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ABSTRACT

In the present paper ,we have considered the problem in which {&}, and {&}=, be the two sets of interscaled
nodal points on the interval [0,00) . Here we deal with the problem in which one set consists of the nodes of L¥ (x) and
other consists of the nodes of LX~1(x). We investigate the existence, uniqueness explicit representation of interpolatory
polynomial. Estimation of the fundamental polynomials have also been obtained.
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1. INTRODUCTION

J. Balazs [2] was the first to give the solution of the problem with the nodes as the zeros of ultra spherical polynomial

(1+a)
Pn(“)(x) (¢ > —1) and the weight function (x) = (1 —x%) 2z , x € [-1,—1]. He proved that generally there do
exist any polynomial R, (x) of degree < 2n-1 satisfying the conditions:
Ry (§) = gi, (WR)'(§) =gi" fori=1(Dn
where g; and g;” are arbitrary real numbers. However taking an additional condition
Ry (0) = iy ;7 (0)
where 0 is not a nodal point. In 1984, L. Szili [13] studied analogous problem with the nodes as the roots of H, (x), the

Hermite polynomial and weight function w(x) = e(‘%"z). Pal [10] proved that for a given arbitrary numbers {a;}}-,
and {B; }i=, there exists a unique polynomial of degree < 2n-1 satisfying the conditions:

R, (&) =a;, fori=1(1n (wR) ' (¢)) =pB; fori=1(1)n—1, with an initial condition
R,(a) =0 where ais a given point, different from the nodal points {x;}j=; and {y;}i-,. In this paper we study Pal —
type interpolational polynomial with w,,,,(x) = x"LE{‘)(x).we have determined the existence, uniqueness, explicit
representation and estimation of fundamental polynomials of such special kind of mixed type of interpolation
on interval [0,00). Let {&;}=; and {&}, be the two sets of interscaled nodal points on the interval [0, «). We seek to
determine a polynomial R,,(x) of minimal possible degree < 3n+k satisfying the interpolatory conditions:

Ra(§) = g1y RW'(E) =gi, Ru(E) =g, fori=1(Dn
(1.3) RV (&) = g . =01,k
where g;, g{, g; and g(()]) are arbitrary real numbers. Here Laguerre polynomials Lsf)(x) and Lg‘_l)(x) have zeroes
{&}=, and {&}=, respectively and x, = 0. We prove existence, uniqueness, explicit representation and estimation of
fundamental polynomials.

2. PRELIMINARIES
In this section we shall give some well-known results which are as follws:
As we know that the Laguerre polynomial is a constant multiple of a confluent hypergeometric function so the

differential equation is given by
(2.1) xD?LE(x) + (1 + k —x)DLK(x) + nLk(x) = 0

(2.2) LY (@) = 1%, ()
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Also using the identities

(23) L0 = L0 - LY (0
(2.4) 2L (x) = nL (x) — (n + k)L, (x)
We can easily find a relation
(2.5) =[x L ()] = (n + x LS ()
By the following conditions of orthogonality and normalization we define Laguerre polynomial lek) (x), fork> -1
(2.6) fow e‘xkag‘)(x)Lgﬁ)(x)dx =I'tk+1) (n :1— k) Symm,m = 0,1,2, .....
(k) n n+ k) (—x)*
2.7) L9 (x) = (n T
The fundamental polynomials of Lagrange interpolation are given by
@)
(%)
(2.8) L(x) =—22 =,
I
(k-1)
2.9 ) =—m @ _ 5
@9) a2 Y @)y
AR eD) L
—2 -t i#j
’ (k-1)
(2.10) ) = {Ln (;_(J’;‘)(J’i—yj) i,j=11n
== L=y
J
, 1 o) 1Pw)) .
(212) Ly = [ ], j=1(Dn

€7 x) ) 19w ()

For the roots of LS{‘) (x) we have

kZ
(2.13) X~
(2.14) 1(0)|SP(x)| = 0(1) where n(x) is the weight function
(2.15) |L(k) @)~ (0 < < Qn=123,......)
_5_10( 5_1) . q
x 2 40n2z 4),en " <x <
(2.16) |LE (x| = {
o(n"), 0<x<cn?

3. NEW RESULTS

Theorem 1: For n >1 fixed integer let {g;}/=., {g;}=1. {9i"}=, and, {g(”}]=0 are arbitrary real numbers then there

exists a unique polynomial R, (x) of minimal possible degree 5 3n+k on the nodal points (1.1) satisfying the condition
(1.2) and (1.3). The polynomial R,,(x) can be written in the form

(3.1) R,(%) = X, U;(X)g; + X0y V(0 g] + I W) g;" + XK C;(1)gY

where U;(x), V;(x ), W;(x) and C;(x) are fundamental polynomials of degree < 3n+k given by
x(k+1) Lg{_l)(x) [lj(x)]z[l—z(x—x]-)]

3.2 U;(x) = —

( ) ]( ) x§k+1)L$lk 1)(Xj)

(3.3) V) = 2y U6
. ] -

_ K’
L0 1 ()
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AL LY 00
3.4 w: = Jr-m 7
(34) 1) = mE

)

LD p ;0 +q; )L (0)
xk=J !

(3.5) C;(x) = p; ) [LE V0] 1P 00 ¢ LP L) | -

j=01,.. k-1

(3.6) Cr(x) = KLV LI ()] 2

1
Kk O)[L (02
where p;(x) and g;(x) are polynomials of degree at most k-j-1.

Theorem 2: Let the interpolatory function f: R — R be continuously differentiable such that,
C(m) = {f (x): f is continuous in [0, ), f(x) = 0(x™) as x > o;
where m > 0 is an integer , then for every f € C(m) and k=0

(3.7) Rp(x) = Xy & U; () + X0y BV () + 0oy v W () + Xk 057 € (x)
satisfies the relations:

(3.8) IR,,(x) — f(x)] = 0(Dw (f, ‘°j;), for 0 <x < cn?

(3.9) IR, (x) — fx)] = 0(Dw (f, ‘°j;), for cnl<x<Q

where o is the modulus of continuity.
4. PROOF OF THEOREM 1

Let U;(x), V;(x), W;(x) and C;(x) are polynomials of degree < 3n+k satisfying conditions (4.1), (4.2), (4.3) and (4.4)
respectively.

(4.1) Forj=1,2,...,n
0 i#j
Uj(xi) = {1 for i=j ’ Uj,(xi) =0, Uj(}’l) =0,
4.1 { and
u(0) =0, i=1(Dn, 1=01,..k
Forj=1,2,...,n
0 i#j
Vj(xi) =0, Vj’(xi) = {1 for i=j , Vj(yl) =0
(4.2) 3 and
v =0, i=1Wn , 1=01,...k
For j=1,2,....,n
0 i#j
JW}'(XL') =0, W' (x;) = 0, W) = {1 for i
(4.3) and
L w®(0) =0, i=1(Dn, l=01,..,k

andfor 1=0,1, ...... Jk

[ Ce(x) =0, Ce' (x) =0, Ce(y) =0
% and
4.4) 0 i#j
c(0) = {1 for o i=1(Dn

To determine W;(x) let
(4.5) W;(x) = Cyx** 1 (o L (0)]?
where C; is a constant. [;(x) is defined in (2.8). W;(x) is a polynomial of degree < 3n+k
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By using (2.9) and (4.3) we determine
_ 1
(4.6) C1 - y](-kﬂ)[Llfl(y]')]z

Hence we find the third fundamental polynomial W;(x) of degree < 3n+k

To find second fundamental polynomial let

(4.7) V() = Cox L oL P 0l (x)

where C, is arbitrary constants. By using (2.8) and (4.2) we determine
1

(4.8) CZ = x(k+1)

! -
§ GV

Hence we find the second fundamental polynomial V;(x) of degree < 3n+k

Again let

(4.9) Uj(0) = €3 XM LPLEV 00 + € K41 (x = x) [[EPLE P @)

where C; and C, are arbitrary constanst, [;(x) is defined in (2.8). U;(x) is polynomial of degree < 3 n+k satisfying the
conditions (4.1) by which we obtain

(4.10) Cs =~

Lglk—1) (xj)

j

2

Nz k=
AL )

(4.11) C, =

Hence we find the first fundamental polynomial U;(x) of degree < 3n+k

To find C;(x), we assume C;(x) for fixed je{0,1,........,k — 1} in the form

(412) G0 = PR [LE IPLEG) + XL LTV () gn(x)

Where p;(x) and g,,(x) are polynomials of degree k-j-1 and n respectively. Now it is clear that C].(’) (0)=0for
(1=0,..,j—1) andsince LY(x) =0 and LY V(y) =0 wegetC(x) =0and C(y) =0 fori=1(1n.
The coefficient of the polynomial p;(x) are calculated by the system

(4.13) 00 = & [ R O] =8y (= ok = 1)

Now from the equation C].(k)(O) = 0, we get

(4.14) 5= 9:0) = 1 d

FRN Y (0) dxk

[p; GO COPPLE ()]

Now using the condition C;(x;) = 0 of (4.7), we get

(4.15) Gn(x;) = — ()7 ¥ L (x;)p; (x;) which implies g, (x) as follows
k-1 ) ) k

(4.16) Gn(x) = — RO TUOIME

where g;(x) is a polynomial of degree k-j

Using (4.12) and (4.14) we obtain C;(x) of degree < 3n+k satisfying the conditions (4.4)
5. ESTIMATION OF THE FUNDAMENTAL POLYNOMIALS

Lemmab5.1: Let the fundamental polynomial Uj(x), for j=12,..,n be given by (3.2) then we have
(5.1) Ta|U(0)] = 0(1), for 0<x<cn™?

(5.2) 27:1|Uj(x)| =0(1), for cn'<x<Q
where U;(x) is given in equation (3.2)

Proof: From (3.2) we have

(5.3) |U;(0)| < |

] o1 L@ 2l )| L9V @) @)

R+ o] [ o e
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n i 111G o o 1 1Co1 | Aol | 1]
(5.4) T U] < 27 ] D) + X [x{+m)| |Lg<)’(X)‘ |t V)|
=G+,
where
I l 1c2) il o)
6= Lj=1 D LD |
2|xk+1| l;(x)l |L£1k_1)(x)| |L}fl(x)|

= n
o= X |x](k+1)| ‘LS{"’)’(x)| |L${“1)("f)|

Thus by (3.2) and (2.16) equations (5.1) and (5.2) follows at once.

Lemma 3.3.2: Let the fundamental polynomial V;(x), for j =1,2,..,n be given by (3.3) then we have
(5.4) V(0] = o), for 0 <x <cn™!

(5.5) TV )] = o), for cn'<x<Q,
where V;(x) is given in equation (3.3)

Proof: From (3.3) we have
|x(k+1) ||lj(x)||L£1k) (x)l |L$lk_1)(x)|

!
el el 1 )|

V(0 <

|x(k+1)||lj(x)||Lg‘) (x)| |L${‘—1) (x)l

(5.6) Vi < 2

|xj?+1||L’f;1(x]-)||L$l"")' (x]-)‘
Using (2.16), we get the result.

Lemma5.3: Let the fundamental polynomial Wj(x), for j=12,..,n be given by (3.4) then we have
(5.7) T Wi (0)| = o(n™), for 0<x<cn™?

(5.8) 27:1|Wj(x)| =0(1), for cn'<x<Q
where W;(x) is given in equation (3.4).

Proof: From (3.4) we have
2
41 1 00| [159 0]

Y| kol

(5.9) =W < T

By equations (5.9) and (2.16), we yield the result.

Now we prove our main theorem in § 6.

6. PROOF OF MAIN THEOREM 3.2

Since R, (x) given by equation (3.1) is exact for all polynomial S, (x) of degree < 3n+k, we have

(6.1) On (%) = XT3 Qn () U () + X1 Q0 (3)V; () + 271 Qn(3)W; () + g Qn (%) G (%)

From equation (3.2.1) and (3.4.1) we get
(6.2) If () = Ry (Ol < 1f (%) — Qn (O] + 195 (%) — Ry (x)]
< 1f () = 2u(01 + Zjalf (%) = Qa3 |U; (0]
+ 7l () = 00 ()] V(0
+ 27l f (7)) = 2a ()] W ()
+Z§‘-’=0|fl(x0) - in(xo)| |(:j(x)|

Thus (6.2) and Lemmas 5.1, 5.2, 5.3 completes the proof of the theorem.
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