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ABSTRACT
In this paper, we prove that -
(1) In the definition of an incline algebra K with zero element O, the conditions

() a+0=a forall acK and(ii) @ * 0=0 * a=0 forall ac K are equivalent and hence any one of them
can be deleted.
(2) "Every irreducible ideal of an incline algebra is not prime" is shown by giving an example.
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0. INTRODUCTION

Sun Shin Ahn, young bae Jun and Hee Sik Kim [1] introduced and studied the concepts - Sub incline, ideal, quotients
of an incline algebras, prime ideal, irreducible ideal and maximal ideal of an incline algebra and their properties.

1. PRELIMINARIES

Definition 1.1: [1]. Incline algebra: A system (K ,+,*), where K is a non empty set "+" and "*" are binary

operations on K satisfying the following axioms is called an incline algebra.
(i) X+Yy=Yy+X (+iscommutative)

(i) X+(y+z)=(X+Yy)+z (+ isassociative)

(i) x*(y*z)=(x*y)xz (* isassociative)

(iv) x*(y+2z)=(xxy)+ (x*z) (* is left distributive)
V) (y+2z)xx=(y*x)+ (z*x) (* isright distributive)
(vi) X+ X = X (+ isidempotent)

(vii) X+ (x*y)=x

(vii) y+(x*y) = y forallx,y,z e K

Definition 1.2: [1]. Let (K vt *) be an incline algebra.
(i) K is called commutative if
X*y = y*x forall X,y € K.
(ii) Anelement 0 € K is called a zero element if
X+0=Xand X *0=0*x =0 forall xe K
(iii) An element 1 € K is called a multiplicative identity if
X*1=1*X = Xforall Xe K
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Clearly, every distributive lattice (K YV, /\) is an incline algebra (K s *) with + = v and * = A. Every incline
algebra is not a distributive as the following example shows

Example 1.3: Consider the system (K ,+,*)where K= {0,1} and the binary operations + and * are given by

+]10]1 |01
0|01 ololo
111]1 1100

This system is an incline algebra but not a distributive lattice since 0 = 1 A 1(by the definition of A) # 1.

Note 1.3.1: Let (K ,+,*) be an incline algebra. From axioms (i), (ii), (vi), (K ,+) is a semi lattice and hence the
binary relation < on K, defined by "X <y < Xx+y = y" is a partial ordering on K, such that for any
x,ye K, xvy =lub{x,y} existsand x vy = x + y.

Definition 1.4: [1]. A sub incline of an incline (algebra) (K vty *) is a non empty subset M of K which is closed
under the operations + and *
ie, "X, yeM =>x+yeM, x*yeM".

Definition 1.5: [1]. A sub incline M of an incline algebra (K 4, *) is called an ideal if "XeM, yeK, y <x = yeM"

Note 1.5.1: An ideal M of an incline algebra K is called proper if M = K . By the definition, every ideal of an
incline algebra is a sub incline. Converse is not true as the following example shows.

Example 1.6: Consider the incline algebra (K ,+,*) where K = {0,1, a} the binary operations + and * are given
by

o | o+
o~ |o|lo
® |||

[elle] o] o]

oO|0|O0|F-
O |o|Oo|®

DD ||
V| |O|*

Here M = {0 ,a} is clearly, a sub incline of K. Clearly 1 < a(since 1+a=a), aeM, but 1¢M .So, M is
not an ideal of K.

Definition 1.7: [1]. A proper ideal | of an incline algebra (K ,+,*)
(i) prime if
"a,beK,a*bel = ael or bel”
(if) maximal ideal if
"N isanidealof K, | c N,=I1 =NorN = K"
(iii) an irreducible ideal if
"ANB=1= A=1o0rB=1"foranyideals A and B of K

Theorem 1.8: [1]. Let | be a proper ideal of an incline algebra K . The following statements are equivalent.
(@ | isanirreducible ideal.
(b) | isprime.
¢ ABc I=Ac lorB c | foranyideals A and B of K

2. MAIN RESULTS OF THE PAPER

We begin with the following

Theorem 2.1: Let (K ,+,*) be an incline algebra. For any X,ye K, xx* Yy is a lower bound of {X, y}
ie, X*y <X, Xxxy<y.,
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Proof: Let X,yeK . Now, X+ X*y=X (by (vii) of def 1.1)
— X* Y+ X=X (by (i)of defl.1)
= Xx*y <X
y+X*y=Yy (by (viii) of def 1.1)
— X*y+Yy=Y (by (i) of def 1.1)
= Xx*xy<y

Hence, X* YV isa lower bound of {X, y}.

Note 2.1.1: Interchanging X and Y in theorem 2.1, we have that for any X,ye K, y#*X is also a lower bound of

{x.y}.

Theorem 2.2: Let K be an incline algebra. Let O K . Then, the following statements are equivalent.
(i) a+0=aforall acK:
(i) O isthe least element of K i:e, 0 < @ forall aeK
(i) a*0=0=0=*a forall aecK

Proof:
(i) = (ii): Trivial by the definition of <.

(i) = (iii): Assume (ii). Let a€ K . By theorem2.1, a * 0 <0, 0 * a < 0. Since O is the least element of K,
Wehave 0<a*0and 0<0 * a.

Hencea*0=0=0=%*a.

(iii) = (i): Assume (iii) . Forany a e K,
a =a + a * 0 (by (vii) of definition 1.1)
=a + 0 (by our assumption).

Hence the theorem.

Note 2.2.1: Since (i) and (iii) are equivalent in theorem 2.2, we can retain any one of "a + 0 = a forall a € K"
and"a*0=0=*a=0 forall acK" in the definition 1.2 (ii) of zero element in the preliminaries.

Theorem 2.3: Let | be a proper ideal of an incline algebra K . Consider the following statements.
(@) | isan irreducible ideal.
(b) | isprime.
(c0 AnBcl = Acl or Bcl foranyideals A and B of K Then, (b) = (c) = (a) holds.

Proof:
(b) = (c): Assume (b). Suppose (c) fails i.e., there exist ideals A, B of Ksuchthat Azl ,Bz | and AnBcl.

So, there exist elements X, Y in K suchthatXxe A—1 , yeB—1.Bytheorem 2.1, X * y < X and X * y < Y.
Since A and B areideals, X * Yy € ANB.Since ANBc |, we have that X*yel .

Since | is prime (by our assumption), either Xe | or y el , a contradiction. Hence (c) holds.
(c) = (a): Trivial.

Note 2.3.1: In [1], it is prove that the statements (a),(b) and (c) of theorem 2.3 are equivalent(see theorem 1.8. in the
preliminaries). But this is not true as the following example shows.
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Example 2.4: Consider the incline algebra (K ,+,*) of the example 1.6. Clearly, | = {O} and J = {O,l} are the

only proper ideals of K. Clearly, | and J are irreducible ideals of K. | is not a prime ideal since a ¢ | and

axa=0el.Similarly, J isnota prime ideal.
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