑦)2) − 𝜑�𝑑(𝑥,𝑦)� 

= 𝐹((2 + 𝑦)2, (2 + 𝑦)2) − �
1
2

,
1
2
� 

= 𝐹 �
7
2

+ 4𝑦 + 𝑦2,
7
2

+ 4𝑦 + 𝑦2� 

> (1,1) = 𝜓(𝑑(𝑇𝑥,𝑇𝑦)). ) 
 
By Theorem 2.1 and 0 is the unique fixed point of T. 
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