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ABSTRACT

In this paper we introduce the critical and stability concept to strong fuzzy dominating set in fuzzy graphs. The strong
fuzzy dominating critical node is a node whose removal increases (or) decreases the strong fuzzy domination number.
The stability of strong fuzzy dominating set is the minimum number of nodes whose removal increases (or) decreases
the strong domination number.
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I. INTRODUCTION

Harary et al [1] explained an interesting application in voting situations using the concept of domination. Rosenfeld [5]
introduced the notion of fuzzy graph and several fuzzy analogous of graph theoretic concepts such as paths, cycles,
connectedness and etc. Somasundaram.A and Somasundaram.S [6] discussed domination in fuzzy graphs. Nagoor
Gani.A and Basheer Ahamed.M [2] introduced strong and weak domination in fuzzy graphs. Ramachandra.S.R and
Soner.N.D.[4] introduced strong domination critical and stability in graphs. In this paper we investigate the changes in
the fuzzy cardinality of strong fuzzy dominating sets when we remove the nodes from G.

Il. PRELIMINARIES

A fuzzy graph G=(a, 1) is a non-empty set V together with a pair of functions a: V - [0,1] and u:VxV—[0,1] such that
u(uv)< a(u) Aa(v) forall uv € V, where a(u) A a(v)is the minimum of o(u) and a(v).The underlying crisp graph
of the fuzzy graph G=(o, ) is denoted as G'=( ", 1) where ¢ ={ ue V/ a(u) >0} and x"= {(u,v)EVXV / u(u,v)>0}.
A fuzzy graph G=(o, y1) is a complete fuzzy graph if p(u,v) = o(u) A o(v)for all u,v € ¢ - Two nodes u and v are said
to be neighbours if u(u,v) > 0.The strong neighbourhood of u is Ng(u) = { v € V : (u,v) is a strong arc}. Ns[u] = Ng(u)
U {u} is the closed strong neighbourhood of u. A path p in a fuzzy graph is a sequence of distinct nodes ug,us,U,,...U,
such that p(ui1,u))>0; 1< i < n here n= 0 is called the length of the path p .The consecutive pairs (u;,u;) are called
the arcs of the path. A path p is called a cycle if u,=u, and n=3. An arc (u,v) is said to be a strong arc if u(u,v) = u*
(u,v) and the node v is said to be a strong neighbour of u.

If u(u,v) =0 for every veV then u is called isolated node. A fuzzy graph G=(o, u) is fuzzy bipartite if it has a spanning
fuzzy sub graph H= (z, ) which is bipartite where for all edges (u,v) not in H, weight of (u,v) in G is strictly less than
the strength of pair (u,v) in H.i.e u(u,v) < > (u,v). A fuzzy bipartite graph G with fuzzy bipartition (V1,V,) is said to
be a complete fuzzy bipartite if for each node of V4, every node of V, is a strong neighbor. Let G= (o, u) be a fuzzy
graph and u be a node in G then there exist a node v such that (u,v) is a strong arc then we say that u dominates v. Let
G=(o, 1) be a fuzzy graph. A set D of V is said to be fuzzy dominating set of G if every v € V-D there exist u € D such
that u dominates v. A fuzzy dominating set D of G is called a minimal fuzzy dominating set of G if no proper subset of
D is a fuzzy dominating set. The fuzzy domination number y;(G) of the fuzzy graph G is the smallest number of nodes
in any fuzzy dominating set of G. A fuzzy dominating set D of a fuzzy graph G such that |D| = y;(G) is called
minimum fuzzy dominating set.
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I11. FUZZY DOMINATING CRITICAL NODES

Definition 3.1: Let G=(o, ) be a fuzzy graph. A node v of G is said to be fuzzy dominating critical node if its removal
either increases (or) decreases the fuzzy domination number.

We partition the nodes of G into three disjoint sets according to how their removal affects y,(G).Let V= Vf0 UV UV
for

VP= {veV: y; (GV) = ¥, (G)}

Vi ={veV: v, (Gv) > 1, (G)}

Vi ={ve: ¥y (GV) < (G}

RESULTS
1. If lis the set of all isolated nodes of G then I < V.
2. If D is a fuzzy dominating set , removing any node in V-D cannot increase the fuzzy domination number
therefore removing any node in D increase the y;(G). In other words D € V™.

Definition 3.2: Let G = (o, i) be a fuzzy graph. Two nodes u and v of G are strong adjacent if (u,v) is strong arc.
Otherwise they are said to be weak.

The strong degree of a node v is the number of nodes that are strong adjacent to v. It is denoted by ds(v).

Let G = (o,u) be a fuzzy graph. For any u, v € V, u strongly dominates v (i) If u is strong adjacent to v and
(ii) ds(u) = ds(v).

A set DCV is a strong fuzzy dominating set of G if every node in V-D is strongly dominated by at least one node in D.
A strong fuzzy dominating set D of G is called a minimal strong fuzzy dominating set if no proper subset of D is a
strong fuzzy dominating set of G.

The smallest number of nodes in any strong fuzzy dominating set is called the strong domination number and is
denoted by v, (G). A strong fuzzy dominating set D of G such that [D| = y,, (G)is called minimum strong fuzzy
dominating set.

IV. STRONG AND WEAK FUZZY DOMINATING CRITICAL NODES

Definition 4.1: Let G=(o, i) be a fuzzy graph. A node v of G is said to be strong fuzzy dominating critical node if its
removal either increase (or) decrease the fuzzy strong domination number.

We partition the nodes of G into three disjoint sets according to how their removal affects y¢ (G).
Let V =Vg U Vs U Vg,
For Vgr= {VEV: v, (G-V) = y5(G)}

Vsr ={VeV: y5£(G-v) > vs (G)}

Vsr={VEV: v5r (G-V) < v5 (G)}

Definition 4.2:
Yss - Stability of fuzzy graph G written y, is the minimum number of nodes whose removal changes v, (G).
Ys- Stability of a fuzzy graph G written ysf+ is the minimum number of nodes whose removal increases y;f (G).
Ysr - Stability of a fuzzy graph G written y,; " is the minimum number of nodes whose removal decreases ysf (G).

V.STRONG FUZZY DOMINATING CRITICAL IN FUZZY GRAPHS

Proposition 5.1: If the removal of a node u from G increases y,f (G), then (i) u is not isolated node and end node and
(i) there is no strong fuzzy dominating set for G-Ng[u] having y,; (G) nodes which also dominates Ns[u] for some
Yss - Set D containing u.

Proof:
(i)  Suppose ysr(G-v) > v, (G) and ueD. Then clearly u is not an isolated, and also u is not end —node, sine for
any fuzzy graph G if u is end-node then yr (G-v) < s (G), a contradiction.
(ii)  Suppose there exists a weak fuzzy dominating set of G-Ns[u] with y,, (G) nodes. Then y,; (G-v) < v,/ (G), a
contradiction.
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VI. STRONG FUZZY DOMINATING STABILITY IN FUZZY PATHS

lifn=0(@mod3), n=3
Proposition 6.1: For any fuzzy path p, ,y5; (0n) =4 3 if n = 1(mod3), n =7
2ifn=2(mod3), n=5

Proof: We consider the following three cases.

Case-(i): Let n= 0(mod3),n > 3. Let v;,v,,...v, be the nodes of p, then p,-{v,} consists of an isolated node and a -
fuzzy path of order n-2.Thus , ¥y (pr{V2) = ¥sr (02) + ¥sr (nd) = 1+ [=2] > ¥y (o). Hence v (p)=1.

Case-(ii): Let n= 1(mod3), n=7. Let vy,V,,...v, be the nodes of p,. Then p,-{va,V4,Ve} consists of an 3 isolated nodes
and a path of order n-6.ThUS Yy (p-{V2VaVs})= 3(¥sr (P))* Vs (Pre) = 3+ [“52| > ¥ir (p0). Hence voy *(p0)= 3.

Case-(iii): Let n=2 (mod3), n=5. Then p,-{v,,vs} consists of two isolated nodes and a path of order n-4. Thus
Ysr (on{V2, Va.}) = 2(¥sr (p1)) +¥sp (pna) =2 + [(713;4)] > ysr (pn). Hence ygp "(pn)=2.

Proposition 6.2: For any fuzzy path p, with n>4
1lif n=1 (mod3)

Yse (Pn) =4 2 if n = 2(mod3)
3if n = 0(mod3)

Proof:

Case-(i): Let n=1(mod3). Let vy, V,,....v, be the nodes of p,. Then p,-{v,} consists of a path of order n-1. Then
Yor (0n{vid) = Vor (pn2) = [“52 since n = 1 (mod3) thenn — 1= 3K < [5] = 57 (o). Thus v, () = 1.

Case-(ii): Let n= 2(mod3) and Let v3,Vs,....v, be the nodes of P,. Then P-{v;, Vv,} consists of a path of order n-2. Then
Vor (0n{viva) = ¥er (0nd) = [S52] < [5] = s (o) Hence v () =2.

3

Case-(iii): Let n= 0(mod3) and Let vy,v,,....v, be the nodes of p,. Then p,-{v; Vv, v3} consists of a path of order n-3.
Then ygr (on{Vi, V2, V3}) = Vsr (Pna) = [%;2)] < E] = ¥ss (pn). Hence v "(pn) = 3.

VII. STRONG FUZZY DOMINATING STABILITY IN FUZZY CYCLES

Proposition 7.1: For any fuzzy cycle C, with n=6 nodes
3ifn=0(mod3), n=6
¥ss (Cp) =45 if n =1 (mod3), n =10
7if n=2(mod3), n= 14

Proof: Let C, = vy, V5, Va,........ V,,. We consider the following three cases.

Case-(i): Let n = 0 (mod3),n = 6. Then the removal of the set of nodes {vi,v3,vs} leaves two isolated nodes and a
path of order n-5.Thus Yy (Cr-{Va.VaVs}) = 2(¥sr (1)) + ¥sr (pns) = 2+ [“52| > vof (Co). Hence v, *(C)=3,

Case-(ii): Let n = 1 (mod3), n = 10. Then the removal of the set of nodes {v1,vs,vs v7,vo} leaves four isolated nodes
and a path of order n-9.Thus ¥, (Co-{VaVaVsV2Vel) = 4(¥sr (1) * Ysr (pro) = 4 +[22] > y44(Co). Hence
Vst +(Cn):5-

Case-(iii): Let n = 2 (mod3),n = 14. Then the removal of the set of nodes {v;,v3,Vs Vv7,Vo V11,V13} leaves six isolated
nodes and a path of order n-13.Thus y¢(Cy-{V1,V3,V5 V7,V V11,V13})=6 (Vs£(01))+Vsf(0n13) = 6 + [("_313)] > yr(Cy).
Hence y¢f *(Cn)=7.

Proposition 7.2: For any fuzzy cycle C, with n=6 nodes
1if n=1 (mod3)
¥sr (Co) =4 2 if n = 2(mod3)
3if n = 0(mod3)
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Proof:
Case-(i): Let n=1(mod3). Let vy, V,....v, be the nodes of C,. Then C,-{v,} consists of a path of order n-1. Then

Ve CorlviD) = Ve (o) = [552] < [5] = ¥er (o). Hence vy (Co) = 1.

Case-(ii): Let n= 2(mod3). Let vy, V,,....v, be the nodes of C,. Then C,-{v,V,} consists of a path of order n-2. Then
Vor (CorfvaVad) = or (0n2) =[“=2] < [5] = ¥er (o). Hence v, 1(Co) =2

3

Case-(iii): Let n= 0(mod3) .Let vy, Vs,....v, be the nodes of C,,. Then C,-{v,, v, 3} consists of a path of order n-3. Then
Vor (Corfva, V2 Va}) =¥sr (ona) = [“52] <[] = ¥ (o). Hence v (Co) =3,

VIII. STRONG AND WEAK FUZZY DOMINATING STABILITY IN COMPLETE FUZZY GRAPHS AND
COMPLETE FUZZY BIPARTITE GRAPHS

Proposition 8.1: Let K, be a complete fuzzy bipartite graph, which is neither K; nor K, then
lifl=m<n
Vor (Kmp) ={lif m=n 24
mifm<n

Proof: Suppose a complete fuzzy bipartite graph is star. Then yf(Ky,) = 1. Let v be a node of strong degree n. Then
Kyn =V has atleast two components. Hence ysr(Kyn- V) = 2> 1= y46(Ky,). Therefore y, Ky =1

Suppose K is not a star and m = n> 4. We know that y,(Kp,) = 2 (if m=n). Let V=V;1UV; be a vertex set of K,
suchthat [Vi| < m, [Vo] < n. Letv € V150 ysr(Kimn-V) =mM-1=3> y,(Kyp) =2.

Proposition 8.2: Let K, , be a complete fuzzy bipartite graph which is neither K, nor K, , then
; _(m+n—-1 ifm=n
st(Km")‘{ 1 if3<m<n

Proof: Suppose m=n and V=V;UV, be the vertex set of K, , such that [V;| =m, [V,| =n. Then y,r(Kpn- Vi-Vo+1)=
1<2= y5(Knp). Hence v ( Kypn) = m+n-1.

Suppose 3 <m < n Y5 (Kyn) =mifm<n. Letv € V150 yor(Kin- V) =m-1<m =y (Kp). Hence ygp (Kip) = 1.

Theorem 8.3: A vertex v of V(G) is in Vg if and only if G = U¢_, K; where t>2 and K;, i= 2,3, ...t are complete fuzzy
graphs.

Proof: Let D be an y,g-set of G. Clearly |D| = t-1. Since there is no path between K, i=2,3,..t. Let V = V,U V3U...UV,
where V; are vertex sets of K; respectively. Suppose ueV,, 2 <r < t. As K;-u is a complete fuzzy graph of order at
least r-1 and ¢ (K- u) = ysp(K;) then D will still y, - set of G if such a node is removed thus for any u € V. We
have u € Vg .Conversely let V(G) = Vg(G) and D be an Yss - set of G. Note that every node of strong degree at least

one must be in D. Also note that all nodes of V-D must be in <Ng[D]>. Furthermore there can be no path in G,
connecting two nodes of D. A graph with these properties is only union of complete fuzzy graphs of order at least two.

Theorem 8.4: A vertex v of V(G) is in Vs ifand only if G = UL, K, ,

Proof: Let D be an y,-set of G. Clearly |[D| = 2(t-3). Since there is no path between K, i= 45,..t. Let
V =V,UVsU...UV, where V; are vertex sets of K;; respectively. Suppose ueV,, 4 < r < t. As K, -u is a complete fuzzy
graph of order at least r-1 and yr (K- U) = y4¢(K;,) then D will still y,f - set of G if such a vertex is removed thus
for any u € V. We have u € V. Conversely let V(G) = Vg '(G) and D be an Yss - set of G. Note that every node of
strong degree at least one must be in D. Also note that all nodes of V-D must be in <Ng[D]>. Furthermore there can be

no path in G, connecting two nodes of D. A graph with these properties is only union of complete fuzzy graphs of order
at least four.
CONCLUSION

In this paper we discussed critical and stability concept of strong fuzzy dominating set for several classes of fuzzy
graphs and obtained some results. Here we considered all the complete fuzzy bipartite graphs Ky, , except K, and K.
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