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ABSTRACT

In this paper, we introduce the new concept split and strong split edge detour domination number of a graph and
obtain the split and strong split edge detour domination number for some well known graphs.
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1. INTRODUCTION

The concept of domination was introduced by Ore and Berge [5]. Let G be a finite, undirected connected graph with
neither loops nor multiple edges. A subset D of V(G) is a dominating set of G if every vertex in V-D is adjacent to at
least one vertex in D. The minimum cardinality among all dominating sets of G is called the domination number y(G)
of G. Throughout this paper, only connected graphs with at least two vertices are considered. For basic definitions and
terminologies, refer Harary [1]. For vertices u and v in a connected graph G, the detour distance D(u,V) is the length of
longest u-v path in G. A u-v path of length D(u,v) is called a u-v detour. A subset S of V is called a detour set if every
vertex in G lie on a detour joining a pair of vertices of S. The detour number dn(G) of G is the minimum order of a
detour set and any detour set of order dn(G) is called a detour basis of G. These concepts were studied in [3]. A subset
S of V is called an edge detour set of G if every edge in G lie on a detour joining a pair of vertices of S. The edge
detour number dny(G) of G is the minimum order of its edge detour sets and any edge detour set of order dn; is an edge
detour basis. A graph G is called an edge detour graph if it has an edge detour set. Edge detour graphs were introduced
and studied in [7]. A split (G,D)-set S of a graph G is said to be a split (G,D)-set of G if the subgraph induced by V — S
is disconnected. A (G,D)-set S of a graph G is said to be a strong split (G,D)-set of G if the subgraph induced by V - S
is totally disconnected. Split and Strong split (G, D)-set were introduced in [8]. An edge detour dominating set is a
subset S of V(G) which is both a dominating and an edge detour set of G. An edge detour dominating set of G is
minimal if no proper subset of S is an edge detour dominating set of G. An edge detour dominating set S is said to be
minimum if there is no other edge detour dominating set S’ such that |S’|<|S|. The smallest cardinality of an edge detour
dominating set of G is called the edge detour domination number of G. It is denoted y.p(G). Any edge detour
dominating set of G of cardinality v.p(G) is called a y.p-set of G. Edge detour domination number of a graph were
introduced by A.Mahalakshmi, K.Palani, and S.Somasundaram [5].

The following theorems are from [9].

Theorem 1.1: Every end vertex of an edge detour graph G belongs to every edge detour set of G. Also, if the set of all
end vertices of G is an edge detour set, then S is the unique edge detour basis for G.

Theorem 1.2: If G is an edge detour graph of order p>3 such that {u,v} is an edge detour basis of G, then u and v are
not adjacent.
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Theorem 1.3: If T is a tree with k end vertices, then dny(T) = k.
The following theorems are from [5].
Theorem 1.4: K, is an edge detour dominating graph and yep(Kp) = 3 for p>3.

Theorem 1.5: yop(Kypn) = N.

[”—'ﬂ +2ifn>5
Theorem 1.6: yep(Py) =

2if n=2,3o0r4.
The following concepts are from [1].
Theorem 1.7: A vertex and an edge are said to cover each other if they are incident. A set of vertices which covers all

the edges of a graph G is called a vertex cover for G, while a set of edges which covers all the vertices is an edge cover.
The smallest number of vertices in any vertex cover for G is called its vertex covering number and is denoted by

a,(G)or a,.

Theorem 1.8: A set of vertices in a graph G is independent if no two vertices are adjacent in G. The largest number of
vertices in such set is called the vertex independence number of G and it is denoted by £, (G) or/,.

Theorem 1.9: If G is a graph with p vertices, then o, (G) + £,(G) =p.

2. SPLIT EDGE DETOUR DOMINATION NUMBER OF GRAPHS

Definition 2.1: An edge detour dominating set S of a graph G is said to be a split edge detour dominating set of G if the
subgraph induced by V-S is disconnected.

Example 2.2: For the Figure 2.1, {vi, V4} is a minimum split edge detour dominating set of G. Therefore, y’:p(G) = 2.

W o
& & Yy
Wy o g
Vg L=
Figure 2.1

Let £ * denote the collection of all graphs having atleast one split edge detour dominating set.

Definition 2.3: Let G € £ ’then, the minimum cardinality of all split edge detour dominating set of G is called the split

edge detour dominating number of G. It is denoted by y°.p(G). A split edge detour dominating set of minimum
cardinality y°,p(G) is called y’p — set of G.

Observation 2.4:

1. A complete graph has no split edge detour dominating set, as the vertex set is the unique edge detour
dominating set of G.

2. Ingeneral, all graphs need not have split edge detour dominating sets.

3. Every split edge detour dominating set is a edge detour dominating set of G. Therefore,
Y'en(G)=Yen(G)zmax {y(G), dny(G)}.

4. Every split edge detour dominating set is a split dominating set of G. Hence, Y°.p(G) > vs(G).

5 25"/eD(G)S‘/seD(G‘)Sp-
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Proposition 2.5: Let G € £ °. Then, an edge detour dominating set S of G is a split edge detour dominating set of G if
and only if there exists two vertices wy, w, € V-S such that every wy, w, path contains a vertex of S.

Proof: Suppose S is a split edge detour dominating set of G. Then, V-S is not connected and has at least two

components. Choose wy, w,e V-S such that they are in two different components of V-S. Therefore, every w;-w, path
contains a vertex of S. Converse is obvious.

Proposition 2.6: For n>3, v%0(Pn) = Yen(Pr).

Proof: Let n>3. Clearly, for every minimum edge detour dominating set S of P, V-S is disconnected. Therefore, every
Yep - S€t of P, is a split edge detour dominating set of P, and °.p(Py) < yep(Py). By Observation 2.4(4), y’.p(Pn) = Yen(Py).

Proposition 2.7: For n>3, y%(Cn) = Yen(Ch).

Proof: Let n>3. Clearly, for every minimum edge detour dominating set S of C,,, V-S is disconnected. Therefore, every
Yeo - Set of C, is a split edge detour dominating set of C, and 7SD(Cn)S7ED(Cn)' By observation 2.4(4),
YSeD(Cn) = Yen(Ch).

Proposition 2.8: Let m, n >2. Then, y¢'p(Km,n) = min{m, n}.

Proof: Let U, W be the partition of V(K,,) with |Ul = m and |W| = n. Clearly, U and W are split edge detour
dominating sets of K,,,. Let S be a split edge detour dominating set of K,,,. Then, S is not a proper subset of U or W,
otherwise V-S is connected. If U or W is a proper subset of S, then S is not a minimal split edge detour dominating set
of G. Therefore, either U or W is the only minimal split edge detour dominating set of G. Hence, ye¢'p(Km,n) = min {m,

n}.
3. STRONG SPLIT EDGE DETOUR DOMINATION NUMBER OF GRAPHS

Definition 3.1: An edge detour dominating set S of a graph G is said to be a strong split edge detour dominating set of
G if the subgraph induced by V-S is totally disconnected.

Example 3.2:

Wy 2

l'u"5 'I.I'ﬂ_

Figure-3.1
Here, S ={vs, V,} is a strong split edge detour dominating set of G.

Observation 3.3:
1. A complete graph has no strong split edge detour dominating set.
2. All graphs need not have strong split edge detour dominating set.

Let £ ” denote the collection of all graphs having atleast one strong split edge detour dominating set.

Definition 3.4: Let Ge £ . Then, the minimum cardinality of all strong split edge detour dominating sets of G is

called the strong split edge detour domination number of G. It is denoted by y*.p(G). A strong split edge detour
dominating set of y*°.p(G) is called v, — set of G.

Observation 3.5: LetGe ¢ ™.

1. Every strong split edge detour dominating set is a split edge detour dominating set of G and an edge detour
dominating set of G.

Therefore, y*:p(G) 2 1%ep(G) = Yen(G) = max{y(G), dny(G)}.
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2. Every strong split edge detour dominating set is a strong split dominating set of G and a split dominating set of
G. Hence, v*ep(G)> 1°n(G)> v5(G).
3. 2< YeD(G‘)S YSeD(G)-
Proposition 3.6: Let G £ . Then, y*:n(G) > 0o(G).

Proof: Let S be a y*:p(G) set of G. Then, V-S is totally disconnected and hence independent. Therefore,
IV-S|< Bo(G). That is, p-y¥ep(G) < Bo(G) = p —0o(G). Hence, y¥¢p(G) > ag(G).

Proposition 3.7: Let Ge £ ”. Then, an edge detour dominating set S of G is a strong split edge detour dominating set

of G if and only if for wy, w, € V-S, every w;-w, path contains a vertex of S.

Proof: Suppose S is a strong split edge detour dominating set of G. Then, V-S is an independent set. Hence, every path
joining two vertices of V-S contains a vertex of S. Conversely, let S be an edge detour dominating set of G. If two

vertices u,v € V-S are adjacent, then the edge uv is a u-v path in the subgraph induced by V-S and it contains no vertex

of S. This is a contradiction to our assumption and hence V-S is totally disconnected. Hence, S is a strong split edge
detour dominating set of G.

ni. .
b—l if nisodd
Proposition 3.8: For n>3, y*,p(P,) =

%‘l‘lif niseven

Proof: Let n>3 and P, = (v, Vy, . . . ,Vp).
Case-1: nis odd.
Let S ={vy, V3, ..., Vo }. If w = v;eV-S, then v;1,vi:,1€S and w lies in the v;.,v; v, edge detour joining vijand V..

Further, it is dominated by both v;; and v;,1. Therefore, S is an edge detour dominating set of P,. By construction of S,
no two vertices of V-S are adjacent. Therefore, S is a strong split edge detour dominating set of P, and so

= o(Pr) <ISI= ( ﬂ} W
Y ed\Fn) = |9— 5 .

Further, as every edge detour dominating set contains the end vertices of the path, the maximum cardinality of V-S,

n n
where S is a strong split edge detour dominating set of P,, is {EJ . Therefore, |V-S| < {EJ .
. n n .
That is, |S| > |V| - LEJ = {E—‘ , as nis odd. Therefore,

(P > m @)

From, (1) and (2) v*:o(P:) :(g—‘ )

Case-2: nis even.

Let S = {vq, Va,. . ., Vq.1,Vn}- Since vy, V,y€S, if w = v;eV-S, thenvq,vi,; €S and w lies in the vi,vivi,; edge detour
joining vi.jandv;., Further, it is dominated by both v;jand v;.;. Therefore, S is an edge detour dominating set of P,. By
the construction of S, no two vertices of V-S are adjacent. Therefore, S is a strong split edge detour dominating set of
Pn and

n
Yen(Pr) <[ S|= P ®3)
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Further, as every edge detour dominating set contains the end vertices of the path, the maximum cardinality for V-S,

n
where S is a strong split edge detour dominating set of P,,, is E - 1.
n . n
Therefore, |V-S| < E - 1. That is, |S|ZE+1.

n
Then, y*e(Pn)>| S |= 2 +1. 4)
H H Ss n
Hence, from (3) and (4), if n is even, then y”p(P,) = E+1.

n
Theorem 3.9: For n>3, y%.p(Cy) = ’75—1 _

Proof: Let n>3 and C,=(v,Vy,. . . ,Vy,V1)
Case-1: nis odd. Let S = {vy, v3,. . . ,Vp} is a strong split edge detour dominating set of C,. If w = v; € V-S, then
Vi1,Vi+1€S and w lies in the viqvivi:; edge detour joining v;q and vj.;. Further, it is dominated by both vi; and vij.;.

Therefore, S is an edge detour dominating set of C,. By construction of S, no two vertices of V-S are adjacent.
Therefore, S is a strong split edge detour dominating set of C,and so

. (C><|S|-M )
YeD n) = - 2

Further, if S is a strong split edge detour dominating set of Cn, then V-S is independent and the maximum cardinality

for V-Sis {%J .Therefore,

(G > { ﬂ @)

n
From (1) and (2), if n is odd, then y*.p(Cn) = {E—l _

Case-2: nis even.

Clearly, S = {vy, vy, ..., Vi1, V }is a strong split edge detour dominating set of C,, and

n
7’en(Cn) <18 = ry ®3)

Further, if S is a strong split edge detour dominating set of C,,, then V-S is independent and the maximum cardinality

. n
for V-Sis —.
2

Therefore, 1%:0(Cp) > 4)

n
2

n
From (3) and (4), y*:o(C,) = E

n
Hence, for n > 3, y*.5(C,) =§-
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Theorem 3.10: For m, n>2, y*¢p(Kn o) = min{m, n}.

Proof: Let U, W be the partition of V(Ky,,) with |Ul = m and | W | = n. Obviously, U and W are strong split edge
detour dominating sets of Ky, ,. As, V-S is independent, S not contain part of U as well as part of W. If U or W is a
proper subset of S, then S is not a minimal strong split edge detour dominating sets of K, .. Therefore, U and w are the
only minimal strong split edge detour dominating sets of K., ,. Hence, y*¢p(Kmn) = min {JU|, W[} = min{m, n}.
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