International Journal of Mathematical Archive-8(10), 2017, 143-152
@§MAAvailable online through www.ijma.info ISSN 2229 - 5046

RESIDUATED ALMOST DISTRIBUTIVE LATTICES -1
G. C.RAOY, S. S. RAJUZ*

12Department of Mathematics,
Andhra University, Visakhapatnam - 530 003, (A.P.), India.

(Received On: 08-03-17; Revised & Accepted On: 26-05-17)

ABSTRACT

In this paper, we introduce the concepts of residuation and multiplication in an Almost Distributive Lattice (ADL) L
and define a Residuated ADL. We prove important relations between residuation and multiplication in an ADL L.
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1. INTRODUCTION

Swamy, U.M. and Rao, G.C. [3] introduced the concept of an Almost Distributive Lattice as a common abstraction of
almost all the existing ring theoretic generalizations of a Boolean algebra (like regular rings, p-rings, biregular rings,
associate rings, P1-rings etc.) on one hand and distributive lattices on the other. In [4], [5], Ward, M. and Dilworth,
R.P., have studied residuated lattices. In this paper, we extend the concepts of a residuation and a multiplication to an
ADL 'L 'and we prove that a residuation satisfying one additional condition gives rise to a multiplication, which is
unique upto equivalence. We also prove that a multiplication satisfying one additional condition gives rise to a
residuation, which is also unique upto equivalence.

In section 2, we recall the definition of an Almost Distributive Lattice (ADL) and certain elementary properties of an
ADL. These are taken from Swamy, U.M. and Rao, G.C. [3] and Rao,G.C. [2].

In section 3, we introduce the concepts of residuation and multiplication in an ADL L and define the concept of
residuated almost distributive lattice. We derive important properties of residuation and multiplication in an ADL L.

2. PRELIMINARIES

In this section, we collect a few important definitions and results which are already known and which will be used more
frequently in the paper.

Definition 2.1 [2]: A relation L on A satisfying the property reflexive, anti symmetric and transitive is called a partial
order relation on A. “<” is generally used for partial orders.

If “<” is a partial order on A, then we call (A, <) as a partially ordered set (Poset).

Definition 2.2 [2]: A poset (L, <) is called a lattice if every subset of L with exactly two elements has supremum and
infimum in L. (L, <) is a lattice a, b € L if and only if {a, b} has supremum and infimum in L. If (L, v, A) be any lattice.
Then

(i) A nonempty set H of L is called a sub lattice of L, ifaAb,avbeH,foralla, beH.

(if) A sublattice H of L is said to be convex ifa,b e H,ceL,a<b,a<c<b=ce€H.

Definition 2.3 [2]: (P, <) is a poset for every a, b € P, either a < hold then (P, <) is called a chain or simply ordered set.
Every chain is a lattice but not vice versa.
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Definition 2.4 [2]: An algebra (L, v, A) of type (2, 2) is called a lattice if it satisfies the following axioms:
1) a)xVvx=xb)XAXx=X
2) AXVY=yVXb)XAYy=yAX
3) AA(XVY)VZ=XV(YyV2)b)XAY)AZ=XA(YAZ)
4) a)(xXVy)Ay=yb)(xAy)vVy=y.

In any lattice (L, v, A) the following are equivalent;
XA(YVZ)=(XAY)V (XAZ)
XVY)AZ=(XAZ)V(YAZ)
XV((YAZ)=(XVY)A(XV2Z)
XAY)VZ=(XVZ)A(YV2Z)

Definition 2.5 [2]: A Lattice (L, Vv, A) satisfying any of the above four equations is called a distributive lattice.

Definition 2.6 [2]: If (L, Vv, A) is a lattice then an element O€L is called a zero element or least elementof Lif0Aa=0
vV a € L and an element 1 of L is called 1 element or greatest elementifav1=1VvVae L. IfLhasOand1thenlLis
called a bounded lattice.

Definition 2.7 [2]: A bounded lattice L is called complemented if to each a € L there existsb € L suchthatav b =1
and a A b = 0. A lattice L is said to be relatively complemented if for any X, y € L such that x<y, the bounded lattice
[X,y] ={z € L/ x <z <y} is a complemented lattice.

It is well known that a lattice L is distributive if and only if relative compliments of any element in any interval [X, y],
X <y are unique.

Definition 2.8 [2]: A bounded distributive and complemented lattice is called a Boolean algebra.

Definition 2.9 [2]: A sub lattice | of L is called an ideal of L ifi € l,a€ LimplyaAi € l. Anideal | of L is said to be
properif 1 =L

An ideal | of L is said to be prime if
1) anbel,a,belL=citheraclorbel
2) I#L

An ideal M of L is called maximal if
(i) M£L
(if) IfUisanideal of LsuchthatM c U< L = either M=UorU =L.

Now, we give the definition of an ADL.
Definition 2.10 [2]: An Almost Distributive Lattice (ADL) is an algebra (L, Vv, A) of type (2, 2) satisfying
1) (avb)ac=(@anc)v(bac)
(2) an(bvc)=(@Ab)v(anc)
(3) (@vb)Aab=b
(4) (avb)aa=a
(5) av(anhb)=a, foralla b, celL.
It can be seen directly that every distributive lattice is an ADL.
If there isan element 0 € L suchthat 0 Aa =0 forall a € L, then (L, v, A, 0) is called an ADL with 0.

Example 2.1 [2]: Let X be a non-empty set. Fix X, € X. Forany X, y € L,
Xo, IfX=Xg y, if X=X,

definex ay={ vy, ifx#x xvy={ X, ifxX#xq.
Then (X, v, A, Xo) is an ADL, with xq as its zero element. This ADL is called a discrete ADL.

For any a, b € L, we say that a is less than or equals to b and write a<b, ifa A b =a. Then “<* is a partial ordering on
L.

The following hold in any ADL L.

Here onwards by L we mean an ADL (L, v, A, 0).
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Theorem 2.1 [2]: For any a, b € L, we have
(1) an0=0andOva=a
(2) ana=a=ava
(3) (anb)vb=b,av(bnrna)=aandaA(aVvb)=a
(4) anb=ae=avb=bandaAnb=beavb=a
(5) aAb=bAaandavb=bvVvawhenevera<b
(6) aAb<banda<avhb
(7) Aisassociative in L
(8) anbAac=bAanc
(9) (avb)ac=(bva)ac
(10)anb=0<=bAa=0
(1l)av(bva)=avh.

It can be observed that an ADL L satfies almost all the properties of a  distributive lattice except, possible the right
distributivity of v over A, the commutativity of v, the commutativity of A and the absorption law (a A b) v a = a. Any
one of these properties convert L into a distributive lattice.

Theorem 2.2 [2]: Let (L, V, A, 0) be an ADL with 0. Then the following are equivalent:
(1) (L, Vv, A, 0)isadistributive lattice
(2) avb=bvaforalla,belL
(3) anb=bAaaforalla,bel
4 (@aab)vc=(avc)Aa(bvc)foralla b, ceL.

Proposition 2.1 [2]: Let (L, V, A, 0) be an ADL. Then for any a, b, ¢ € L with a <b, we have
(1) anc<bAc
(2) cna<cab
(3) cva<cvh.

Definition 2.11 [2]: An element m € L is called maximal if it is maximal as in the partially ordered set (L,<). That is,
foranya € L, m<aimplies m = a.

Theorem 2.3 [2]: Let L be an ADL and m € L. Then the following are equivalent:
(1) mis maximal with respect to <
(2) mva=m,forallaelL
(3) mAa=a,forallaelL.

Lemma 2.1 [2]: Let L be an ADL with a maximal elementmand x,y € L. If X Ay =y and y A X = x then x is maximal
if and only if y is maximal. Also the following conditions are equivalent:

(i) xAy=yandyAx=xX

(i) xAm=yAm.

Definition 2.12 [2]: If (L, Vv, A, 0, m) is an ADL then the set I(L) of all ideals of L is a complete lattice under set
inclusion. In this lattice, forany I, J € I(L), the lLu.b. and g.l.b. of I, J are given by
Ivi={xvy)Am/xel,yel}tand I AJ=1NJ.

The set P I(L) = {(a] /a € L} of all principal ideals of L forms a sublattice of I(L).
(Since (@] v (b] =(avb]and (a] N (b]=(aAb])

Definition 2.13 [2]: An ADL L = (L, v, A, 0, m) with a maximal element m is said to be a complete ADL, if P I(L) isa
complete sub lattice of the lattice I(L).

Theorem 2.4 [2]: Let L = (L, Vv, A, 0, m) be an ADL with a maximal element m. Then L is a complete ADL if and only
if the lattice ([0, m], v, A) is a complete lattice.

3. RESIDUATION AND MULTIPLICATION IN ADL’s

In this section, we introduce the concepts of Residuation and Multiplication in an Almost Distributive Lattice (ADL) L
and prove important properties of Residuation and Multiplication in an ADL L.

First we begin with the following definition.

Definition 3.1: Let L be an ADL with a maximal element m. A binary operation: on an ADL L is called a residuation
over L if, for a, b, ¢ € L the following conditions are satisfied.
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(R1)aAb=Dbifandonlyifa: bismaximal
(R2)anb=b=(i)(@c)a(b:c)=b:cand(ii)(c:b)A(c:a)=c:a
(R3) [(@a:b):clAm=[(a:c):b]Am
(Ré)[@Ab):c]Am=(a:c)A(b:c)Am

(R5) [c:(avhb)]Am=(c:a)A(c:b) Am.

Definition 3.2: Let L be an ADL with a maximal element m. Abinary operation. on an ADL L is called a
multiplication over L if, for a, b, ¢ € L the following conditions are satisfied.

(M1)@b)Am=(b.a)Am

(M 2)[(a.b).c] Am=[a.(b.c)]AM

(M3)(@m)Am=aAm

M4)Ja(bvc)Am=](a.b) v (a.c)] Am.

In the following, we give the definition of a Residuated ADL.

Definition 3.3: An ADL L with a maximal element m is said to be a residuated almost distributive lattice
(residuated ADL), if there exists two binary operations *:” and * . * on L satisfying conditions R1 to R5, M1 to M4 and
the following condition (A).

(A) (x:a) Ab=bifandonly if x A (a.b) = a.b, forany x, a, b € L.

The following two properties of multiplication and residuation are required for further discussions.

Definition 3.4: Let L be a complete ADL with a maximal element m.
(M5)Fora,b,xieL,V{anA (xp.b) Am}=an[V{(x.b) Am}]and
i€l i€l
V {(xi .b) A m} = [V{(xiAm)}].b
i€l i€l
R6) If A is a non empty subset of L and a, b € L then,
A{(x:a) Am}=[A{xAm}]:a xeA
XEA

We use the following properties frequently later in the results.

Lemma 3.1: Let L be an ADL with a maximal element m and . a binary operation on L satisfying the conditions
M 1-—M4. Then for anya, b,c,d € L,

(i) an(ab)=abandbA(a.b)=ab

(i) anb=b=(c.a)A(c.b)=cband (a.c) A (b.c)=b.c

(iii) d A [(a.b).c] = (a.b).c if and only if d A [a.(b.c)] = a.(b.C)

(iv) (@ac)A(b.c)Af(@anb).cl=(@Ab).c

(v) dAa@c)Aa(be)=(ac)a(b.c)=>dA(@anb).cl=(@Anb).c

(viyda[(@c)v(bec)]=(@c)v(pc)=daf@vb)c]=(avhb).c

Proof: Leta, b,c,deL

(i) @A m) v [(a.b) Am] = [(a.m) Am] Vv [(a.b) A m] (By M3)
=[(am)Vv (@ab)]Am
=[a.(mV b)] Am (ByM 4)
=(@am)Am(Sincemvb=m)
=aAm(ByM3)

>aAmA(@b)aAm=(ab)Am
=>aA(ab)=ab

Interchanging a and b in the above, we getthat b A (b.a) =b.a
=>bAaMmaAam=(ba)Am
>bA@b)aAm=(@b)Am(ByM1)

=>bA(ab)=ab

(i) Supposea Ab=h. Thenav b =a.

Now, [(c.a) Am] V [(c.b) Am] =[(c.a) v (c.b)] Am=[c.(aVb)] Am(ByM4)
=(caAm

Therefore, (c.a) Am A (c.b) Am=(c.b) Amand hence (c.a) A (c.b) =c.b
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Similarly, (a.c) A (b.c) =b.c
(iii) d A [(a.b).c] = (a.b).c
= dA[@b).c]Am=[(ab).c]Am
= dAJa(b.c)]Am=[a(b.c)]Am(ByM2)
& dAfa(b.c)] =[a.(b.c)]
(iv) By (i), above,anaAb=aAb= (ac)A[(aAb).c]=(aAb).c
and bAaAnb=anb=(b.c)Aa[(@aAnb).c]=(@Ab).c
Thus, (a.c) A(b.c)Af(@anb).cl]=(aAnb).c
(v) follows directly from (iv).
(vi) follows from M4.

The following result is a direct consequence of M1 of definition 3.2.

Lemma 3.2: Let L be an ADL with a maximal element m and . a binary operation on L satisfying the condition M 1.
Fora, b,x€L,aA(xb)=xbifandonlyifan (b.x) =b.x

Now, we prove the following.

Theorem 3.1: Let L be a complete ADL with a maximal element m. Suppose . is a binary operation on L satisfying
conditionsM1—-M 5. Forx,b €L,

Let A={a € L/xA(a.b)=ab}. Define x:b = V (a Am). Then we have
aeA
(i) xxbeA
(i) xx:b)na=aifandonlyifx A (a.b)=a.b (or,a € A)
(iii) x:b) Aa=aifand only if (x:a) Ab=D
(iv) x A{[(x:b) Aa].b} =[(x:b)Aa].b

Proof: Leta, b, x € L.
Since, X A (x.b) = x.b, we get x € A and hence A is a non empty set.

Also, since [0, m] is a complete lattice, we get that the binary operation: is well defined.
(i) XxA[(x:b).bl=xA[{V (@anm)}b]
aeA
=xXA[V {(@ab)am}] (ByMY5)
aeA
=V [x A (a.b) Am] (By M 5)
aeA

=V [(@b)Am] (Sincea€A)

aeA
=[V(@Aam)]lb(ByM5)
aeA
=(x:b).b (Sincex:b =V (aAnm)).

aeA
Therefore x: b € A

(ii) Suppose that (x: b) Aa=a.
Then, by Lemma 3.1(ii), [(x: b).b] A (ab) =ab
Now, X A (a.b) =X A [(X : b).b] A (a.b)

=[(x: b).b] A (a.b) (By (i) above)
=ab

© 2017, IIMA. All Rights Reserved 147



G. C. Raol S. S. Rajuz* / Residuated Almost Distributive Lattices - | / IMA- 8(10), Oct.-2017.
On the other hand, ifa € A, then (x:b) AaAm=aAmandhence (x:b)yAa=a
(iii) follows from (ii) and Lemma 3.2
(ivy(xxb)A(x:b)ana=(x:b)Aa
=>x A {[(x: b) Aa].b} =[(x:b) Aa].b (By (ii) above ).
In the following results, we establish the co-existence of a residuation and a multiplication in an ADL in the presence of
M5 or R6. First we prove that a multiplication on an ADL L satisfying M5 gives rise to a residuation on L in the

following Theorem.

Theorem 3.2: Let L be a complete ADL with a maximal element m and. a muiltiplication on L satisfying condition
M 5. Then there exists a residuation: on L such that x A (a.b) =a.b ifand only if (x: b) Aa=a, forany x,a, b € L.

Proof: Forx,beL,letA={aeL|xA(ab)=ab}andxb =V (aAm) (Asin Theorem 3.1)

aeA

R1: Suppose X Ab=b. Thenxv b =x.

Now, foranyae L, xA(b.a)Am=(xVvb)A(ba)Am
=[xA(Ma)Am]vIbA(ba)Am]
=[xA(.a)Am]vV[(b.a) Am]
=(h.a)Am

Sothat x A (a.b) =a.band henceae A. Then A=L

Therefore x: b = m That is x: b is maximal.

On the other hand, x: b is maximal.

Then x : b =mand hence m € A ( By (i) of Theorem 3.1)

Now, X Ab Am=xA (b.m) Am (By M3)

=X A (m.b) A m (By M1)
= (m.b) Am (Since m € A)
=b A m (By M3)

Hence x Ab=h.

R2: Suppose a, b € L suchthatanb=bandceL

(i) Since (b: ¢) A (b: ¢) = b: ¢, we get
ba[(b:c)c]=(b:c).c

Now, a A [(b:c).c]=(aVvb)A[(b:c).c]
=@A[(b:c).c]) v (bA[b:c).c])
=(@aA[(b:c).c]) v [(b:c).c]
=(b: c).c

Hence (a:c) A (b:c)=h:c

(ii)Since (c:a)A(c:a)=c:a,wegetthat[c:(c:a)]Aa=a

=[c:(c:a)JrnaAb=aAb

=[c:(c:a)]Ab=b

=>(c:b)Aa(c:a)=c:a

Thus (R2) holds in L.

Now, we prove (R3).

Leta,b,c € L. Then
[@:c):b]A[(a:c):b]=(a:c):b
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=>@:c)A{[(a:c):bl.b}=[(@:c):blb
=aA{((a:c):b]lb).c}={(@:c):b]b).c}
=an{(@:c):bl.(b.c)}={[(a:c):b]l.(b.c)}
=>Ja:(hc)]Af@:c):bl=(a:c):b
=>@:[@:c):b)A(b.c)=hbc
=>@:[@:c):b)A(ch)=cb
=Ja:(chb)]Aaf@:c):b]=(a:c):b
=an{(@:c):b]l.(chb)}=[(a:c):b]l.(cb)
=an{((a:c):b]l.c).b}=((@:c):blc).b
=@:b)Aa([(@:c):bl.c)=((a:c):b]lc)
=[@:b):c]af(a:c):b]=(a:c):b

Interchanging b and c in the above, we get that
[@:c):b]A[(@:b):c]=(a:b):c

Hence[(a:b):c]Am=[(a:c):b]Am.
Thus R3 holds in L.
Now, we prove (R4).

Leta,b,ce L. Then
(a:c)n(a:c)=a:c
=>aA[@:c)cl=(a:c)c

Similarly, we getb A[(b:c).c]=(b:c).c

ThusaA[(@:c).c]abAa[(b:c)cl=[(a:c).c]A[(b:c).c]
=sanbAa[@:c)c]a[(b:c)c]=[(a:c)c]A[(b:c).c]
=sanba{[@:c)a(b:c)]c}=[(a:c)A(b:c)].c
=[(anb):c]a(@a:c)a(b:c)=(a:c)a(b:c)

Now, we haveanaAb=aAbandbAaAb=aAb
=>@:c)Af@ab):cl=(@aab):cand(b:c)AJ(anb):c]=(@Ab):c
=>@:c)A[@Aab):c]a:c)A[(anb):c]=[(anb):c]Aa[(@aAb):c]
=>@:c)A(b:c)Af(@aab):cl=(anb):c

Henceweget[(@aAb):c]Am=(a:c)A(b:c)Am
Thus (R4) holds in L.
Finally, we prove (R5)

Leta,b,ce L. ThencA({[(c:a)A(c:b)la}Vv{[(c:a)A(c:b)].b})={[(c:a)A(c:b)la} Vv {[(c:a)A(c:b)].b}
>cA{(c:a)Aa(c:b)].(avb)}={[(c:a)A(c:b)].(avb)}
=[c:(@vb]Aa(c:aA(c:b)=(c:a)A(c:b)

Now, we have (avb)Aa=aand (avb)Ab=b
=(c:aAfc:(@avb)]=[c:(@vb]and(c:b)Aa[c:(@avb)]=[c:(avhb)]
=(c:aAfc:(@vb]Aa(c:b)Afc:(avb)]=[c:(avb)]Aafc:(avhb)]
=(c:aA(c:b)Afc:(avb)]=[c:(avb)]

Hence[c:(avb)]Am=(c:a)A(c:b)Am
Thus (R5) holds in L.

Theorem 3.3: Let L be a complete ADL with a maximal element m and : a binary operation on L satisfying conditions
R1-R6.Fora,beL,letB={xeL|(x:a)Ab=Db}anddefineab=A (X Am). Then we have
XeB
(i) [(@.b) :al Ab=band
(i) (x:a)Ab=bifandonlyif x A (a.b) =a.b

Proof: Leta,b € L.
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Since (a:a) Ab=b, we geta e B and hence B is a non empty set.
Also, since [0, m] is a complete lattice, we get that the binary operation . is well defined.
(i) Let x € B.
Then(x:a)Ab=b.andbAm(x:a)Am.
SothatbAm<A[(x:a)Am]=[A(xAm)]:a (ByR6).
XEB XEB

=(ab):a
=>bAmA[@b):aJaAm=bAm.
Hence [(a.b) :a]Ab=h.
Now, we prove (ii).
Suppose (x:a) Ab=h.
Then x € B and hence a.b <x A m.
So that X A (a.b) =a.b
On the other hand, X A (a.b) = a.b
=>(x:a)A[(ab):a]=(ab):a
=>(X:a)A[(ab):aljab=[(ab):a]Ab
= (x:a) Ab=Db (By (i) above).

We have proved, in Theorem 3.2, that a multiplication on an ADL L satisfying M5 gives rise to a residuation on L.

Now we prove, in the following Theorem, that a residuation on an ADL L satisfying R6 gives rise to a multiplication
onL.

Theorem 3.4: Let L be a complete ADL with a maximal element m. If : is a residuation on L satisfying R6, then there
exists a multiplication . on L such that (x : @) Ab =Db if and only if x A (a.b) = a.b, for any x, a, b € L.

Proof: Suppose : is a binary operation on L satisfying conditions R1—R6 and leta, b € L.

Defineab=A(xAm), whereB={x€L|(x:a) Ab=b}
XEB

We prove (M1).
Leta, b € L. Then
(ab)A(ab)=ab
= [(@ab):a]ab=b
= [(a.b) : a] : b is maximal
= [(a.b) : b] : ais maximal
= [(ab):b]ra=a
= (a.b)A(b.a)=b.a
Interchanging a and b in the above, we get that (b.a) A (a.b) =a.b
Hence (a.b) Am=(b.a) Am
Now, we prove the following property.

(ii)(x:a)Ab=bifandonlyif(x:b)Aa=a
(x:a)Ab=bexA(@ab)=abe xA(ba)=bas (x:b)Aa=a

Now, we prove (M2).

Leta, b,c€eL.
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Since [(a.b).c] A [(a.b).c] = [(a.b).c], we get
[(a.b).c] A[c.(a.b)] =[c.(a.b)] — (1)

Also, [c.(a.b)] A [c.(a.b)] = c.(a.b)
= {[c.(ab)]:c}A(ab)=ab
= {([c.(a.b)]:c):a} Ab=b
= {([c.(a.b)]:a):c}Ab=b
= {[c.(ab)]:a} A(ch)=cb
= {[c.(a.b)]:a} A (b.c) =b.c
= [c.(a.b)] AJa.(b.c)] =a.(b.c) — (2)
Now, [(a.b).c] v [a.(b.c)] = [(a.b).c] v {[c.(a.b)] A [a.(b.C)]} (BY (2))
={l(@b).c] v [c.(a.b)]} A {[(ab).c] v [a.(b.c)]}
=[(@ab).c] A {[(ab).c] v [a(b.c)l} (By (1))
= (a.b).c
Thus [a.(b.c)] Am <[(a.b).c]Am — (3)
Now, [(a.b).c]Am=][c.(a.b)] Am
<[(c.a).b] Am (By (3))
=[b.(c.a)]Am
< [(b.c).a] Am (By (3))
=[a.(b.c)] Am
= [(@b)c]Am<[a(b.c)]Am — (4)
From (3) and (4), we get [(a.b).c] Am=[a.(b.c)]Am
Now, we prove (M3).
Since a: a is a maximal element.
Then(@:a)Am=m
=aA(am)=am
Now, foranyp e L, [(am):aJ]Ap=[(am):a] AmAp=mAp=p.
Therefore (a.m) : a is maximal.
Thus (a.m)Aa=a.
HenceaAm=(am)Am
Finally, we prove (M4).
Leta,b,ceL.
Now, [(a.b) v (a.c)] A (a.b) =a.b
= ([(@b)v(ac)]:a)Ab=b—(1)
Similarly, {[(a.b) v (a.c)]:a} Ac=c —(2)

From (1) and (2), we get that
[([@ab) v (@ac)]:a)Aab]lv[{[@@b)v(ac)]:a}Acl=bvec

Thus, {[(a.b) v (a.c)]:a}A(bvc)=bve
=[(a.b) v (@c)]Afa(bvc)=[a(bVvc)]

Now, {[a.(bvc)]:a}Ab={[a(bvc)]:a}Aa(bvc)Aab
=(bvc)Ab=b
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Thus [a.(b v )] A (a.b) =a.b — (3)
Similarly, [a.(b vV ¢)] A (a.c) =a.c —(4)
Therefore, [a.(b v ¢)] A [(a.b) Vv (a.c)] = (a.b) v (a.c) (By (3) and (4) )
Hence [a.(b v c)] Am =][(a.b) v (a.c)] A m.

Definition 3.5: Let (L, v, A) be an ADL. For a, b € L, we say that a is equivalent to b ora ~ b, ifa A b = b and
b Aa=a. Then’ ~’isan equivalence relation on L.

In the following Theorem, we prove that the correspondence between a residuation and a multiplication on an ADL L
given in Theorem 3.3 and Theorem 3.4 is unique upto equivalence.

Theorem 3.5: Let L be a complete ADL with a maximal element mand x, a, b € L.

(i) Suppose ’: ’is a residuation on L satisfying R6. If * 0 ” is a binary operation on L such that a A (x.b) = x.b if and
only if (aob) A x =xthenaobh ~a:b
(ii) Suppose * . * is a multiplication on L satisfying M5. If * * * is a binary operation on L such that (x : b) A a =aif

andonlyifxA(axb)=axbthenaxb~ab
Proof: Letx, a, b € L.
We prove (i) and (ii).

(i)Wehave(a:b)a(a:b)=a:b
=aA[b.(a:b)]=b.(a:b)
=>aA[(@:b)b]=(:b)b

= (@b)A(@a:b)=a:b

Now, we have (aob) A (aob) = aob
= a A [(aob).b] = (aob).b

= a A [b.(aob)] = b.(aob)

= (a:b) A (aob) = aob

Henceaob ~a:b

(ii)Wehave (a*xb)A(axb)=a=xb
=>[(a*b):bljAra=a
=>((@xb)A(ba)=ba
= (@axb)A(ab)=ab

Now, we have (a.b) A (a.b) =a.b
= (a.b) A (b.a)=b.a

= [(ab):b]ra=a
=>@b)a(@axb)=axb

Hence a * b ~ a.b.
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