International Journal of Mathematical Archive-8(9), 2017, 179-186
@§MAAvailable online through www.ijma.info ISSN 2229 - 5046

FRACTIONAL INTEGRATION
OF MULTIVARIABLE H-FUNCTION AND M-SERIES VIA PATHWAY MODEL

SUNIL KUMAR SHARMA*, ASHOK SINGH SHEKHAWAT

Department of Mathematics,
Suresh Gyan Vihar University, Jagatpura, Jaipur-302017, Rajasthan, India.

(Received On: 10-08-17; Revised & Accepted On: 14-09-17)

ABSTRACT

In this paper, we discuss a composition formula of the so-called pathway fractional integration operator due to Nair
with a finite product of multivariable H-function and generalized M-series. Further some interesting results are
obtained in terms of corollaries, which involve Meijer G-function, Mittag-Leffler function, Bessel-function, and
hypergeometric function. Also we obtained two fractional integral formulas involving left-sided Riemann-Liouville
fractional integral operators in section 5.All the results derived here are of general character and can yield number of
results in theory of special functions.
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1. INTRODUCTION

The fractional integral operators involving various special functions have found significant importance and applications
in various subfields of applicable mathematical analysis. In recent years, the fractional calculus has become on of the
most rapidly growing parts of science as well as mathematics. Since last four decades, a number of researcher like Choi
et al. [4], Saigo [18,19], Khan et al. [3], Kiryakova [11,12], Kilbas [23,24], Machado et al. [13,14], Kalla [5,6], Kalla
and Saxena [8] have studied, in depth, the properties, applications and different extensions of various hypergeometric
operators in view of fractional integration. Many applications of fractional calculus can be found, for example, in
turbulence and fluid dynamics, fractional kinetic models, stochastic dynamical system, plasma physics and controlled
thermonuclear fusion, non-linear biological systems and astrophysics.

Let f(x) = L(a, b),a € C,R(a) > 0, then left sided Riemann-Liouville fractional integral operator defined as
X

1
(8. 1) &) = 5 f (e — %1 F(2) dt )
0

For more details, we refer to Kiryakova [11], Kilbas-Srivastava-Trujillo [20] and Samko-Kilbas-Marichev [21] etc.

If f(t) is replaced by tYf(t) in (1), the above operator turns out to be Erdélyi-Kober fractional integral; if it is
replaced by ,F, (r] +8,-v;m1— ﬁ) f(¢t), then (1) takes the form of Saigo hypergeometric fractional integral

X

r
x_(nn_)ﬁ ]g;ﬁ'yf(x) = f(x — t)n_l 2F1 (T] + ﬁ, —-y;n; 1-— %)f(t) dt

0

Many other operators generalized fractional calculus can be obtained if on the place of f(t) one takes ¢(t) as it is
done in Kiryakova [11] for a Fox’s H-function ¢ (t) = Hj:5, (0.
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The pathway fractional integration operator, as an extension of (1), is defined as follows [2, p.239]:

x L
(7)o = [ 1L @
0

where f(x) € L(a,b),n € C, R(n) > 0, d>0 and ‘pathway parameters’ 1 < 1.

The pathway model is introduced by Mathai [25] and studied further by Mathai and Haubold [26, 27]. For real scalar A,
the pathway model for scalar random variables is represented by the following probability density function (p.d.f.):

_B_
fQx) = clx[" 1 —d(1 — D)|x|®]4, 3)
—0<x<0,§>0,>01-d(1-2D|x|*>0,y>0,
where c is the normalization constant is as follows:

S[d(1 = D5 T (% + Ly 1)

C_l 1-4 ford<1 4)
=3 ” ; ’ ’
r(5) F<—1—/1+1)
1a[a(1—,1)]%r(il) Ty
B i e il V= V) 1 v
L= R =t ke ®)
Y
16 (AB)S
=5 (f) forA— 1. )
r(5)

For 1 < 1, it is a finite range density with 1 — d(1 — 1)|x|® > 0 and (3) remains in the extended generalized type-1
beta family. The pathway density in (3) for A < 1, includes the extended type-1 beta density, the triangular density, the
uniform density and many other p.d.f.

For A > 1, writing 1 — 2 = —(1 — 1), we have

B
fG) = clx" 1 +d@ - DIx°] *T, (7)
—0<x<0d§>0=01>1,
which is extended generalized type-2 beta models for real x. It includes the type -2 beta density, the F density, the
Cauchy density and many more.

Here we consider only the case of pathway parameters 1 < 1. For A — 1 both (3) and (7) take the exponential form,
since

_n_
(1 — /1) 1-1

_n
lim c|x|""*[1 = d(1 = D)[x|®]*7% = lim c|x|""' |1 —d 7 |x|°
A—1 x—1
= clx|"texp (—dn |x|°). (8

This includes the generalized Gamma-, the Weibull-, the Chi-square, the Laplace-, Maxwell-Boltzmann and other
related densities. Therefore, the operator introduced in this paper can be related and applicable to a wide variety of
statistical density.

/.
_ d(1-)t ]1—1
x

When 41 — 1_ [1

d
the parameters 7":

(Po(f'l)f ) (x) = x" f

0

— e~ Then, the operators (1) reduces to the Laplace integral transform of f with
. (t)at L (dn) 9
X = —.
e f X" Ly X €))
2. MATHEMATICAL PREREQUISITES

The multivariable H-function is defined in terms of multiple Mellin-Barnes type contour integral as [1].
Y] ) (D, @) (D), ()
O T Z.1 (aj,a]. s @ )1p'(cf 3 )1p1 ; ...,(c]. 3 )lp
Hlzy, ... 2] = Hy g, 0y, ipray | €) MY (D, DY @, sy | A0
Z, (b.;ﬁj , ...,ﬁj )1,q: (dj ;Sj )qu H (dj ;Sj )1,qr

_ 1 - §i
Hlzy, ..., 2] = o)y f fﬁ)(fl &) {H @i (&) z; } dé, ...dé&,

Ly Ly
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where

[H F(]- - aj + Zl 1a(l)fl)]

0(; . , 11

) (@ - 2 e [ (1= by + 5,7 Y
B [H}”;lr(d.(") ~50¢)| [H (=P +y08)

PO [T (@0 = O8] [ (1- 0 + 505, o

For i =1,..,r and w =+/—1,L; represents the contour which start at the point 7; — woo and goes out the point
7; + wo With 7; € R = (—o0,0),i = 1,...,r such that all the poles of F(d(i) - 8(05}) j=1,..,mg;i=1,..,r are
separated from those of T'(1 — (‘) +y]”fi),j =1.,n;i=1.,rand (1 -q + X 1a(‘)fl) j=1,..,n Here,
the integers n, p, q, m;, n;, p; and CIu satisfy the inequalities 0 < n <p;g = 0,0 <m; < q; and 0 < n; < p;,
i =1,...,r. Further we suppose that the parameters

a,j=1,..,p; c ]—1 obpi=1,.,r

bj=1,..,q; d(”,]—l g i=1,..,1 (13)
are complex numbers and the related coefficients

.(l),] =1.,pi=1.,7; yj(i),j =L.,ppi=1..,r

ﬁ(‘),] =1L, qi=1.,1 8§ j=1.,q;i=1..,7 (14)

are positive real numbers.

We observe that for n = m = p = q = 0, the multivariable H-function breaks up in to product of r H-function and
consequently there holds the following result [7].

@®, ., @ ™, ,,@®
0,0:m Z.l ( Y ) '( Y )
H(z z,] = Hy mmtiemei |
1rerfr 0,0:p1,41;--5Prqr . (dgl)_5g1)) . _(d’(r)_ Sgr))
’ " g TNT T g,
r (L),y l))
_ Hmirni ] J 15
= pia; | (d(l) 5(1)) (15)
i=1 J 1,q;

If we consider n =m =p =q =0 and r = 1 then the multivariable H-function converts in to as single variable H-
function and it becomes

(ap'ap) 1
H = Q] —8 dE, 16
= B = e O = Lf ® 2 d (16)
where
0@¢) = M2, 7 (bj+8;8) My r(1-a;-a;¥) an

H?:m+1r(1_b1'_ﬁi§) H?:n+11"(aj+aj§)

m,n,p,q € Ng With 1<n<p,1<m <gq, a;,f; €ER, and a;,b; € SR(i =1,...,p;j=1,..,q9) and L is a suitable
contour which separating the poles of I'(b; + ;€) from poles [Tf=, I'(1 — a; — a;€) .

Wright [22] defined generalized hypergeometric function by means of the series representation in the form

Do) = g | oA () zﬂflr(aﬁnmz
p¥aq PR (by, By), (bq,Bq) F(b +nB)nl
where zaj,b E(CAI,B ER, (1_1 oD j _1 ,q),

ZB ZA> -1 (19)

Sharma and Jain [9] introduced the generalized M-series as the function defined by means of the power series:
14 q
%Mf(z) = %Mf(al, wes Qp; by, ...,bq;z) = ‘;Mf ((aj)l; (bj)l;z)
B 2 (@) py oo (ap)n Zn
£ (b)), -, (bg), T(@an +B)’

(18)

(z,a,B € C,R(a) > 0) (20)
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where  (a;) ,(b;) ~are known Pochammer symbols. The series (20) is defined when none of the parameters

bjs,j = 1,2,...,q is a negative integer or zero; if any numerator parameter a; is a negative integer or zero, then the
series terminates to a polynomial in z. The series in (20) is convergent for all z if p < q, it is convergent for
|z] <6 =a% if p=qg+1 and divergent, if p >q+ 1. When p =q + 1 and |z| = §, the series can converge on
conditions depending on the parameters. Properties of M-series are further studied by Saxena [10], Chouhan and
Sarswat [17] etc.

The generalized M-series (20) can be represented as a special case of Fox H-function (16) and Wright generalized
hypergeometric function (18), as

8 N (a3, 1), .., (a, 1), (1, 1)

M (@) B52) = Apvsb [(bl,l) (g, 1), (B,

(1-a,1; 1)1, (0,1)

=AH P |-z 21
p+1l,q+1 (0’1)’ (1 _ .Bj' l)q ) (1 _ [),’ CZ) ( )
1
q
Where A= —H’p )
H] 1F(a])
The generalized Mittag-Leffler function, introduced by Prabhakar [32] may be obtain from (21) forp = q = 1;
a=y€Cb=1,as
S W " OO "
Y — —a Bri1.1.
Eqp(2) = F(am +p)m £t (D T(am +p) My (151;2) (22)
The new generalization Mittag Leffler function in terms of H-function is defined as
1-y,1
EY ,(2) = r( S L [—z a-y /)M)] @By € C R(a) > 0) (23)

The present paper is organized as follows. The composition of pathway integral operators (2) with multivariables
H -function, Mittag-Lefter, Bessel- function are given in section 3. Section 4 investigates the pathway fractional
integration of generalized M-series and finally the further special cases in section 5 and concluding remark are drawn in
section 6.

3. FRACTIONAL INTEGRATION OF H-FUNCTION VIA PATHWAY MODEL

Recently pathway fractional integral operators involving the various special functions have been considered by many
author (see, €q., [29, 30, 31]). Our main result in this section is based on the following assertion giving a composition
formula of the pathway fractional integration operator (2) with a power function (see Nair [2, Lemma 1]).
Lemmal: Letn € C,¢R() >0, e Cand A < 1. IfFR(B) > Oandiﬁ( ) > —1, then we have
+B _n
AL T (1 +172)
[d1 - DT (1+ L5 +5)

RO o) = 24)

Now we are in a position to state and prove our main result, which is a composition formula of the pathway fractional
integration operator (2) with a finite product of multivariable H-function (10) asserted by the following Theorem.

Theorem 1: Let A< 1,u>0,d >0,l> 0, the parameters z;,n,p€C(i=1,..,),R({#) >0 and ER( ) > -1,
then there holds the following formula:
PO (P~ H[d t#2y, ..., d tHz,]}

t77+P r (1 + {l(l - l)} (1 — Pl . ,,U.) (a]P (1)P ey aj(r))l,p

1-— /1) HO n+1mqng;..myny

|
N P+LA+1D1,q1;Drdr 1 ) n )
[ -] 141 {{lcé:tﬂzl{)} ( ﬁjl , ,.."[;jr )1,q' (_ TPk ...,,u)
(i), s (67,

(25)
: (dj(l)i 51'(1))1,111; a (d}@; 6]@)1,%
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Proof: Let 3 be the left-hand side of (25). By applying (10) and using (2) to left hand side of (25), then we have
i MAD (p+u¥l_ &1
u PTH Lj=15i
e f f 06, - §) {ﬂ 00 () (d47,) } A .dg, x PV (et fion)
1 T

Now we apply Lemma 1 to use (24) with 8 replaced by (p + u Xi—; &) to pathway integral, after a little simplification,
we obtain the following result

(an)r f fg(fl $r) {H(PL D) (d”z )fl} dé, ...dé&,

Ly
T(p+ -1 &) r(1+ =)

[1(1 = DIPHE=E T (p+ g + Xy &+ 1)
then, in view of (10), interpreting the involved Mellin-Bernes contour mtegrals in term of Multivariable H-function, we
readily obtain the right hand side of (25).

X NPt I &

Setting n =p =q =0 in (25) is seen to break the multivariable H-function in (15) into an r-times product of H-
functions yield an interesting result asserted by the following Corollary 1.

Corollary 1: Let A< 1,u > 0,d > 0,1 > 0, the parameters z;,1,p € C(i = 1,...,7),R(n) > 0 and ‘R(lr’:) > -1,
then there holds the foIIowing formula:

@, .0
paAD J pp-1 ﬂH’"l”l dhthz, (575 )
o+ ‘|, 5(1))
@. O
* 1 A -pspy e, ) (¢75;
ot pl“(1+1_/1) IO ity s 11): (¢ j)

=D Hl,lz.{mrih} {1(1—1)} (___p u ll) (d(t) 5(1)) (26)
A Y

If we observe that for n = p = ¢ = 0 and r = 1, the multivariable H-function reduces in to single variable H-function
and consequently there holds the following Corollary.

Corollary 2: LetA < 1,4 > 0,d > 0,1 > 0, the parameters z,n,p € C,R(n) > 0,R(p) > OandSR( ) > —1, then
we obtain

1 —-p,p), (ap' “p)

t77+P r (1 + 1 2/1) mn+1 dthz
I (__77 -p, ,u (b B ) @7
2 @ Fa

(L1 -n]° PR - )}

BOAD (P HIM (dH 7)) =

Setting a; = B; = 1 in the Corollary 2, yields the following result.

Corollary 3: LetA < 1,u > 0,d > 0,1 > 0, the parameters z,n,p € C,R() > 0,R(p) > 0 and ER( ) > —1, then
we obtain

POMD(ep=16MM (di 7)) =

+ n — p
(141 [ w0 =p .

pa-nr e [Aa= o) (-5 - ). (8))]

Interestingly, on settingm=1,p=1n=1q=2,u=14,z=-Y,a;=1-y,0,=1,b;,=0,1=1,b,=1-8,8, =«,
then Corollary 2 and consequently there holds the following result.

Corollary 4: LetA < 1,d > 0,1 > 0, the parameters a, 8,v,1,p € C,R(a) > 0,R(n) > 0,R(p) > 0 and
R (1"7) > —1, then we have

+ n _ .
7] p r (1 + 1 — A) 1,2 (1 P, 1) (1 Y, 1) ) _Ytd
23 (29)

.40 1Y
P i)} = STy OD, (-5 -p1),0 - gy A1)

Further, if we set m=1,n=0,p=0,q=0,u=2,b; =0, =1,b, =v,5, =1,p =0 + 9 in Corollary 2, then
we obtain the following Corollary.
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Corollary 5: Let the condition of Corollary 2 be satisfied then the equation (26) reduces to the following result.
o n .
dy\? T +‘9F(1+—) (0 +9,2) ; — %272
MAD ¢ pp-1 _ (Z_ ) 1-2
R e (dtz)} = 5 Ia=nre= < %2|w+11), (1+ % +0+0,2);4{I(1 - 1) (30)

where J,,(z) is the ordinary Bessel function of first kind (Olver [15]).

Corollary 6: Let the condition of corollary 2 be satisfied and on setting =1,n=1,p=1,9g=2,a;, =1—a,a,
1,b,=0,,=0b,=1—c,u=1,8,=1z=-Y, then equation (26) reduces to the following formula:

70 T (1+15) T(p) a, (p) S Ytd

[l(l_,mpr( n,1+f’+1> ¢ (-4 p+ 1)U - 1)

POV (40~ F (a; ¢; dtY)} = X oF,

l BD

Provided (1) > 0, R(p) > 0 and sn( ) > 1.

4. FRACTIONAL INTEGRATION OF GENERALIZED M-SERIES VIA PATHWAY MODEL

In this section we consider composition of the pathway fractional integral Po(i”’l’”

series (20).

given by (2) with the generalized M-

Theorem 2: LetA < 1,u > 0,d > 0,1 > 0, the parameters z,a, 8,y,n,p € C and R(n) > 0,
R(a) > 0,%(p) > 0% (L ) > —1, then the following formula holds:

trer (1 + 1 ZA) j=1 F(bj)
LA-DF ¥ I(a)
[ dhthz 1 -p,w,(1—a)t, (1)

-3 (——/1 — k), O, (1 = B,a), (1 - b);

Po(f"l’”{tp‘l amb (d”t"z)} =

1,p+2
X Hp+2 q+3

(32)

The converges condition for the validity (32) are as follows
()0<m<gq,0<n<pfora;,b; € Candfora;B; € R, = (0,0) (i=1,..,p;j = 1,...,q).
(ii) £ = Ly Is a contour starting at the point y — ico and going to y + ico where y € R (—oo 0), such that all the
poles of I'(b; + B;¢),j = 1, ..., m are separated from those T'(1 — a; — @;€),i = 1,.

. - 1
The integral converges if « > 0, largz| < S 7a,a # 0and 0 = Y7, a; — Z']” 1@ T2 B — Z] m+1Bj-

Proof: For convenience, let the left hand side of (32) be denoted by 3. Applying (20) and using (2) to left hand side of
(32), then we have

2 (@) (ap)m (dtz)™
~ (by)m (bg), Tlam +p)

e [f o)

Now we apply Lemma 1 to use (24) with g replaced by (p + wm) to pathway integral, after a little simplification, we
obtain

(54

tﬂ+p[‘(1+1 ! 1 lr(b) Z I'(a; +m) T(p + um) % 1 dithtz 1™
[1(1—2]° 2”_1 I(a;) £ T(b; + m)T(@m+B) (1 1 ptumt 1) I(1-2)
which, upon using definition of H-function (16), ylelds (32).

Several illustrative examples of Theorem 7 involving appropriately chosen special values of parameters can also be
derived fairly easily.

5. FURTHER SPECIAL CASES

By setting A =0,l=1 and n — n — 1 in (25) and (32) respectively, and applying the following easily derivable
relation:

(RIPF) (0 = f (=0 @ dr =) (L,)®, R > 0)
0

We obtain two fractional integral formulas involving left-sided Riemann-Liouville fractional integral operator stated in
the next Corollaries below.
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Corollary 7: Let A<1,u>0,d>0,l>0, the parameters z,n,p€C(i=1,..,1r),R#n) >0,R(p) >0 and
R (17’7) > —1, then the following relation
I {tP7L H[d thzy, ..., d*tHz, ]}
(€Y) Q)
1 — P U, ] i» Ai 7y, A
— tp+1]—1 F(T]) HO,n+1:m1,n1;...;mr,nr ( Pkt M) (aj a] a] )1,17

p+1,q+1:p1,41;..;Pr.q 1
VA (b;; By ),...,B,FT))lq,(l—n—p;u, e 1)

(D, @ Y R
(), o (), )
(gD, 5D N FIORNG) ’
.(dj ;6 )qu, s (d]. ;6 )1,qr dithz,
holds.
Corollary 8: LetA < 1,u > 0,d > 0,1 > 0, the parameters z, a, 8,y,1,p € C and R(n) > 0,
R(a) > 0,R(p) >0R (17’7) > —1.Then the following formula relation:
7., 1(b)
N (ip=1 apiBrjupn — #n+p-1 Jj=1 J
B{ee™ g @)} = v ran S
_ —_ )P
e ] DA T (39
praq (1=n-p,w, 0,1 =B a),(1-b)

holds.

Remark: It is noted that if we set A = 0,1 = 1 and f(t) is replaced by ,F; (n +6,-v;n;1— i) f(t) dt, (2) yields the

Saigo fractional integral operator. Thus we can obtain the generalizations of left-sided fractional integrals, like Saigo,
Erdélyi-Kober (see [28]; see also [20]), and so on, by suitable substitutions. Therefore, the result presented here easily
shown to be converted to those corresponding to the above well known fractional operators.

5. CONCLUDING REMARKS

We conclude this investigation by remarking that the result obtained here are in general character and useful in deriving
various integral formulas in the theory of the pathway fractional integral formula. In this paper we have presented
composition formula of the pathway fractional integration involving Fox H-function and M-Series. Results derived in
this paper are very significant and may find application in the solution of fractional order differential equations that are
arising in theory of special functions. Pathway fractional integral operator of several special functions given as special
cases of our main results.
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