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ABSTRACT

In this paper, when the number of cyclic sets is even, we obtain a fixed point theorem for a mapping satisfying cyclic

weak ¢-contraction in complete generalized metric spaces, which gives a positive answer to the question raised by Fei
He and Alatancang Chen (Fixed point theory Appl. 2016:67).
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1. INTRODUCTION AND PRELIMINARIES

The main purpose of this paper is to answer an open question raised by He and Chen in [12]. We show these results are
valid in complete generalized metric spaces when the number of cyclic sets is even.

Before going to the main results. Let us recall the basic definitions and theorems.

Definition 1.1: ([4]) A function ¢ : [0, ) — [0, o) is called a comparison function if it satisfies :
(i) o isincreasing,
(i) (@"(t))nen converges to 0 as n — oo, for all t e (0, o).

If the condition (ii) is replaced by (iii) Z (pk (t) < oo, forall t € (0, ) then ¢ is called a strong comparison function.
k=0

Definition 1.2: ([12]) Let (X, d) be a metric space, p € N, Ay, . .., Ay non empty subsets of X, and 5=LPJA-- An
i=1
operator f: Y — Y is called a cyclic @-contraction if :
(M LPJA' is a cyclic representation of Y with respect to f,

i=1
(i) there exists a comparison function ¢ : [0, «) — [0, o) such that

d(fx, fy) < o(d(x, y)) 1
forany x € A, y € Aiiq, where Agyq = Ay,

Theorem 1.1: ([12]) Let (X, d) be a complete metric space, p € N, A, ..., A, non empty closed subsets of X, and
v ::LpJAi' Assume that f: Y — Y is a cyclic p-contraction. Then f has a unique fixed point y* ¢ ﬁAi_and a picard

i=1 i=1
iteration {X,}ns1 given by x, = X, converging to x_ for any starting point X, € 0 A
-

i=1
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Theorem 1.2: ([12]) Let (X, d) be a complete metric space, p € N, A, . . ., A, closed non empty subsets of X,
y = OA__and f:Y — Y an operator. Assume that:

i=1

M O A is acyclic representation of Y with respect to f,
i=1
(i) there exists a function ¢ : [0, «0) — [0, c) with ¢(t) < tand t - ¢(t) is non decreasing fort € (0, «) and ¢(0) =0
such that
d(fx, fy) <¢ (d(x, y)) )

forany x € A;, ¥y € Ais1, where Ay = Aq. Then f has a unique fixed point < e ﬁAV

i=1

Definition 1.3: ([12]) A function ¢ : [0, ) — [0, o) is called a (w)-comparison function if it satisfies:
(1) ¢(0)=0;
(ii) (1) <t forallt e (0, );
(iii) the function y(t) :=t - ¢(t) is increasing, that is., t; <t implies y(t;) < y(ty), for ty t, € [0, ).

Lemma 1.1: ([12]) If ¢ : [0, o) — [0, w0) is a (w)-comparison function, then the following hold :
(i) @) <t, forallt e [0, «);
(ii) fork>1, ¢*(t) <t foranyt e (0, );
(iii) (¢"(t))nen converges to 0 as n —oo, for all t € (0, o).

Definition 1.4: ([12]) Let (X, d) be a generalized metric space, p € N, A;, . . ., A, non empty subsets of X, and
v = OAi- An operator f: Y — Y is called a cyclic weak ¢-contraction if :
i=1
(M LPJA- is a cyclic representation of Y with respect to f,
i=1
(i) there exists a (w)-comparison function ¢ : [0, «) — [0, o) such that

d(fx, fy)<¢ (d(x, y)) 3)
for any x €A, y € A, where Apyy = Ag

2. MAIN RESULTS

This section deals with fixed point theorem which provides a positive answer to the question raised by Fei He and
Alatancang Chen [12].

Question: If the number of cyclic sets is even, then prove the following theorem is valid or not.

Theorem 2.1: Let (X, d) be a complete generalized metric space, p an odd number, A, . . ., A, non empty closed
subsets of X, and y ._ L”JA__Assume that f: Y — Y is a cyclic weak ¢-contraction. Then f has a unique fixed point X e

i=1

. i i p
and a Picard iteration {X,}n>1 given by x, = fx,; converging to x for any starting point x, € U A,
i=1

P
A
i=1

Theorem 2.2: Let (X, d) be a complete generalized metric space, p an even number, Ay, . . ., A, non empty closed
subsets of X, and y ._ L”JA_.Assume that f: Y — Y is a cyclic weak ¢-contraction. Then f has a unique fixed point X e

i=1

* . . p
ﬁA- and a Picard iteration {X,}n>1 given by x, = fx,; converging to x  for any starting point x, UAi'

i=1 i=1

Proof: Let xg € Y and x, = f x,.1; n =1, 2, .. .. If there exists ny such that Xngrt = Xng then fxnO = Xngr1 = Xng and the
existence of the fixed point is proved. Consequently, we will assume that x,, # X,+; for all n € N.

Step-1: We will prove that x,, # X, for all n = m

Suppose that x, = X, for some n = m. Without loss of generality, we may assume thatn > m + 1.
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Due to the property of ¢, we see that
d(Xm: Xm+1) = d(Xm, me)
= d(Xn, T Xn)
= d(f X, %) 4)
< ¢(d(Xn-1, Xn))
<...
= q)n-m(d(xm’ Xm+1))

By Lemma 1.1(2), we get ¢"™(d(Xm, Xm+1)) < (d(Xm, Xm+1)), Which is a contradiction.

Step-2: We will prove that

limd(x,, x,,;) =0, limd(x,, x.,,) =0...limd(x,, x,,) =0. (5)

Using (3), we get
d (Xn, Xn+1) =Ad(FXn-1,7X0) < 0(d(Xn-1,%n)) forall n e N.

Using the definition of ¢, we see that
d(X,, X,.y) <d(X,, X,) (6)

This implies the sequence {d(x,, X,+1)} is is decreasing and bounded below.
Consequently, d(X,, Xn+1) — r for some r > 0.
Suppose that r > 0. Then ¢(r) <r.

Using the definition of ¢ and d(x,, Xn+1) > r, we get
r-o(r) < dix,, X,.,)— o(d(x,, X,,,), forallneN.

From d(Xq+1, Xne2) < ¢(d(Xn, Xn+1)), We see that
r- (I)(r) S d(xn1 Xn+1)_ d(xn+1; Xn+2), fOI’ a" ne N

Letting n — o in the above inequality, we get r - ¢(r) < 0, which is a contradiction with ¢(r) < r. Thus we conclude that
limd(x,, X,.,) =0 ()
n—o0

Using the triangle inequality, we get
d(Xn’ Xn+2) < d(Xn7 Xn+l) + d(xn+1’ Xn+2)

From (7), we see that d(X,, Xh+2) > 0asn — o
Also since d(X,,, X.p) SAX,,s Xiy) + (X gy Xipp) F A(Xhp0 Xiaz) +A(X gy Xea)

From (7), we see that d(X,, Xh+4) = 0asn — o

By induction, we deduce that
limd(x,, X,,,) =0 ®)
nN—oo

forallk € {2,4,...,p}
Now to Prove

limd(x,, X,.,,) =0 9)

Since X, and Xn.p-1 lie in different adjacently labeled sets A; and A4 for certaini € {1, 2, . . ., p}, from(3) we get

d(an Xn+p-1) = d(fxn-l’ Xn+p-2) < (I)(d(xn-11 Xn+p-2))

© 2017, IIMA. All Rights Reserved 103



A. Jennie Sebasty Pritha*’, U. Karuppiahz /

Fixed points for cyclic weak ¢-contraction in Complete Generalized Metric Space / IIMA- 8(9), Sept.-2017.

Similar to the proof of the conclusion (7), we can deduce that {d(X,, Xn+p-1)} is decreasing and converges to 0. This

means that (9) holds

Fork=2,4,...,p-4, using the rectangular inequality, we have

d(Xn’ Xn+k) < d(Xn’ Xn+p-1) + d(Xn+p-1’ Xn+p) + d(Xn+p’ Xn+k)

Since p — k is even, from (8) we get

Ilm d(Xn+p’ Xn+k) = Iimd(xn+p-k’ Xn) = O
n—o n—o0

Therefore, from (8), (9), (10) and (11) we conclude that
limd(x,, X.,,)=0,for all ke {2,4,...,p-2}

Combining limd(x,, X,,,) =0and limd(x,, X,,,)=0
n—oo n—oo

We see

limd(x,, X,,;) =0, limd(x,, X,.,)=0, ...., limd(x,,

is proved.

Step-3: We will prove the following claim.

Claim: For every ¢ > 0, there exists N e N such that if n > m > N with n - m = 1modp then d(x,, Xm) < €.

n+p

)=0.

(10)

(11)

(12)

In fact, if this is not true, then there exists g, > 0 such that for any N € N we can find n > m > N with n - m = 1modp

satisfying d(Xn, Xm) = €o.

By the definition of ¢, we get
€0 - 0(€0) < d(Xn, Xm) = ®(d(Xn, Xm))-

Using (3), we get
d(xn+ll Xm+1) < ¢(d(Xn: Xm))-

By (13), (14) and the rectangular inequality, we obtain
€0 - ¢(50) < d(Xny Xm) - d(Xn+1, Xm+1)
< d(Xn’ Xn+1) + d(xn+1: Xm+1) + d(Xm+1: Xm) - d(xn+1: Xm+1)
= d(Xn, Xne) + A(Xme1, Xm)-

From (6), it follows that
&0 - (I)(go) < Zd(Xm+1, Xm)

and  dXes, Xor) SO_TM >0

Therefore, {d(Xm+1, Xm) }does not converge to 0 as m — oo, which contradicts (7).

Step-4: We will prove {x,} is a Cauchy sequence in X. Let &€ > 0 be given.
&
Using the claim, we find that N; € N such that if n > m > N; with n — m = 1mod p then d(X,, Xp) < §

On the other hand, using (5), we also find N, € N such that, for any n > N,,

& & &
d(Xn, Xns1) < §l d(Xn, Xns2) < § coey d(Xn, Xn+p) < §

Letn, m> N = max{N;, N,} + 1 withn>m. Thenwe can finds € {0,1, 2, ...
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In the case where s = 0, we have

&
d(Xp, Xm) < —<&
3

In the other case where s > 1, using the rectangular inequality we have
Ad(Xmy Xn) < d(Xm, Xm=1) + A(Xm-1, Xmes) + A(Xmesy Xn)

E & €&
< —+—+—
3 3 3
=£&.

This proves that {x,} is a Cauchy sequence.

Step-5: We will prove that f has a unique fixed point X" e ﬁA- and the Picard iteration {x,} converges to x .

i=1

Since X is a complete generalized metric space, there exists X e X such that lim X, = X

n—o0
Using the cyclic character of f, there exists a subsequence {x,} for which belongs to A; fori € {1, 2, ..., p}.
Hence, from A, is closed fori € {1, 2, ..., p}, we see that X" e ﬁAi Now, we will prove d(x,, fx") — 0 as n — oo.

i=1

This means (o(d (v, Z)) =d (y, Z). .

In fact using (3), we have
d(Xn, £X) = d(fXp1, £X) < d(d(Xp1, X)) < d(Xpg, X) —> 0 @SN —> 0

which implies d(x,, f xX') — 0 as n — oo.
Using Proposition 3 of [11], we deduce that f X" = X", that is, X" is a fixed point of f.

In order to prove that the uniqueness of the fixed point, we take y, z € Y such that y and z are fixed points of f.

P
The cyclic character of fimpliesthaty, z € ﬂ A,

i=1
Using (3), d(y, z) =d (fy, fz) <¢(d(y, 2)) < d(y, 2).
Since ¢(t) >0 fort>0, we getd(y,z) =0andy = z.
This finishes the proof.

Remark 2.1: From theorem 2.2, we see that the open question raised by Fei He and Alatancang Chen has been
answered.
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