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ABSTRACT

In this paper, we prove two unique common fixed point theorems for three and four self mappings in symmetric G —
metric spaces.
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1. INTRODUCTION:

In 1992, Dhage[1] introduced the concept of D — metric space. Recently, Mustafa and Sims [5] shown that most of the
results concerning Dhage’s D — metric spaces are invalid. Therefore, they introduced an improved version of the
generalized metric space structure and called it as G — metric space. For more details on G — metric spaces, one can
refer to the papers [5]-[9]. In this paper, we prove two unique common fixed point theorems for three and four self
mappings in symmetric G — metric spaces.

Now we give basic definitions and some basic results ([5]-[9]) which are helpful for proving our main result.

In 2006, Mustafa and Sims[6] introduced the concept of G-metric spaces as follows:

Definition: 1.1[6] Let X be a nonempty set, and let G: X x X x X —> R* be a function satisfying the following axioms:
(G1) G(x,y,z)=0ifx =y =7z,

(G2)0< G, x,y), forallx,y € Xwithx#y,

(G3) G(x,x,¥) <G(x,y,2z), forall x,y,z € X withz#y,

(G4) G(x,y, z) = G(X, z,y) = G(y, z, X) = ... (symmetry in all three variables) and

(G5) G(x,y,2) <G(x,a,a)+G (a,y, z) forall X, y, z, a € X, (rectangle inequality)

then the function G is called a generalized metric, or, more specifically a G — metric on X and the pair (X, G) is called
a G — metric space.

Definition: 1.2[6] A G-metric space (X, G) is symmetric if
(G6) G(x,y,y)=G(x,x,y) forall x,y € X.

Definition: 1.3[6] Let (X,G) be a G-metric space then for xo € X, r > 0, the G-ball with centre X, and radius r is
Ba(xo. 1) = {ye X: G(x,,y,y)<r}.
Proposition: 1.1[6] Let (X,G) be a G-metric space then for any xo € X, r >0, we have,

() if G(x,,y,y) <rthenx,y € Bg(xo, 1),
(2) if y € Bg(Xo, r) then there exists a O > 0 such that Ba(y, 0) C Bg(xo, 1).
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It follows from (2) of the above proposition that the family of all G-balls, B = {Bg(x,1): x € X, >0} is the base of a
topology 7 (G) on X, the G-metric topology.

Proposition: 1.2[6] Let (X,G) be a G-metric space then for all xo€ X and r > 0, we have,
1
B (Xo, SY)Q Bdc (X0, 1) € Ba(x0, 1)
where dg(x,y) = G(x,y,y) + G(x,x,y), for all x, y in X.

Consequently, the G-metric topology 7 (G) coincides with the metric topology arising from dg. Thus, while
‘isometrically’ distinct, every G-metric space is topologically equivalent to a metric space. This allows us to readily
transport many results from metric spaces into G-metric spaces settings.

Definition: 1.4[6] Let (X, G) be a G—metric space, and let {x,} a sequence of points in X, a point ‘x’ in X is said to be
the limit of the sequence {x,} if lim G(x, X, Xm) = 0, and one says that sequence {x,} is G—convergent to X.
m,n—yo0
Thus, that if x, = x or lim x, = x in a G-metric space (X,G) then for each €> (), there exists a positive integer N
n—oo

such that G(x,x,,x, ) <€ forallm,n>N.

Proposition: 1.3[6] Let (X, G) be a G — metric space. Then the following are equivalent:
(1) {x,} is G-convergent to X,

2) GEXpXpX) — Oasn —> o,

3) GExpXx,x) > O0asn—> oo,

4) GXpXp,X) —> 0asm,n —> oo

Definition: 1.5[6] Let (X, G) be a G — metric space. A sequence {x,} is called G — Cauchy if, for each €> 0, there
exists a positive integer N such that G(x,, X, , X,) <€ forall n, m, [ > N; i.e. if G (X,, X, X;) —0 as n, m, [—o0

Proposition: 1.4[6] If (X, G) is a G — metric space then the following are equivalent:
(1) The sequence {x,} is G — Cauchy,

(2) for each €> 0 _ there exist a positive integer N such that G(x,,x,,x,) <€ foralln,m>N.

Proposition: 1.5 [6] Let (X, G) be a G — metric space. Then the function G(x, y, z) is jointly continuous in all three of
its variables.

Definition: 1.6 [6] A G — metric space (X, G) is said to be G—complete if every G-Cauchy sequence in (X,G) is G-
convergent in X.

Proposition: 1.6[6] A G — metric space (X, G) is G — complete if and only if (X, dg) is a complete metric space.
Proposition: 1.7[6] Let (X, G) be a G — metric space. Then, for any X, y, z, a in X it follows that:

() fGKx,y,z)=0,thenx =y =1z,

(i) G(x, y, z) < G(x, X, y) + G(x, X, 2),

(i) G(x, y, y) < 2G(y, X, X),

(iv) G(x,y,2) <G(x, a, z) + G(a, y, 2),

(V) G(x, y,2) <5 (G(x, y, @) + G(x, a, 2) + G(a, ¥, 2)),

(vi) G(x,y,2) < (G(x, a,a) + G(y, a, a) + G (z, a, a)).

Definition: 1.7 Let (X, G) be a G-metric space. f and g be self maps on X. A point x in X is called a coincidence point
of f and g iff fx = gx. In this case, w = fx = gx is called a point of coincidence of f and g.

Definition: 1.8 A pair of self mappings (f, g) of a G-metric space (X, G) is said to be weakly compatible if they
commute at the coincidence points i.e., if fu = gu for some u € X , then fgu = gfu.

It is easy to see that two compatible maps are weakly compatible but converse is not true.

Definition: 1.9 Two self mappings f and g of a G-metric space (X, G) are said to be occasionally weakly compatible
(owc) iff there is a point x in X which is coincidence point of f and g at which f and g commute.
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2. MAIN RESULTS:

2.1 A unique common fixed point theorem for three mappings

Theorem 2.1: Let (X, G) be symmetric G-metric space. Suppose f, g, and h are three self mappings of (X, G) satisfying
the conditions:

(I)forall x,ye X

jG(.fx,gy,gy) ;< J~aG(hx,hy,hy)+/3[G(fx,hx,hX)+G(gy,hy,h.v)]+7[G(hx,gy,gy)+G(h.vsfk,fk)]
—Jo

P(t)d @()dt where ¢ -

€
R* —R is a Lebesgue-integrable mapping which is summable, nonnegative and such that I¢(l )dt >0 for each
0

€>0,and @, f3, ¥ are non-negative reals such that @+ 2 +2y <1

(2) pair of mappings (f, h) or (g, h) is owc.

Then f, g and h have a unique common fixed point.

Proof: Suppose that f and h are owc then there is an element u in X such that fu = hu and thu = hfu.
First, we prove that fu = gu. Indeed, by inequality (1), we get

P(t)dt

JAG(fu,gu,gu) < aG (hu,hu,hu)+ B[ G ( fu,hu,hu)+G (gu,hu,hu)l+y[G (hu,gu,gu)+G (hu, fu, fu)]
<]
0

0 p(1)d

J-ﬁ[G(gu,fu,fu)w[G(fu,gu,gu)]
B 0

o(t)dt

J‘ﬁ[G(gu,gu,fu)]+7[G(fu,gu,gu)]

¢ (t)dt

0

6 (1)di
"o (1)dt

J‘(ﬁ+}’)G(fu,gu,gu)
0

G (fu,gu,gu
<
0

which is a contradiction, hence, gu = fu = hu.
Again, suppose that ffu # fu. The use of condition (1), we have

aG (hfu,hu,hu)+ B G ( ffu,hfu,hfu)+G (gu,hu,hu)l+y[G (hfu,gu,gu)+G (hu, ffu, ffu)]

gy < | g(t)d

0
r oG (ffu,gu,gu)+2y1G (ffu,gu,gu)]

- o(t)dt

Jo
r (a@+2y)G(ffu,gu,gu)

= o(t)dt

Jo
G (ffu,gu,gu)

</, o(t)dt

J-G(ﬁ‘u,gu,gu)
0

this contradiction implies that ffu = fu = hfu.

Now, suppose that gfu # fu. By inequality (1), we have
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aG (hu hfu hfu)+ BIG fu,hue ,hue)+ G gfuu, hfie,hfu) 1+ Y1G (hu, gfu, gfu) +G (hfu, fuu, fiu)]

G(fu,gfu,gfu)
jo o(t)dt < jo o(t)dt
BG (gfu, fu, fu)+y1G( fu,gfu,gfu)l
= jo o(t)dt

o(t)dt
@(t)dt

I(ﬂma(fu,gfu,gfu)
B 0

G(fu,gfu,gfu)
<|

This above contradiction implies that gfu = fu. Put fu = gu = hu = t, so, t is a common fixed point of mappings f, g and
h.

Now, let t and z be two distinct common fixed points of f, g and h. Thatis ft=gt=ht =tand fz=gz=hz=2z. Ast#z,
then from condition (1), we have

oG (ht,hz,h2)+PIG( ft,ht ,ht)+G(gz,hz,h: )+ NG (ht,gz,82)+G(hz, ft, ft)]

J-G(t,z,z) Ko)dt = J-G(ﬁ,gz,gz) Aoy < J‘ a(t)dt

0 0 0
r0G(t,2,2)+2yG(t,2,2)]

= Ht)dt

JO
r(a+2y)G(t,2,2)

= HE)dt

JO
rG(1.2,2)

</, a()dt

Contradiction, hence z = t. Thus the common fixed point is unique.

If we put ~ @(¢) =1 in the above theorem, we get the following result:

Corollary 2.1: Let (X,G) be symmetric G-metric space. Suppose f, g, and h are three self mappings of (X,G) satisfying
the conditions:

(I)forall x,ye X
G( fx, gy, gy) < aG(hx, hy, hy) + BIG( fi, hx, hx) + G(gy, hy, hy)|+ NG (hx, gy, gy) + G(hy, fx, fx)]and
&, B, ¥ are non-negative reals such that @ + 25 +2y <1

(2) pair of mappings (f, h) or (g, h) is owc.

Then f, g and h have a unique common fixed point.

2.2 A unique common fixed point theorem for four mappings
Now, we give our second main result:

Theorem 2.2: Let (X, G) be symmetric G-metric space. Suppose f, g , h and k are four self mappings of (X,G)
satisfying the following conditions: (1)

aG (hx,ky ky)+BLG ( fx,hx,hx)+G (gy,ky ky)l+y[G (hx,gy,8y)+G (ky, fx, fx)]

p(nydr < | POt tor a

0 0
Xx,y€ X , where @ : R* =R is a Lebesgue-integrable mapping which is summable, nonnegative and such that

J'G(fx,gy,gy)

€
J¢)(t)dt >0 foreach €>0,and @, 3, are non-negative reals such that @ +25+2y <1
0

(2) pair of mappings (f, h) and (g, k) are owc.
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Then f, g, h and k have a unique common fixed point.

Proof: Since pairs of mappings (f, h) and (g , k) are owc, then , there exists two points u and v in X such that fu = hu
and fhu = hfu, gv = kv and gkv = kgv.

First, we prove that fu = gv. Indeed, by inequality (1), we get

oG (hu,kv,kv)+BIG( fu,hu,hu)+G(gv.kv,kv)1+y1G (hu,gv,gv)+G (kv, fu, fu)]

pyde < | o(t)dt

0
o [ G (hu kv o)+ 1 G(fu,gv,gv)]

= o(t)dt

L4 O
(a+7)G(fu,gv,gv)

= o(t)dt

v 0
rG(fu,gv,gv)

<[ o(t)dt

."G(fu,gv,gV)
0

which is a contradiction, hence, gv = fu = hu = kv.
Again, suppose that ffu = fhu = hfu # fu. The use of condition (1), we have

J‘G(ﬁu,gv,gv) d < aG (hfukv,kv)+ LG ( ffu,hfu,hfu)+G(gv,kv,kv)1+y[G (hfu,gv,gv)+G (kv, ffu, ffu)]
<]
0

P(1)

G (ffu, fu, fu)+2y[G(ffu.gv.gv)]

= @(t)dt

Jo
r(a+27)G(ffu,gv.gv)

= o(t)dt

JO
G (ffu,gv.gv)

</, o(t)dt

o(t)dt

0

this contradiction implies that ffu = fu = hfu = thu.
Similarly gfu = kfu = fu. Put fu =t , therefore t is a common fixed point of mappings f, g, h and k.

Now, let t and z be two distinct common fixed points of f, g, h and k. Thatis ft=gt=ht =kt=tandfz=gz=hz=kz =
z. As t # z, then from condition (1), we have

aG(ht,hz,hz)+BLG(ft bt ,ht)+G(gz,hz.h2) |+ Y1 G(ht,gz,82)+G (hz, ft, ft)]

JGO’“) o()dt = IG(ﬁ’gz’gZ) P(e)d < | o)t

0 0 0
aG(t,2,2)+2yG(1,2,2)]

= o(t)dt

J0
r(a+27)G(t,2,2)

= o(t)dt

JO
rG(t,2,2)

<[ gy

a contradiction, hence z = t. Thus the common fixed point is unique.
If we put @(¢) =1 in the above theorem, we get the following result:

Corollary: 2.2 Let (X,G) be symmetric G-metric space. Suppose f, g , h and k are four self mappings of (X,G)
satisfying the following conditions:
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(M G(fx, 8y, gy) < @G (hx, ky, ky) + BIG( fx, hx, hx) + G(gy, ky, ky) 1+ NG (hx, 8y, gy) + G (ky, fx, fx)]
forall x,ye X ,and @, 3, ¥ are non-negative reals such that @+ 23 +2y<1.

(2) pair of mappings (f, h) and (g, k) are owc.

Then f, g, h and k have a unique common fixed point.

Example 2.1: Let X = [0, o0) with the symmetric G-metric G(X, y, z) = (x - y)z + ( y— Z)2 + (Z - )c)2 . Define

W=gw=1" OV - ;e
JO=800=1 ey ™ e
X
9 xe[0.1)
h(x): L ‘e [1’00)

NS

Clearly (f,h) and (g.k) are occasionally weakly compatible. By taking @(x) =3x>,a = i, p= é, Y= é , all the
hypothesis of theorem 2.2 are satisfied and x = 1 is the unique common fixed point of mappings f, g, h and k.
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