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ABSTRACT

Theoretical models of diagnostic biosensors system at two basic types of enzyme Kkinetics is discussed in the presence
of diffusion. The models are based on non stationary diffusion equation containing a non linear term related to
Michaelis-Menten and ping-pong kinetics. In this paper, approximate analytical solutions are obtained for the non-
linear equations under steady-state conditions by using the new Homotopy perturbation method. Simple and closed
forms of analytical expressions for concentrations of substrate, product and co-substrate and corresponding current
response have been derived for all values of kinetics parameters. The numerical solution of the problem is also
reported here by using Scilab program. Good agreement between analytical and simulation results is noted.

Keywords: Biosensor, Enzyme kinetic, Non-linear equations, Reaction/diffusion equation, New Homotopy perturbation
method.

1. INTRODUCTION

A biosensors are analytical devices made up of a biological entity, usually an enzyme that recognizes a specific analyte
and a transducer that translates the changes in the bio-molecules into an electrical signal [1]. The biosensors yield a
signal, which is proportional to the concentration of the measured analyte. The amperometric biosensors measure the
faradic current that arises on the electrode by direct electrochemical oxidation or reduction processes. These devices
have been widely used in environmental, medical and industrial applications because of their high selectivity,
simplicity and low cost [2]. Mathematical models are found to be an effective tool in the modeling of analytical
characteristics of biosensors [3]. We consider a system where a membrane biosensor is used for the analysis of a
continuously owing analyte over the membrane surface. Although practical biosensors contain a multi-layer enzyme
membrane [4], the model biosensors containing the exploratory monolayer membrane are widely used to study the
biochemical behavior of biosensors [3, 5]. The action of biosensor can be modeled with differential equations of
substrate and products diffusion and conversion in bio catalyzed membrane [6, 7].

The developed model is based on the reaction diffusion equations, containing a nonlinear term related to non
Michaelis-Menten kinetics of the enzymatic reaction [8, 9]. Manimozhi et al. applied the variational iteration method
(VIM) and homotopy perturbation method (HPM) for the solution of steady-state substrate concentration in the action
of biosensor response at mixed enzyme Kkinetics [10]. Anitha et al. [11] gave the analytical expressions for
steady-state concentrations of substrate and product in an amperometric biosensor with the substrate inhibition by using
the Adomian decompaosition method.

The purpose of this work is to solve a model for a steady-state substrate concentration at the diagnostic biosensor at
mixed enzyme kinetics using HPM. To the researcher’s knowledge no exact analytical expressions of substrate
concentrationg(x), product with concentration profiles p(x) , co-substrate concentration C(x) and corresponding current

I response has been derived for all possible values of parameters under steady-state conditions [12]. The purpose of this

communication is to derive approximate analytical expressions for the steady-state concentrations and current over the
diagnostic of biosensor transducers for Michaelis-Menten and Ping-Pong kinetics using homotopy perturbation method.
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2. MATHEMATICAL FORMULATION OF THE BOUNDARY VALUE PROBLEM

We assume that the electrode has symmetrical geometry and diffusion is one-dimensional in space and is described
with second Fick’s law. Now we can write the system of nonlinear differential equations equation for the

concentrations of substrate S(X), product P(X) and  co-substrate C(X) for the diagnostic biosensor system as
follows [12]:
2 1d°P 1 d°C
d’s -%S8,C)=0, ——-9S5,C)=0, ——;
A dx wp dx

e -%S,C)=0 Q)

The non- dimensional coordinates, variables and parameters are as follows:

V_/K
X:é18=m’C=E1P=ﬂ’ 80=m1i:&’ﬂ:&’p:&and¢:w
I K (17/Dg)

@)
S KC Kp KS DP DC KC
where Dg, D & Dp are diffusion coefficients for substrate, co-substrate and product. K; denotes the reaction

constant for concentration profiles (1 = S, P, C), respectively. Vm is the enzyme rate and O represents the coordinate

distance. And the | represents the thickness of active membrane, ¢2 is the thiele Module, 4 is diffusion coefficient of

product, w is the diffusion coefficient of co-substrate and p is reaction rate constant for co-substrate. The diagnosis of

the biosensor system depends on the enzyme kinetics and the enzyme reaction as well as on the basic transducer. The
kinetics is distinguished in to two kinetics as follows:

Michaelis-Menten kinetics Ping-Pong kinetics
2
2 _ S
%50 s @ | MO T, ©
S C
The two types of biosensors can be described with the following system of differential equations:
Inhibitor Michaelis-Menten kinetics Ping-Pong kinetics
2 2 2 2
Substrate d’s _? S =0 (5) d’s — 4 =0 (8)
dx* 1+S d % 1+1/S+1/C
2 2 2 2
Product l d l: +ﬁ: 0 (6) 1 d°pP + 4 =0 (9)
Adx* 1+S ld%x 1+1/8+1/C
2 2 2 2
& 1 dcz:—(pszo @ | 2 d‘j_ 4 =0 (10)
ubstrate wp de® 1+8 wupdx 1+1/8+1/C
Egs. (5) - (10) are subjected to the following boundary conditions:
x=0, SxX)=S,, PX)=0, C(x)=C,, x=I, 3—S=O,P(x)=0, C(x)=0 (11)
X

The initial current of the biosensor system is recorded normally in substrate, product and co-substrate concentrations at
the electrode and are as follows:

Is== nFAD, (d—SJ (12)
ax ),
dpP
Ip=+ nFAD, | — 13
p F ( dX jx—o ( )
dC
Ic=+ nFAD.| — 14
¢ ( dX jx:O ( )

where N is the number of electrons taking part in electrochemical reaction, F is the Faraday’s number, and A s the
area of the electrode surface [m?].
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3. ANALYTICAL SOLUTIONS OF CONCENTRATIONS OF SUBSTRATE, PRODUCT AND CO-
SUBSTRATE UNDER STEADY-STATE CONDITION USING THE NEW HOMOTOPY PERTURBATION
METHOD

Recently many nonlinear equations are solved by using a method called Homotopy perturbation method. The benefit of
the method is that it does not need small parameter in the system, and it leads to wide application in nonlinear wave
equations [13]. Recently, many authors have used HPM to solve various nonlinear engineering problems [14-19]. This
method is a combination of Homotopy in topology and classic perturbation techniques. The HPM has uniqueness in its
applicability, accuracy, and efficiency. Recently, a new approach of HPM has been used to solve the nonlinear
problem. In this method simple approximate solutions are obtained in the zeroth iteration. In this work, a new approach
to Homotopy perturbation method is used (Appendix A) to solve the nonlinear differential equations (5) — (10). Using
this method, the analytical expression of the concentration of substrate S(x), product p(x) and co-substrate

C(x) can be obtained as follows:

Michaelis — Menten kinetics:

Inhibitors Concentrations Steady State Current
Sin [Coshag (1—X)] Igl
Substrate | S(X) = n Cosh((; (15) Vs, = anD =ag Sjp tanhag (18)
0 S
AC: Sinhpg (1-x) | 1pl | A,
Product | P(x)="—I |1 — -x| (@16 | yp, = - [Cothpg-1]  (19)
up Sinhpg 2 "|nFADp| up 0
Cin SinhBg (L—x) Icl
Co _~in 0 17 _C ¢ 20
substrate € SinhBg 7 VCy = nFADC =Cin Bo cothBg (20)
2 . 2
N S A VL (21)
Ping - Pong Kinetics:
Inhibitors Concentrations Steady State Current
S,,| cosha(1-x Igl
Substrate | S(X) = '”[ c h(( ) )] (22) | vsg = nF,iD =a Sj tanha (25)
osn (o S
; Ipl
L le G, Sin hB(1-x) Vpg = nF:D
Product P(x)=—| " Sinh g (23) N P (26)
-C;, X = [Cin[Cothp-1]
Cin . Icl 27
Co substrate | C(x)= Snn ﬂSln hB(1-x) 24) | weq = FADS =Cjp B Coth g (27)
42 2 g

Sin Cin +Cin +Sin , Sin Cin +Cin +Sin

4. NUMERICAL SIMULATION

The non- linear differential Eqgns. (5)-(10) with boundary conditions (11) have been solved numerically using Scilab
software. A respective script pdex4 is provided in Appendix C. The numerical solutions are compared with the
analytical results in Fig 4. The comparison reveals that the analytical and numerical results are satisfactory with
agreement.

5. RESULTS AND DISCUSSION

The normalized non- linear differential equations are solved using a new Homotopy perturbation method. Egs. (15-17)
and (22-24) represent the analytical expression of the concentrations of substrate, product and co-substrate for various
values of Thiele modulus ¢2 and the dimensionless parameters, for Michaelis-Menten and Ping-Pong Kkinetics
respectively. The analytical results are compared with the numerical results in Figs (1-3).
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In Fig. (1) dimensionless concentration of the substrate S(x)versus dimensionless distance X is plotted for the

Michaelis-Menten Kinetics are calculated using Eqn.(15), for different values of the thiele modulus ¢2. From the

figure, it is inferred that concentration substrate decreases when ¢2 increases.

Fig.(2) reprsents the concentration of the productP(x) versus dimensionless distance X for the Michaelis-Menten

kinetics are calculated using Eqn.(16), for different values of the thiele modulus ¢2 , diffusion coefficient A , reaction
rate constant for co-substrate £, and diffusion coefficient of co-substrate p . From the fig. it is inferred that
concentration of product increases gradually and reaches the maximum value at X = 0.5and then decreases. Also,

. . 2.
concentration of product increases when A and ¢° increases and u and p decreases.

Fig. (3) dimensionless concentration of the co-substrate C(x) versus dimensionless distance X is plotted for the
Michaelis-Menten kinetics are calculated using Eqn.(17), from this fig. it is noted the concentration of co-substrate

. 2
increases when @ and p decrease.

Fig. (4-6) represent concentrations of substrate, product and co-substrate for various values of parameters for Ping-

Pong kinetics. The influence of the parameters ¢2, W, p and Ain Ping-Pong kinetics is same as Michaelis-Menten
Kinetics.

6. CONCLUSIONS

In this work, a mathematical model that describes the steady-state response of a two parameters diagnostic of biosensor
is discussed. New homotopy perturbation method is applied to solve the system of steady-state non-linear differential
equations in different dynamic models for two types of kinetics. Analytical expressions corresponding to substrate,
product and co-substrate concentrations are derived as the function of dimensionless parameters. Our analytical results
for the concentration of substrate product and co-substrate are compared with simulation results satisfactory agreement
is noted.
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Appendix-A: Analytical solution of concentrations C, S and P by solving equations (5-7) for Michaelis-Menten
kinetics.

Equations (5-7) can be written as follows:

2 2
d’s _#S _ (A1)
dx2 1+S

2 2
1dP #5 (A2)
Adx* 1+

2 2

id S_ﬁzo (A3)
up dx=  1+S

Now the boundary condition becomes

x=0, S(x)=S,, P(Xx)=0, C(x)=C, (A4)
x=1, (;_Sz 0, P(x)=0, C(x)=C, (A5)
X
Equation (A1) and (A3) can be written as,
d’s @°S
-~ =0 A6
dx*> 1+S o)
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2 2
d E)+l oS =0 (A7)
dx 1+S
d’C ’S
dx? _ﬂp1¢)+5 =0 (A9

Homotopy for the above equation can be constructed as follows:

C[d’s ¢’s d’s .| o

(! p)_dx2 1+S(X=O):|+ p{(1+8) 7 ¢ s}_o (A9)
—dzp ¢ZS d2P )

_ _ - = Al10

(@ |0)_O|X2 /11+S(X:0)}+ p{(1+8) e Ag S} 0 (A10)

_Jdc ¢°S d’c L | AL

@ |0)de2 ﬂp1+S(X=O):|+ IO{(1+S)—O|X2 upg S}—O (AL1)

The approximation solution of the equations (A1) and (A3) are,
S=S,+pS,+ Pp°S, + p°S; + ...

(A12)
P=P +pP+p°P,+ p°P +.ce.e. (A13)
C=C,+ pC,+ p°C, + p°C, +...ou... (A14)

Substituting Eqn. (A12 - A14) in Egn. (A9 - All) and comparing the coefficients of like powers of P, we obtain the
following equations:

0 S, 'S,

= Al5
dx* 1+S, (A19)
d’P #°S
0. 0,2 0 _ Al6
P Ty S., (AL9)
d’C #°S
0. 0o_ 0 0 Al7
PhE Mlrs (A7)
The boundary conditions are,
x=0, §,=§,, B=0, C,=C, (A18)
ds
x=1, ==0, R=0 C=C, (A19)

Solving the Eqns. (A15-A17) using the boundary conditions (A18) and (A19), we can find the following results

So(X) = Acosh \/E(x) +Bsinh \/K(x) (A20)

? sinh
where, Al:ﬁ, A=S,, B:_Sini
1+5, cosh JA,

(A21)

Equation (A20) can be written as,
5.(0=S. cosh(,/A (x—1))
cosh \/E

Substituting egn (A22) in (A16) and (A17) and solving egn (A16) and (A17) using this boundary condition (A18) and
(A19) we get the eqn (16) and (17) in the text.

(A22)
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Appendix-B: Relation between P and C

Equation (9) and (10) can be written as,

2 2
Adx® L 4
S C
2 2
1dc 0

Now boundary conditions are,

x=0, P(x)=0,C(x)=C,
x=1 P(x)=0,C(x)=0

Using (B1) and (B2),
1d%P _ 1 d*C _

— =— =0
A dx? up dx?

Integrating on both sides of the equation we get,
1dP _ 1 dC

de__,updx

+¢, =0

Once again integrating on both sides of the above equation we get,

%P(x):— ﬂ—lp C(x)+¢, x+¢, =0
Using the boundary conditions (B3), we get
c,=—C, and ¢, =— iCin
Hp Hp
Eqn (B6) becomes,
ZP(x)=- ﬁ C(x)- ﬁ c, x+ﬁ c,
1 1
= P(x) :E(_C(X)_Cin X +Cy)
P(x):i(cin -C(x)-C,, x)

Appendix-C: Analytic solution of Eqn(10) (Ping-Pong mechanism):

Ldc o
2
Hp OX l+é+1

=0

C

Homotopy for the above equation can be constructed as follows

2 2
(1-p) dC__up+sS, 9 C }rp{(s C+C+S)(3C

dx* S, C, +C, +S

© 2017, IIMA. All Rights Reserved

2

X2

+u S, goZSC}:O

(B1)

(B2)

(B3)

(B4)

(BS)

(B6)

(B7)

(B8)

(C1)

(C2)

44



K.P. V. Preethi’, J. Visuvasamz, T. Ishwaryaz and L. Rajendranz* /

New Approach of Homotopy Perturbation Method to Solve the Non-Linear Equation in Biosensor / IIMA- 8(9), Sept.-2017.

The approximation solution of the above equation (8) and (9) are,

S=S,+pS,+ p°S, + p°S, +
C=C,+ pC, + p°C, + p°C, +

Substituting eqn (C3) in (C2) and equating the co-efficient of p on both sides we get
cd,C,  up S, Co’

Po -

The above equation can be written as

d’C
dxzo _ﬂz C, =0,
e
Where ﬁz: HPQ in ~0

Sin Cin +Cin +Sin

The boundary conditions are,

x=0, C,(x)=C,
x=1 C,(x)=0

The solution of the egn (C5) is

C,(x) =i8in hB(1-x)

Sinh g

Considering the first iteration, we get,

C(x) =Gy (x)

Appendix D: Analytic solution of concentration S using egn (8)

Eqn (8) for Ping-Pong kinetic is,
d’s  ¢°SC
dx* SC+C+S

Homotopy for the above equation can be constructed as follows:

d’s C, ¢*S

dx’ S C.+C. +S_

1— —
(-p) dx* S, C, +C, +S,
The approximation solution of the equations (8) and (10) are,
S=S,+pS,+ p°S, + p°S, +
C=C,+pC,+ p°C,+ p°C, +

Substituting eqn (D3) in (D2) and equating the like co-efficient of p on both sides we get
. dzso Cin (02 S

—goZSC}:O

}+ p[(s C+C+S)(Cjj

Po -

The above equation can be written as

dZSZO 2 So -0,
dx
2
where a? Cy ¢
Sln Cin +C|n +S|n
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Boundary conditions are,
x=0, S,(x)=S;,
(D7)
X=1, d_S =0
dx
The solution of egn. (A5) is
So(x)=ACo h ga x)+BSinh(ax) (D8)

Using the boundary conditions we get,

S, [cosha(1-x)]

S,(X) = D9

o (¥) Cosh () 9
Considering first iteration, we get,

S(X) = Sy(x) (D10)

Appendix-E: Scilab program to find the numerical solution of the Eqgns. (5-7)
function pdex4
m =0;
x = linspace(0,1);
t=linspace(0,100000);
sol = pdepe(m,@pdex4pde, @pdex4ic,@pdex4dbc,x,t);
ul =sol(:,:,1);
u2 =sol(:,:,2);
u3 =sol(:,:,3);
figure
plot(x,ul(end,:))
title('u1(x,1)")
xlabel('Distance x’)
ylabel('ul(x,2)")
0p------ -
figure
plot(x,u2(end,:))
title('u2(x,t)")
xlabel('Distance x')
ylabel('u2(x,2)")
% --
figure
plot(x,u3(end,:))
title('u3(x,t)")
xlabel('Distance x')
ylabel('u3(x,2)")
00- - - -
function [c,f,s] = pdex4pde(x,t,u,DuDXx)
c=[11;1];
f=1[1;1; 1] .* DuDx;
1=0.1;mu=1;q=1;p=1;a=1;
F=-(q*u(1))/(1+u(1));
Fl=(a*q*u(1))/(1+u(1));
F2=-(mu*p*g*u(1))/(1+u(1));
s=[F; F1; F2];
% - - S
function u0 = pdex4ic(x);
uo =11; 1; 1];
% - - R
function [pl,ql,pr,qr]=pdex4bc(xl,ul,xr,ur,t)
pl = [ul(2)-1;ul(2)-0;ul(3)-1];
ql =[0; 0; OF;
pr = [0; ur(2)-0;ur(3)-0];
qr = [1,0; O];
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NOMENCLATURE

S(x) - Concentrations of substrate

P(X) - Concentrations of product

C(X) - Concentrations of co-substrate

Dg - Diffusion coefficients for substrate

D¢ - Diffusion coefficients for co-substrate

Dp - Diffusion coefficients for product.
Vi, - Enzyme rate
O - Coordinate distance.

Thickness of active membrane,

@’ Thiele Module,

A - Diffusion coefficient of product,
U - Diffusion coefficient of co-substrate
p - Reaction rate constant for co-substrate.
n - Number of electrons taking part in electrochemical reaction
F - Faraday’s number,
A - Area of the electrode surface [m?].
m 1.05 T T T T
2 e # =0.001,4° = 0.05, §* =0.1
g ;
wh
£ 095
= -
N gy,
G 0.9F e, T e,
o o, 2
2 ossf Mo, ¢ .
=) Mt
-5 ,“’”
S osf o]
s, 2 _
= ¢ =1
B orst -
g
o % 0.2 0.4 0.6 0.3 1
Distance x

Figure-1: Plot of dimensionless concentration of the substrate S(X) versus dimensionless distance X for the

Michaelis-Menten kinetics calculated using Eqn. (15), for different values of the thiele modulus ¢2 .
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Figure-2: Plot of dimensionless concentration of the productP(X) versus dimensionless distance X for the

Michaelis-Menten kinetics calculated using Eqgn. (16), for different values of the thiele modulus ¢2, diffusion

coefficient A , reaction rate constant for co-substrate £ , and diffusion coefficient of co-substrate p .
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Ry 7 =005, 47 =0.1, 97 =03

0.2 0.4 0.6 0.8
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Concentration of Cosubstrate C

()

L] l]j2 l]i4 I]iﬁ l]jS
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Figure-3: Plot of dimensionless concentration of the co-substrate C(X) versus dimensionless distance X for the

Michaelis-Menten kinetics calculated using Eqn.(17), for different values of the thiele modulus ¢2 and diffusion

coefficient of co-substrate p .
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Figure-4: Plot of dimensionless concentration of the substrate S(X) versus dimensionless distance X for the Ping-

Pong kinetics calculated using Eqn. (22) for different values of the thiele modulus ¢2 .
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Figure-5: Plot of dimensionless concentration of the product P(X) versus dimensionless distance X for the Ping-

Pong kinetics calculated using Eqn. (23), for different values of the Thiele modulus ¢2, diffusion coefficient A ,

reaction rate constant for co-substrate 4 , and diffusion coefficient of co-substrate p .
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Figure-6: Plot of dimensionless concentration of the co-substrate C(X) versus dimensionless distance X for the Ping-

Pong kinetics calculated using Eqn.(24), for different values of the Thiele modulus ¢2 and diffusion coefficient of co-

substrate p .
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