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ABSTRACT 
In this paper, an analytical solution for the performance characteristicsof squeeze film lubrication between rough 

conical plates with Rabinowitsch fluid has been studied. The modified Reynolds equation has been inferred on the basis 
of Christensen’s stochastic model for rough surfaces.Two sorts of one-dimensional roughness patterns, viz. radial and 
azimuthal roughness are considered. Utilizing a small perturbation method, a closed-form result is obtained. 
Expressions are obtained for pressure, load carrying capacity and squeeze film time. For different operating 
parameter, the outcomes have been calculated. It is seen that the influence of radial(azimuthal) surface roughness 
pattern is to increase (decrease) the pressure, load carrying capacity and squeeze film time. 
 
Keywords: Surface roughness, Rough conical plates, Squeeze film, Rabinowitsch fluid. 
 
 
INTRODUCTION 
 
Now a days, research on squeeze film behaviours between two approaching surfaces is observedto play a very 
important role in many engineering applications, such as machine tools, gears, skeletal joints, clutch plates and 
automotive engines. The two lubricated surfaces approaching each other with a normal velocity, phenomenon is 
applied to the squeeze film. The instantaneous contact among the surfaces is prevented by the thin film of lubricant 
contained between the surfaces. In general, the relation between the load-carrying capacity and the rate of approach is 
the important topic of many squeeze film studies. The squeeze-film characteristic for rectangular parallel and curved 
plates was studied and solutions for load carrying capacityand squeeze film time were found by Hays [1]. The 
performances of the squeeze films in curved circular plates was analysed by Murti[2]. Compared with the parallel 
plates, a higher load capacity was provided for the concave film profiles, but reverse results are found for the convex 
film plates. In view of different operating conditions and bearing materials, the squeeze films of different mechanisms 
were further explored by a number of authors, such as the spherical squeeze films by Gould [3], the porous conical 
plates by Prakash and Viji [4], the porous circular disks by Murti [5], between the curved annular plates by Gupta and 
Vora[6], on the porous circular disks by Lin[7] and the rough curved annular plates by Bujurke et al. [8]. All the above 
mentioned contributions consider the squeeze-film plates lubricated with a Newtonian lubricant. For the squeeze films 
operating under different severe situations, lubricating oils blended with additives of high molecular weight polymers 
are increasingly emphasized. The existence of these additives prevents the viscosity from varying with the temperature. 
These kinds of lubricants exhibit a non-Newtonian behaviour, in which the ratio between the shear stress and the rate of 
shear is no longer a constant. According to the experimental evidences by Wada and Hayashi [9], the non-Newtonian 
rheological behaviours of polymer-thickened oils can be simulated by a cubic equation model or the Rabinowitsch fluid 
model. In this model, the non-linear relationship between the shear stress and the shear rate is expressed as  
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where the initial viscosity µ  is equal to the viscosity of a Newtonian fluid and k is the coefficient of cubic stress term, 
the non-linear factor k < 0 is responsible for the property of the dilatant fluid, k > 0, of the pseudoplastic fluid and k = 0 
of the Newtonian fluid. The experimental analysis of this model for the squeeze film characteristics were studied by 
many investigators, the parallel circular disks by Hashimoto, H. and Wada, S. [10], the parallel plane annuli by Usha 
and Vimala. [11], the exponential curved surfaces by Usha and Vimala [12] and also some contribution can be seen in 
the works on the Journal bearings studied by Sharma et al. [13], the slider bearings by Lin [14] and the conical bearings 
by Cheng-Hsing Hsu et al. [15]. 
 
On machine design, the surface roughness and its effects play as an important factor affecting the flow pattern and have 
been studied in recent times. Numerous mathematical models have been suggested to derive the various Reynolds type 
equationsin view of the roughness effects. To analyse surface roughness effects by averaging the fluid film thickness or 
the flow quantities between two lubricated rough surfaces efforts have been made. In the literature, Christensen [16] 
proposed two sorts of one-dimensional roughness patterns-longitudinal and transverse surface roughness patterns. 
Several investigators have used Christensen’s stochastic theory for the lubrication of rough surfaces. The performance 
of different bearing systems such as the squeeze film by Prakash and Toner [17], Lin et al. [18], Naduvinamani et al. 
[19], Wallicka[20], J.Falicki et al. [21] and Naduvinamani et al. [22]. 
 
In the present analysis, importance has been given to study the squeeze film lubrication between rough conical plates 
with Rabinowitsch fluid model, which has not been studied so far.  

 
MATHEMATICAL ANALYSIS 
 
Figure 1 illustrates the physical configuration of the squeeze film rough conical plates lubricated by a non-Newtonian 
fluid. The cone has an angle of 2θ and a radius of a,squeezing the fluid out of the cone housing. The film height in the 
direction of the cone axis is H. 
 
The basic equations governing the flow of an incompressible non-Newtonian Rabinowitsch fluid under the assumptions 
of hydrodynamic lubrication for thin film is given by 
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The boundary conditions assumed for velocity components are: 

0, 0u v= =  at  y = 0                                                                           (5a) 

0, sin dHu v
dt

θ= =  at y =H sinθ                                               (5b) 

 
The solution for the equation (3) satisfying the cubic stress equation (1) and the boundary conditions (5a) and (5b) is 

2 4
3 2 3 2 2 3

1 1 1 1 2
1 3

2 4 2
y yu f I y k f f y I fy I yI I

µ

   = + + + + + +      
                  (6)  

where    pf
r

∂
=

∂
 is the pressure gradient and 1

1 sin
2

I fH θ= −  and 2 0I =  are integrating constants. 

 
Using     1I  and 2I  in equation (6) we get  
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Substituting the equation (7) and performing the integration with the associate boundary conditions, we can derive a 
non-linear, Reynolds equation for conical plates lubricated with Rabinowitsch fluids is obtained in the form 

3
3 3 5 51 3sin sin 12 sin

20
p pk dHr H H

r r r r dt
θ θ µ θ
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                                             (8)  

considering ( )sf h as the probability density function of the stochastic film thickness sh and taking the stochastic 

average of equation (8) with respect to ( )sf h , we can get the averaged modified Reynolds type equation  in the 
following form 
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The expectancy operator ( )E ∗  is defined by 
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With / 3cσ =  is the standard deviation. 
 
In perspective of Christensen’s stochastic theory, the analysis is done for two sorts of one-dimensional surface 
roughness patterns namely, radial roughness pattern and azimuthal roughness pattern. 
 
2a. ONE-DIMENSIONAL RADIAL ROUGHNESS 
 
The roughness striation for one-dimensional radial roughness pattern, are in the form of long narrow ridges and valleys 
running through r-direction (i.e. they are straight ridges and valley passing through y= 0, r= 0 to form star pattern), in 
this case the non-dimensional stochastic film thickness assumes the form ( ),i i sH h h θ ξ= +  for 1, 2i =  and the 
stochastic modified Reynolds Eq. (10) takes the form 
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2b. ONE-DIMENSIONAL AZIMUTHAL ROUGHNESS 
 
The roughness striation for one-dimensional azimuthal roughness pattern, is in the form of long narrow ridges and 
valleys running through θ-direction (i.e. they are circular ridges and valleys on the flat plate that are concentric on 
y = 0, r = 0), in this case the non-dimensional stochastic film thickness assumes the form ( ),i i sH h h r ξ= +  for 1, 2i =  
and the stochastic modified Reynolds equation (10) takes the form 
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For an axisymmetric case, equations (12) and (13) together can be written as 
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( )
( )5 5

12

5 5

sin for radial roughness

, , 1 for azimuthal roughness
sin

E H

G H c
E

H

θ

θ

θ

−


=        

                            (16a) 

 
( ) ( )35 5 5 5 2 2

7
35sin sin

32

c

s s
c

E H H c h dh
c

θ θ
−

= −∫                              (16b) 

 

( )32 2

5 5 7 5 5
1 35
sin 32 sin

c
s

s
c

c h
E dh

H c Hθ θ−

− 
= 

  ∫                                (16c) 

 
Introducing the non-dimensional variables and parameter as follows: 
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The non-linear averaged Reynolds equation and the boundary conditions for pressure in terms of non-dimensional form 
can be written as 
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Where β denotes the non-linear parameter responsible for the non-Newtonian effects. 
 
It is difficult to find the exact solution for the film pressure by highly non-linear averaged Reynolds equation. To 
simplify the problem, we expanded the film pressure *p based on the perturbation technique for small values of          
β :-1<< β <<+1, 
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Substituting into the Reynolds equation (15) and leaving thesecond and high-order terms of β, we get the following 
equations for pressure 0p∗  and 1p∗  
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The pressure boundary conditions are  
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Solving equations (19) and (20) using the boundary conditions (21a) and (21b) gives 
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The non-dimensional pressure * * *

0 1p p pβ= +  obtained in the form 
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The load carrying capacity E(W) is obtained in the form 
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The non-dimensional load carrying capacity is obtained in the form 
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The squeeze film time is obtained in the form 
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RESULTS AND DISCUSSION  
 
In the present analysis and solutions, the effect of surface roughness pattern on the squeeze film lubrication between 
rough conical plates with Rabinowitsch fluid is analysed. The results are analysed for various non-dimensional 
parameters. 
 
Pressure 
Figure2 depicts the variation of non-dimensional pressure p*with r* for various values of β with h*= 0.4, C=0.3 and 
under the half cone angle θ = π/3 for radial and azimuthal roughness patterns and it is seen that the non-dimensional 
pressure decreases with increasing values of r* and β . 
 
Figure3 shows the variation of non-dimensional pressure p*with r* for various values of C with θ = π/3, β = 0.001 and 
h*= 0.4 for both types of roughness patterns. It is seen that the non-dimensional pressure decreases for radial roughness 
and increases for azimuthal roughness pattern with increasing values of r* and C. 
 
Figure4 depicts the variation of non-dimensional pressure p*with r* for various values of θ with h*= 0.4, β = 0.001 and 
C= 0.2 for both roughness patterns. It is clear from the figure that, the non-dimensional pressure decreases with 
increasing values of r* and β for both roughness patterns. 
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Load carrying capacity 
The variation of non-dimensional load carrying capacity *W with film thickness h* for different values of non-linear 
factor β with θ = π/3 and C = 0.2 is as shown in Figure5 for both radial and azimuthal roughness patterns. It is seen 

that, the load carrying capacity *W decreases for increasing values of h* for both radial and azimuthal roughness 
patterns. 
 
Figure6 depicts the variation of non-dimensional load carrying capacity *W with h* for different values of roughness 
parameter C with β =0.001 and θ = π/3.In both type of roughness patterns it is observed that, *W decreases for 
increasing values of h* and C for radial roughness and increases for azimuthal roughness patterns. 
 
Figure7 shows the variation of non-dimensional load carrying capacity *W with h* for different values of θ with fixed 
values of roughness parameter C =0.2 and β =0.001 for both types of roughness patterns. It is observed that *W
increases for radial roughness and decreases for azimuthal roughness patterns. 
 
Squeeze film time 
Figure 8 shows the variation of squeeze film time t* with film thickness hf

* for different values of non-linear factor β
with fixed values of roughness parameter C = 0.2 and θ = π/3. In both radial and azimuthal roughness patterns it is seen 
that, the response time t* increases with increasing values of hf

* and β . 
 
Figure 9 depicts the variation of squeeze film time t* with film thickness hf

* for different values of C and β = 0.001for 
both types of roughness parameter. It is observed that the squeeze film time decreases for radial roughness and 
increases for azimuthal roughness pattern with increasing values of hf

* and C. 
 
The variation of non-dimensional squeeze film time t* with film thickness hf

* for different values of θ with C = 0.2 and 
β = 0.001 is as shown in the Figure10. It is seen that the t* decreases (increases) for radial (azimuthal) roughness 
pattern with increasing values of hf

* and C. 
 
CONCLUSIONS 
 
The influence of surface roughness and its effects on squeeze film characteristics between rough conical plates with 
Rabinowitsch fluid is presented in this paper. For both roughness patterns, the averaged modified Reynolds equations 
are derived. By using a small perturbation technique, the non-linear Reynolds equations are solved.  According to the 
analysis and the results discussed and presented in the above section, the following conclusions have been considered. 

• It is seen that for the rough conical plates, the non-dimensional pressure, non-dimensional load carrying 
capacity and squeeze film time decreases with increasing value of non-linear factor β . 

• In the presence of a Rabinowitsch fluid, one-dimensional azimuthal surface roughness pattern on the rough 
conical plates improves the squeeze film characteristics whereas the performance of the squeeze film decline 
due to the presence of radial surface roughness pattern. 

 

NOMENCLATURE 
 
a             cone radius 
a*           non-dimensional radius of the cone 
β non-dimensional non-linear factor of lubricants 
C            non-dimensional roughness parameter 
E expectancy operator 
hs   stochastic film thickness 
Hi   film thickness 
H non-dimensional film thickness 
p pressure in the film region 
p*                 non-dimensional pressure in the film region 
θ             half cone angle 
r ,θ         radial and axial coordinates 
x, y horizontal and vertical coordinates 
t time of approach 
t* non-dimensional time of approach 
V squeezing film velocity 
u, w        velocity components of lubricant in the x and y directions, respectively 



Vijayalaxmi S. Shigehalli1, Hanumagowda B N*2, and Rajani C B3 / 
Squeeze Film Lubrication between Rough Conical Plates with Rabinowitsch Fluid Model / IJMA- 8(10), Oct.-2017. 

© 2017, IJMA. All Rights Reserved                                                                                                                                                                         42  

 
W           the load carrying capacity 
W* non-dimensional load carrying capacity 
μ  initial viscosity  
k non-linear factor of lubricants 
τxy                 shear stress component 
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Figure-1: Physical configuration of squeeze film rough conical plates lubricated with Rabinowitsch Fluid. 
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Figure-2:  Variation of non-dimensional pressure p* with r* for different values of β  with h* = 0.4, C = 0.3 and θ = π/3 
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Figure-3: Variation of non-dimensional pressure p* with r* for different values of C with θ = π/3, β = 0.001 and  

h* = 0.4 
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Figure-4: Variation of non-dimensional pressure p* with r* for different values of θ with h*= 0.4 

β = 0.001 and C= 0.2 
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Figure-5: Variation of non-dimensional load carrying capacity w*with film thickness h* for different values of β with  

θ = π/3 and C = 0.2 
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Figure-6: Variation of non-dimensional load carrying capacity W * with film thickness h* for different values of C with

β = 0.001 and θ = π/3    
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Figure-7: Variation of non-dimensional load carrying capacity W* with film thickness h* for different values of θ with

β = 0.001 and C = 0.2  
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 Figure-8: Variation of squeeze film time t* with film thickness hf

* for different values of β with C = 0.2 and θ = π/3             
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Figure-9: Variation of squeeze film time t* with film thickness hf

*for different values of C and β = 0.001     
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Figure-10: Variation of squeeze film time t* with film thickness hf

*for different values of θ C = 0.2 and β = 0.001            
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