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ABSTRACT   

In this paper we introduce the critical and stability concept to strong fuzzy dominating set in fuzzy graphs. The strong 
fuzzy dominating critical node is a node whose removal increases (or) decreases the strong fuzzy domination number. 
The stability of strong fuzzy dominating set is the minimum number of nodes whose removal increases (or) decreases 
the strong domination number. 
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I. INTRODUCTION 
 
Harary et al [1] explained an interesting application in voting situations using the concept of domination. Rosenfeld [5] 
introduced the notion of fuzzy graph and several fuzzy analogous of graph theoretic concepts such as paths, cycles, 
connectedness and etc. Somasundaram.A and Somasundaram.S [6] discussed domination in fuzzy graphs. Nagoor 
Gani.A and Basheer Ahamed.M [2] introduced strong and weak domination in fuzzy graphs. Ramachandra.S.R and 
Soner.N.D.[4] introduced strong domination critical and stability in graphs. In this paper we investigate the changes in 
the fuzzy cardinality of strong fuzzy dominating sets when we remove the nodes from G. 
 
II. PRELIMINARIES 
 
A fuzzy graph G=(𝜎, 𝜇) is a non-empty set V together with a pair of functions 𝜎:𝑉 → [0,1] and 𝜇:VxV→[0,1] such that 
𝜇(u,v)≤ 𝜎(𝑢) ∧ 𝜎(𝑣) for all u,v ∈ 𝑉, where 𝜎(𝑢) ∧ 𝜎(𝑣)is the minimum of 𝜎(𝑢) 𝑎𝑛𝑑 𝜎(𝑣).The underlying crisp graph 
of the fuzzy graph G=(𝜎, 𝜇) is denoted as G*=( 𝜎*, 𝜇*) where 𝜎*={ u∈ 𝑉/ 𝜎(𝑢) >0} and 𝜇*= {(u,v)∈VxV / 𝜇(u,v)>0}. 
A fuzzy graph G=(𝜎, 𝜇) is a complete fuzzy graph if  𝜇(u,v) = 𝜎(𝑢) ∧ 𝜎(𝑣)for all u,v ∈ 𝜎* . Two nodes u and v are said 
to be neighbours if 𝜇(u,v) > 0.The strong neighbourhood of u is NS(u) = { v ∈ V : (u,v) is a strong arc}. NS[u] = NS(u) 
∪ {u} is the closed strong neighbourhood of u. A path 𝜌 in a fuzzy graph is a sequence of distinct nodes u0,u1,u2,...un 
such that 𝜇(ui-1,ui)>0; 1≤ 𝑖 ≤ 𝑛 here n≥ 0 is called the length of the path 𝜌 .The consecutive pairs   (ui-1,ui) are called 
the arcs of the path. A path 𝜌 is called a cycle if uo=un and n≥3. An arc (u,v) is said to be a strong arc if 𝜇(u,v) ≥ 𝜇∞ 
(u,v) and the node v is said to be a strong neighbour of u.             
 
If  𝜇(u,v) = 0 for every v∈V then u is called isolated node. A fuzzy graph G=(𝜎, 𝜇) is fuzzy bipartite if it has a spanning 
fuzzy sub graph H= (𝜏,𝜋) which is bipartite where for all edges (u,v) not in H, weight of (u,v) in G is strictly less than 
the strength of pair (u,v) in H.i.e 𝜇(u,v) <  𝜋∞(u,v). A fuzzy bipartite graph G with fuzzy bipartition (V1,V2) is said to 
be a complete fuzzy bipartite  if for each node of V1, every node of V2 is a strong neighbor. Let G= (𝜎, 𝜇) be a fuzzy 
graph and u be a node in G then there exist a node v such that (u,v) is a strong arc then we say that u dominates v. Let 
G=(𝜎, 𝜇) be a fuzzy graph. A set D of V is said to be fuzzy dominating set of G if every v ∈ V-D there exist u ∈ D such 
that u dominates v. A fuzzy dominating set D of G is called a minimal fuzzy dominating set of G if no proper subset of 
D is a fuzzy dominating set. The fuzzy domination number 𝛾𝑓(G) of the fuzzy graph G is the smallest number of nodes 
in any fuzzy dominating set of G. A fuzzy dominating set D of a fuzzy graph G such that  |𝐷| = 𝛾𝑓(G) is called 
minimum fuzzy dominating set. 
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III. FUZZY DOMINATING CRITICAL NODES 
 
Definition 3.1: Let G=(𝜎, 𝜇) be a fuzzy graph. A node v of G is said to be fuzzy dominating critical node if its removal 
either increases (or) decreases the fuzzy domination number. 
 
We partition the nodes of G into three disjoint sets according to how their removal affects  𝛾𝑓(G).Let V= 𝑉𝑓0 ∪ 𝑉𝑓+ ∪ 𝑉𝑓− 
for  

𝑉𝑓0=   {v∈V:  𝛾𝑓 (G-v) =  𝛾𝑓 (G)} 
𝑉𝑓+ = {v∈V: 𝛾𝑓 (G-v) > 𝛾𝑓 (G)} 
𝑉𝑓− = {v∈ :  𝛾𝑓 (G-v) < 𝛾𝑓(G)} 

 
RESULTS 

1. If  I is  the set of all isolated nodes of G then I ⊆ 𝑉𝑓−. 
2. If D is a fuzzy dominating set , removing any node in V-D cannot increase the fuzzy domination number 

therefore removing any node in D increase the 𝛾𝑓(G). In other words D ⊆ 𝑉𝑓+. 
  
Definition 3.2: Let G = (𝜎, 𝜇) be a fuzzy graph. Two nodes u and v of G are strong adjacent if (u,v) is strong arc. 
Otherwise they are said to be weak. 
 
The strong degree of a node v is the number of nodes that are strong  adjacent to v. It is denoted by dS(v). 
 
Let G = (𝜎, 𝜇) be a fuzzy graph. For any u, v ∈ V, u strongly dominates v (i) If u is strong adjacent to v and                  
(ii) dS(u) ≥ dS(v).  
 
A set D⊆V is a strong fuzzy dominating set of G if every node in V-D is strongly dominated by at least one node in D. 
A strong fuzzy dominating set D of G is called a minimal strong fuzzy dominating set if no proper subset of D is a 
strong fuzzy dominating set of G. 
 
The smallest number of nodes in any strong fuzzy dominating set is called the strong domination number and is 
denoted by  𝛾𝑠𝑓 (G). A strong fuzzy dominating set D of G such that |𝐷| =  𝛾𝑠𝑓 (G) is called minimum strong fuzzy 
dominating set.       
 
IV. STRONG AND WEAK FUZZY DOMINATING CRITICAL NODES 
 
Definition 4.1: Let G=(𝜎, 𝜇) be a fuzzy graph. A node v of G is said to be strong fuzzy dominating critical node if its 
removal either increase (or) decrease the fuzzy strong domination number. 
  
We partition the nodes of G into three disjoint sets according to how their removal affects 𝛾𝑠𝑓 (G). 
Let V =𝑉𝑆𝑓0 ∪ 𝑉𝑆𝑓+ ∪ 𝑉𝑆𝑓−  
For  𝑉𝑆𝑓0 =  {v∈V:  𝛾𝑠𝑓 (G-v) = 𝛾𝑠𝑓(G)} 
       𝑉𝑆𝑓+  = {v∈V:  𝛾𝑠𝑓(G-v) >  𝛾𝑠𝑓  (G)} 
       𝑉𝑆𝑓−= {v∈V:  𝛾𝑠𝑓  (G-v) <  𝛾𝑠𝑓 (G)} 
 
Definition 4.2: 
      𝛾𝑠𝑓 - Stability of fuzzy graph G written  𝛾𝑠𝑓 is the minimum number of nodes whose removal changes  𝛾𝑠𝑓 (G). 
      𝛾𝑠𝑓+ - Stability of a fuzzy graph G written  𝛾𝑠𝑓+ is the minimum number of nodes whose removal increases  𝛾𝑠𝑓 (G). 
      𝛾𝑠𝑓−  - Stability of a fuzzy graph G written  𝛾𝑠𝑓  – is the minimum number of nodes whose removal decreases  𝛾𝑠𝑓 (G). 
 
V. STRONG FUZZY DOMINATING CRITICAL IN FUZZY GRAPHS 
 
Proposition 5.1: If the removal of a node u from G increases  𝛾𝑠𝑓  (G), then (i) u is not isolated node and end node and 
(ii) there is no strong fuzzy dominating set for  G-Ns[u] having  𝛾𝑠𝑓 (G) nodes which also dominates Ns[u] for some    
 𝛾𝑠𝑓 - set D containing u. 
 
Proof: 

(i) Suppose  𝛾𝑠𝑓(G-v)  >   𝛾𝑠𝑓  (G) and u∈D. Then clearly u is not an isolated, and also u is not end –node, sine for 
any fuzzy graph G if u is end-node then  𝛾𝑠𝑓 (G-v)  ≤  𝛾𝑠𝑓 (G), a contradiction. 

(ii) Suppose there exists a weak fuzzy dominating set of G-Ns[u] with  𝛾𝑠𝑓  (G) nodes. Then  𝛾𝑠𝑓 (G-v) ≤  𝛾𝑠𝑓 (G), a 
contradiction. 
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VI. STRONG FUZZY DOMINATING STABILITY IN FUZZY PATHS 
 

Proposition 6.1: For any fuzzy path 𝜌n ,𝛾𝑠𝑓+  (𝜌 n) = �
1 𝑖𝑓 𝑛 ≡ 0 (𝑚𝑜𝑑3), 𝑛 ≥ 3
3 𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑3), 𝑛 ≥ 7
2 𝑖𝑓 𝑛 ≡ 2(𝑚𝑜𝑑3), 𝑛 ≥ 5

� 

 
Proof: We consider the following three cases. 
 
Case-(i): Let n≡ 0(𝑚𝑜𝑑3),𝑛 ≥ 3. Let v1,v2,...vn be the nodes of 𝜌n then 𝜌n-{v2} consists of an isolated node and a -
fuzzy path of order n-2.Thus ,  𝛾𝑠𝑓 (𝜌n-{v2}) =  𝛾𝑠𝑓 (𝜌1) +  𝛾𝑠𝑓 (𝜌n-2) = 1 + �(𝑛−2)

3
�  >  𝛾𝑠𝑓 (𝜌n).Hence   𝛾𝑠𝑓+( 𝜌n)= 1. 

 
Case-(ii): Let n≡ 1(𝑚𝑜𝑑3), n≥7. Let v1,v2,...vn be the nodes of 𝜌n. Then 𝜌n-{v2,v4,v6} consists of an 3 isolated nodes 
and a path of order n-6.Thus  𝛾𝑠𝑓 (𝜌p-{v2,v4,v6})= 3(𝛾𝑠𝑓 (𝜌1))+ 𝛾𝑠𝑓 (𝜌n-6) = 3 +  �(𝑛−6)

3
� >  𝛾𝑠𝑓 (𝜌n). Hence 𝛾𝑠𝑓  +( 𝜌n)= 3. 

 
Case-(iii): Let n≡2 (mod3), n≥5. Then 𝜌n-{v2,v4} consists of two isolated nodes and a path of order n-4. Thus            
 𝛾𝑠𝑓 (𝜌n-{v2, v4,}) = 2( 𝛾𝑠𝑓 (𝜌1)) + 𝛾𝑠𝑓 (𝜌n-4) = 2 +  �(𝑛−4)

3
� >  𝛾𝑠𝑓 (𝜌n).  Hence  𝛾𝑠𝑓  +( 𝜌n)= 2. 

 
Proposition 6.2: For any fuzzy path 𝜌n with n≥4 

 𝛾𝑠𝑓 -( 𝜌n) = �
1 𝑖𝑓 𝑛 ≡ 1 (𝑚𝑜𝑑3)
2 𝑖𝑓 𝑛 ≡ 2(𝑚𝑜𝑑3)
3 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑3)

� 

 
Proof: 
Case-(i): Let n≡1(mod3). Let v1, v2,....vn be the nodes of 𝜌n. Then 𝜌n-{v1} consists of a path of order n-1. Then          
 𝛾𝑠𝑓 (𝜌n-{v1}) =  𝛾𝑠𝑓 (𝜌n-1) = �(𝑛−1)

3
� 𝑠𝑖𝑛𝑐𝑒 𝑛 ≡ 1 (𝑚𝑜𝑑3) 𝑡ℎ𝑒𝑛 𝑛 − 1 = 3𝐾 <  �𝑛

3
� = 𝛾𝑠𝑓 (𝜌n). Thus  𝛾𝑠𝑓  -( 𝜌n) = 1. 

 
Case-(ii): Let n≡ 2(mod3) and Let v1,v2,....vn be the nodes of Pn. Then Pn-{v1, v2} consists of a path of order n-2. Then 
 𝛾𝑠𝑓 (𝜌n-{v1,v2}) =  𝛾𝑠𝑓 (𝜌n-2) = �(𝑛−2)

3
� <  �𝑛

3
� =  𝛾𝑠𝑓 (𝜌n). Hence   𝛾𝑠𝑓 -( 𝜌n) = 2. 

 
Case-(iii): Let n≡ 0(mod3) and Let v1,v2,....vn be the nodes of 𝜌n. Then 𝜌n-{v1, v2, v3} consists of a path of order n-3. 
Then  𝛾𝑠𝑓 (𝜌n-{v1, v2, v3}) =  𝛾𝑠𝑓  (𝜌n-3) = �(𝑛−2)

3
� < �𝑛

3
� =  𝛾𝑠𝑓 (𝜌n). Hence  𝛾𝑠𝑓  -( 𝜌n) = 3. 

 
VII. STRONG FUZZY DOMINATING STABILITY IN FUZZY CYCLES 
 
Proposition 7.1: For any fuzzy cycle Cp with n≥6 nodes 

 𝛾𝑠𝑓  +(Cn) = �
3 𝑖𝑓 𝑛 ≡ 0 (𝑚𝑜𝑑3), 𝑛 ≥ 6

5 𝑖𝑓 𝑛 ≡ 1 (𝑚𝑜𝑑3), 𝑛 ≥ 10
7 𝑖𝑓 𝑛 ≡ 2 (𝑚𝑜𝑑3), 𝑛 ≥ 14

� 

 
Proof: Let Cn = v1, v2, v3,........vn. We consider the following three cases. 
 
Case-(i): Let 𝑛 ≡ 0 (𝑚𝑜𝑑3),𝑛 ≥ 6. Then the removal of the set of nodes {v1,v3,v5} leaves two isolated nodes and a 
path of order n-5.Thus  𝛾𝑠𝑓 (Cn-{v1,v3,v5}) = 2(𝛾𝑠𝑓 (𝜌1)) +  𝛾𝑠𝑓 (𝜌n-5) = 2 + �(𝑛−5)

3
�  > 𝛾𝑠𝑓 (Cn).  Hence   𝛾𝑠𝑓  +(Cn)=3. 

 
Case-(ii): Let 𝑛 ≡ 1 (𝑚𝑜𝑑3), 𝑛 ≥ 10. Then the removal of the set of nodes {v1,v3,v5,v7,v9} leaves four isolated nodes 
and a path of order n-9.Thus  𝛾𝑠𝑓 (Cn-{v1,v3,v5,v7,v9}) =  4( 𝛾𝑠𝑓 (𝜌1)) +  𝛾𝑠𝑓 (𝜌n-9) = 4 +�(𝑛−9)

3
� >  𝛾𝑠𝑓(Cn). Hence        

 𝛾𝑠𝑓  +(Cn)=5. 
 
Case-(iii): Let 𝑛 ≡ 2 (𝑚𝑜𝑑3),𝑛 ≥ 14. Then the removal of the set of nodes {v1,v3,v5,v7,v9,v11,v13} leaves six  isolated 
nodes and a path of order n-13.Thus 𝛾𝑠𝑓(Cn-{v1,v3,v5,v7,v9,v11,v13})=6 (𝛾𝑠𝑓(𝜌1))+𝛾𝑠𝑓(𝜌n-13)  = 6 + �(𝑛−13)

3
� >  𝛾𝑠𝑓(Cn). 

Hence  𝛾𝑠𝑓  +(Cn)=7. 
 
Proposition 7.2: For any fuzzy cycle Cn with n≥6 nodes 

 𝛾𝑠𝑓 -(Cn) = �
1 𝑖𝑓 𝑛 ≡ 1 (𝑚𝑜𝑑3)
2 𝑖𝑓 𝑛 ≡ 2(𝑚𝑜𝑑3)
3 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑3)

� 
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Proof: 
Case-(i): Let n≡1(mod3). Let v1, v2,....vp be the nodes of Cn. Then Cn-{v1} consists of a path of order n-1. Then    
 𝛾𝑠𝑓(Cn-{v1}) =  𝛾𝑠𝑓 (𝜌n-1) =  �(𝑛−1)

3
� < �𝑛

3
� =  𝛾𝑠𝑓 (Cn). Hence 𝛾𝑠𝑓  -(Cn) = 1. 

 
Case-(ii): Let n≡ 2(mod3). Let v1, v2,....vn be the nodes of Cn. Then Cn-{v1,v2} consists of a path of order n-2. Then 
 𝛾𝑠𝑓 (Cn-{v1,v2}) =  𝛾𝑠𝑓 (𝜌n-2) =�

(𝑛−2)
3
� < �𝑛

3
� =  𝛾𝑠𝑓 (Cn). Hence  𝛾𝑠𝑓  -(Cn) = 2. 

 
Case-(iii): Let n≡ 0(mod3) .Let v1, v2,....vn be the nodes of Cn. Then Cn-{v1, v2, v3} consists of a path of order n-3. Then  
 𝛾𝑠𝑓 (Cn-{v1, v2, v3}) = 𝛾𝑠𝑓 (𝜌n-3) =  �(𝑛−3)

3
� < �𝑛

3
� = 𝛾𝑠𝑓 (Cn). Hence   𝛾𝑠𝑓 -(Cn) = 3. 

 
VIII. STRONG AND WEAK FUZZY DOMINATING STABILITY IN COMPLETE FUZZY GRAPHS AND 
COMPLETE FUZZY BIPARTITE GRAPHS 
 
Proposition 8.1: Let Km,n be a complete fuzzy bipartite graph, which is neither K2 nor K2,2 then  

 𝛾𝑠𝑓  +(Km,n) = �
1 𝑖𝑓 1 = 𝑚 < 𝑛
1 𝑖𝑓 𝑚 = 𝑛 ≥ 4
𝑚 𝑖𝑓 𝑚 < 𝑛

� 

 
Proof: Suppose a complete fuzzy bipartite graph is star. Then  𝛾𝑠𝑓(K1,n) = 1. Let v be a node of strong degree n. Then 
K1,n – v has atleast two components. Hence  𝛾𝑠𝑓(K1,n- v) ≥ 2 > 1=  𝛾𝑠𝑓(K1,n). Therefore  𝛾𝑠𝑓  +(K1,n) = 1. 
 
Suppose Km,n is not a star and m = n≥ 4. We know that  𝛾𝑠𝑓(Km,n) = 2 (if m=n). Let V=V1∪V2 be a vertex set of Km,n 
such that |𝑉1| ≤ m, |𝑉2| ≤ n. Let v ∈ V1 so  𝛾𝑠𝑓(Km,n- v) = m-1 = 3 >  𝛾𝑠𝑓(Km,n) =2. 
 
Proposition 8.2: Let Km,n be a complete fuzzy bipartite graph which is neither K2 nor K2,2 then 

 𝛾𝑠𝑓 -( Km,n) = �𝑚 + 𝑛 − 1    𝑖𝑓 𝑚 = 𝑛  
1    𝑖𝑓 3 ≤ 𝑚 ≤ 𝑛

� 

 
Proof: Suppose m=n and V=V1∪V2 be the vertex set of Km,n such that |𝑉1| =m,  |𝑉2| = n. Then  𝛾𝑠𝑓(Km,n- V1-V2+1)=   
1 < 2 =  𝛾𝑠𝑓(Km,n). Hence  𝛾𝑠𝑓 -( Km,n) = m+n-1. 
 
Suppose 3 ≤ 𝑚 ≤ 𝑛  𝛾𝑠𝑓(Km,n) = m if m<n. Let v ∈ V1 so  𝛾𝑠𝑓(Km,n- v) = m-1 < m =  𝛾𝑠𝑓(Km,n). Hence  𝛾𝑠𝑓 -(Km,n) = 1. 
 
Theorem 8.3: A vertex v of V(G) is in VSf

0 if and only if G = ⋃ 𝐾𝑖𝑡
𝑖=2  where t≥2 and Ki, i= 2,3, ...t are complete fuzzy 

graphs. 
 
Proof: Let D be an  𝛾𝑠𝑓-set of G. Clearly |𝐷| = t-1. Since there is no path between Ki, i= 2,3,...t. Let V = V2∪ V3∪...∪Vt  
where Vi are vertex sets of Ki respectively. Suppose u∈Vr, 2 ≤ 𝑟 ≤ 𝑡. As Kr-u is a complete fuzzy graph of order at 
least r-1 and  𝛾𝑠𝑓(Kr- u) =  𝛾𝑠𝑓(Kr) then D will still  𝛾𝑠𝑓 - set of G if such a node is removed thus for any u ∈ V. We 
have u ∈ VSf

0.Conversely let V(G) = VSf
0(G) and D be an  𝛾𝑠𝑓 - set of G. Note that every node of strong degree at least 

one must be in D. Also note that all nodes of V-D must be in <NS[D]>. Furthermore there can be no path in G, 
connecting two nodes of D. A graph with these properties is only union of complete fuzzy graphs of order at least two. 
 
Theorem 8.4: A vertex v of V(G) is in VSf

+ if and only if  G = ⋃ 𝐾𝑟,𝑟
𝑡
𝑟=2  

 
Proof: Let D be an  𝛾𝑠𝑓-set of G. Clearly |𝐷| = 2(t-3). Since there is no path between Ki,i, i= 4,5,...t. Let                          
V = V4∪V5∪...∪Vt where Vi are vertex sets of Ki,i respectively. Suppose u∈Vr, 4 ≤ 𝑟 ≤ 𝑡. As Kr,r-u is a complete fuzzy 
graph of order at least r-1 and  𝛾𝑠𝑓(Kr,r- u) =  𝛾𝑠𝑓(Kr,r) then D will still  𝛾𝑠𝑓 - set of G if such a vertex is removed thus 
for any u ∈ V. We have u ∈ VSf

+. Conversely let V(G) = VSf
+(G) and D be an  𝛾𝑠𝑓 - set of G. Note that every node of 

strong degree at least one must be in D. Also note that all nodes of V-D must be in <NS[D]>. Furthermore there can be 
no path in G, connecting two nodes of D. A graph with these properties is only union of complete fuzzy graphs of order 
at least four. 
 
CONCLUSION  
 
In this paper we discussed critical and stability concept of strong fuzzy dominating set for several classes of fuzzy 
graphs and obtained some results. Here we considered all the complete fuzzy bipartite graphs Km,n except K2 and K2,2.  
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