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ABSTRACT

In this paper, we prove some important properties of residuation ' : * and multiplication ' . “in a Residuated Almost
Distributive Lattice (RADL) L. We prove important results in a residuated ADL L.
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1. INTRODUCTION

Swamy, U.M. and Rao, G.C. [4] introduced the concept of an Almost Distributive Lattice as a common abstraction of
almost all the existing ring theoretic generalizations of a Boolean algebra (like regular rings, p rings, biregular rings,
associate rings, Py rings etc.) on one hand and distributive lattices on the other. In [1], Dilworth, R.P., has introduced
the concept of a residuation in lattices and in [5], [6] Ward, M. and Dilworth, R.P., have studied residuated lattices.
We introduced the concepts of a residuation ' : ' and a multiplication ' . ' in an ADL in our earlier paper [3]. In this
paper, we derive some important properties of residuation ' : ' and multiplication ' . " in a residuated ADL L. We also
prove some equivalent conditions and important results in a residuated ADL L.

In section 2, we recall the definition of an Almost Distributive Lattice (ADL) and certain elementary properties of an
ADL. These are taken from Swamy, U.M. and Rao, G.C. [4] and Rao, G.C. [2]. Also we recall the concepts of
residuation and multiplication in an ADL L and the definition of a residuated almost distributive lattice from our
earlier paper [3].

In section 3, we derive some important properties of residuation ' : ' and multiplication ' . ' in a residuated ADL L. We
prove important results in a residuated ADL L.

2. PRELIMINARIES

In this section we collect a few important definitions and results which are already known and which will be used
more frequently in the paper.

We begin with the definition of an ADL.

Definition 2.1 ([2]): An Almost Distributive Lattice (ADL) is an algebra (L, v, A) of type (2, 2) satisfying
1) (avb)ac=(anc)v(bac)
(2) an(bvec)=(@nab) v(anac)
(3) (@vb)ab=b
4) (avb)ra=a
(5) av(@aab)=a,foralla, b,celL
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It can be seen directly that every distributive lattice is an ADL.

If there is an element 0 € L such that 0 A a =0 for all a € L, then (L, v, A, 0) is called an ADL with 0.

Example 2.1 ([2]): Let X be a non-empty set. Fix X, € X. Forany x,y € L,
Xo, 1 X=X y, ifX=Xg
definex ay={ vy, ifx#Xg xvy={ X ifX#£Xx,.
Then (X, v, A, Xo) is an ADL, with xq as its zero element. This ADL is called a discrete ADL.
For any a, b € L, we say that a is less than or equals to b and write a<b, ifa A b =a. Then “<* is a partial ordering
on L.

Theorem 2.1 ([2]): Let (L, v, A, 0) be an ADL with ' 0. Then, for any a, b € L, we have
(1) an0=0and Ova=a
(2) ana=a=ava
(3) (@aAnb)vb=bhjav(pbra)=aand an(avhb)=a
(4) anb=ae=avb=band arb=beavb=a
(5) anb=baaand avb=bwvawhenever a<hb
(6) anb<band a<avhb
(7) Aisassociative in L
(8) anbac=baanc
9) (@vb)ac=(bvaac
(10)aab=0<=bara=0
(1)av(bva)=avh.
It can be observed that an ADL L satisfies almost all the properties of a distributive lattice except, possibly the right

distributivity of v over A, the com-mutativity of v, the commutativity of A and the absorption law (a A b) v a = a. Any
one of these properties convert L into a distributive lattice.

Theorem 2.2 ([2]): Let (L, v, A, 0) be an ADL with 0. Then the following are equivalent:
(1) (L, v, A, 0)is adistributive lattice
(2) avb=bvaforalla,belL
(3) anb=baaforall a,belL
4) @ab)vec=(@avec)a(vec)forall a b, celL.

Proposition 2.1 ([2]): Let (L, v, A) be an ADL. Then for any a, b, ¢ € L with a < b, we have
(1) anc<bac

(3 §04z80B

Definition 2.2 ([2]): An element m € L is called maximal if it is maximal as in the partially ordered set (L, <). That is,
foranya€ L, m<aimpliesm=a.

Theorem 2.3 ([2]): Let L be an ADL and m € L. Then the following are equivalent:
(1) mis maximal with respect to <
(2) mva=m,forall aelL
(3) maa=a, forall aelL.

Lemma 2.1 ([2]): Let L be an ADL with a maximal element mand X, y € L. If x Ay =y and y A x = x then X is
maximal if and only if y is maximal. Also the following conditions are equivalent:

(i) xAy=yandyAx=X
(i) xAm=yam.

Definition 2.3 ([2]): If (L, v, A, 0, m) is an ADL with 0 and with a maximal element m, then the set I(L) of all ideals
of L is a complete lattice under set inclusion. In this lattice, for any I, J € I(L), the l.u.b. and g.l.b. of I, J are given by
IvIi={(xvy) nam/xel,yeJ}tand I AJ=1NJ. Theset PI(L) = {(a] / a € L} of all principal ideals of L forms a sub
lattice of I(L). (Since (a] v (b] = (a v b] and (a] N (b] = (a A b])
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In the following, we give the concepts of residuation and multiplication in an almost distributive lattice (ADL) L and
the definition of a residuated almost distributive lattice taken from our earlier paper [3].

Definition 2.4 ([3]): Let L be an ADL with a maximal element m. A binary operation : on an ADL L is called a
residuation over L if, for a, b, ¢ € L the following conditions are satisfied.

(R1)aAnb=bifandonlyif a: b is maximal
(R2)anb=b=()a:c)a(b:c)=b:cand(ii)(c:b)a(c:a)=c:a(R3)[(a:b):c]aAm=[@@:c):b]am

(RA) [@ab):claAm=(@:c)a(b:c)aAm(R5)[c:(@avb)]lam=(c:a)a(c:b)am

Definition 2.5 ([3]): Let L be an ADL with a maximal element m. A binary operation : on an ADL L is called a
multiplication over L if, for a, b, ¢ € L the following conditions are satisfied.

(M1) (a.b) Am=(b.a) Am

(M2) [(a.b).c] Am=Ta.(b.c)] Am(M3) (am) Am=am

(M4) [a.(bv )] Am=][(ab) v (a.c)] Am

Definition 2.6 ([3]): An ADL L with a maximal element m is said to be a residuated almost distributive lattice
(residuated ADL), if there exists two binary operations ' : *and ' . ' on L satisfying conditions R1 to R5, M1 to M4 and
the following condition (A).

(A) (x:a) Ab=bifand only if x A (a.b) =a.b, forany x,a, b € L.
We use the following properties frequently later in the results.

Lemma 2.2 ([3]): Let L be an ADL with a maximal element m and . a binary operation on L satisfying the conditions
M1 - M4. Thenforanya, b,c,deL;

(i) aan(@ab)=abandb A (ab)=ab

(ii) anb=b=(ca)a(ch)=cband(a.c) A (b.c)=hb.c

(iii) d A [(a.b).c] = (a.b).cif and only if d A [a.(b.c)] = a(b.c)

(iv) @c) A (b.c)af(anb)c]=(anb).c

(v) da(ac)a(b.c)=(ac)a(b.c)=>dAa(anb).c]=(anb)c

(vi) d A[(a.c) v (b.c)] =(a.c) v (b.c),d A[(av b).c]=(avb).c

The following result is a direct consequence of M1 of definition 2.6.

Lemma 2.3 ([3]): Let L be an ADL with a maximal element m and . a binary operation on L satisfying the condition
M1. Fora, b, x € L,a A (x.b) =x.bifand only if a A (b.X) = b.x

3. PROPERTIES OF RESIDUATED ADL's

In this section, we prove some important properties of residuation ' : ' and multiplication ' . ' in a residuated ADL L.
We prove some important results in a residuated ADL L.

First we give the following Lemma, whose proof can be obtained from the definition of Residuated ADL.

Lemma 3.1: Let L be a residuated ADL. Then
(1) (a:a):bismaximal, foralla, b€ L:
(2) Ifanelement m of L is maximal then m : a is maximal, for all a € L.

In the following, we prove some important properties of residuation ' : ' and multiplication ' . " in a residuated ADL L.

Lemma 3.2: Let L be a residuated ADL with a maximal element m. For a, b, ¢, d € L, the following hold in L.
(1) (a:b)ra=a
(2 [a:(@a:b)Aa(avb)y=avhb
() [@:b):c]a[a:(b.c)]=a: (b.c)
4) [a:(bc)]A(a:b):cl=(a:b):c
(5) [(aab):b]Ja(a:b)=a:b
6) (@:b)Aa[(@ab):bl=(@Ab):b
(7) [a:(@vb)]lAm=(a:b)Am
8) [c:(@aab)]Aaf(c:a)v(c:b)]=(c:a)v(c:Db)
(9) Ifa:b=athenaa(b.dy=bd=>and=d
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(10){a:[a:(@:b)}Aa(a:b)y=a:b
AD[(avb):claf(@a:c)v(b:c)]=(@:c)v(b:c)
(12Jaarm>bam=(@:c)am=>(b:c)am
(A3)(@a:b)af{a:[a:(@:b)]}r=a:[a:(@:h)]
(14)anb=b=(ac)A(b.c)=h.c

(15)anb a(a.b)=ab

(16)[(a.b):al Ab=b

(17)(a.b) A[(@ab).(avb)]=(@aAb).(avh)
(18)av bismaximal = (a.b) nanb=anb

Proof: Leta, b, c,d € L. Then

(1) By R1, we have a: a is a maximal element. Then (a:a) Ab=h, forallb e L= (a: a) : b is maximal
= (a:b):aismaximal
=>((@b)ra=a

(2) [(a:b).avb)] Am=[(a:b).(avb)] Am
={[(a:b)a]v[(@:b).b]} Am=[(a:b).(avb)] Am
= ([(@:b).a] Am) v ([(a:b).b] Am)=[(a:b).(avb)]Am
= ([a@:b)Aam)yv(b.(a:b)]Am)=[@:b).@avb]lAam
= {[a(@a:b)]v[b.@a:b)l} Am=[@:b).(avb]Am
s>[{anla@:b)}v{aalb@:b)]}]Am=[@:b).(@avb]am
=>{aafa@:b)]amrv{anlb.(@a:b)]aAmt=[@:b).(avb)]*m
=>{an[(@:b)aamtv{anf(@a:b)b]Am}t=[(@:b)avb)]rm
=>[{an(@a:b)a}v{anf@:b)b]}]aAm=[(@:b).(avb)] Am
=>[an{[(a:b)a]v[@:b).b]}]Am=[@:b).(avb)] Am
=anf@:b)@avb)]am=[@:b).(avb)]am=ana[(a:b).(avb)]=[(a:h).(avb)]
>[a:(@:b)la(@avb)=avb

(3) we have[a: (b.c)] Aa: (b.c)]=2a: (b.c)
= ana{(b.c).]a: (b.c)]} =(b.c).[a: (b.c)]
= an(b.{c.[a: (b.c)]}) =b.{c[a: (b.0]}
=>@:b)a{c[a:(b.o)]}=cla:(bc)]=[(@:b):c]a[a: (b.c)]=a: (b.c)

(4) Wehave[(a:b):c]a(@:b):c]=(a:b)c
=>@:b)a{cf(@:b):cl}=c(a:b):c]
=aA (b{c.[(a:b):c]}) =b{c.[(a:b):c]}
=a A {(b.c).[(a:b):c]}=(b.c).[(a:b):c]
=>[a:(b.c)]af(@:b):c]=(a:b):c

(5) [@ab):blAa@:b)=[(@Ab):b] AmAa(ab)
=[@:b)A(b:b)]Ama(a:b)

[@:b)A(b:b)] A(a:b)

[(b:b)A(a:b)] A (a:b)

(@:b)a(a:b)

=(:b)

(6) Wehave (a:b)Aa(@a:b)A(b:b) Am=(a:b)A(b:b)Am
=(a:b):[(a:b) A (b:b) Am]is maximal
= (a:b):{[(ab):b] Am}is maximal
= @b)af(anb):blam=[@aab):bjAm=(@:b)a[(anb):b]=(@Ab):b

Ma:@avb)]am=[@:a)a@:b)]Am=(a:b)am

(8) Wehaveanaab=anab
= [c:(@anb)]a(c:a)=c:aandbrasnb=anab
= [c:(@anb)]a(c:b)y=c:b
Therefore {[c: (@A b)]a(c:a)}v{lc:(@nb)]a(c:b)}=(c:a)v(c:b)
Hence[c: (@aab)]A(c:a)v(c:b)]=(c:a)v(c:b)
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(9) Assumethata:b=a

Suppose a A (b.d)=b.d=>(a:b) Ad=d
= and=d(Sincea:b=a)

(10) [a:(@a:b)Aa:(@a:b)]=a:(a:hb)
= an{(a:b)[a:(@:b)]}=(a:b).[a:(a:b)]
= an{(a:b)a:@:b)]}am={(a:b).[a:(@:b)]} Am
=> anr{la:(@:b)].@:b)yam={[a:(a:b).(a:b)} Am
=> anr{la:(@a:b)].(a:b)}={[a:(a:b)].(a: b)}
=>{a:[a:(@:b)]}a(@:b)y=a:b

(11)Wehave (avb)ra=aand(avb)Ab=b
=[(avb):cl]a(@a:c)=a:cand[(avh):c]a(b:c)=b:c
=>{[avb):clr@:c)}v{l@vb):clr(b:c)}=(@:c)v(b:c)
=[(avb):c]af(a:c)v(p:c)]=(@:c)v(b:c)

(12) SupposeaAam=>b am. Thenbamaaam=bam=aab=b
Now,(b:c)aAma(@:c)am=(@:c)a:c)am=[@anb):c]aAm=(b:c)am
Therefore, (@:c) Am>(b:c) Am

(13) [@:b):{a:[a:(@: D) JArm=(a:{a:[a:(@:b)]}]:b)Am

>[avia:(@:b)]):b]Am

>[(a:b)v{la:(@:b)]:b}Am

=[{[a:(@a:b)]:b}v(@a:b)]Am

>{la:(@:b)]:b}Am

=[(a:b):(@:b)]Am=m
But[(a:b):{a:[a:(@:b)]} ] Am<mTherefore[(a:b):{a:[a:(@:b)]}JaAm=m=(@:b):{a:[a:(a:b)]}
is maximal.
=>@b)af{a:[a:(@:b)]}=a:[a:(@:bh)]

(14) Suppose a A b =h.

Then [(a.c) Am] v [(b.c) Am] =[(c.a) A m] v [(c.b) A m]
=[(c.a) v (ch)]Am
=[c.(avb)] Am
=(ca)Am
=(@ac)Am

=>@c)ama(ec)am=(b.c)Aam
= (a.c) A (b.c)=h.c

(A5 [(@nb):alab=[(anb):al AmAaDb
=@:aAa(b:a)aAmab
=(b:a)ab=b

>anba(ab)=ab

(16) (a.b) A (ab)=ab
=>[(ab):a]Ab=D

(A7) bAranb=anab
= (b.a)A[(anb)a]l=(aab).a
= (b.a)Amaf(anb)al=(anb)a
= (ab)Amaf(anb)al=(anb)a
= (a.b) A[(anb)a]l=(anb)a

Similarly, (a.b) A [(a A b).b] =(a A b).b
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Then {(a.b) A [(a A b).a]} v {(@.b) A [(@ A b).b]} = [(@ A b).a] v [(a A b).b]
= (a.b) A {[(a A b).a] v [(@ A b).b]} = [(a A b).a] v [(a A b).b]
= (a.b) A [(a A b).(a v b)] = (@ab).@vh)

(18) Suppose a v b is maximal.
By (16), we have (a.b) A [(a A b).(av b)] =(aAb).(avb)
= @b)al@ab).(avb)]lam=[@anb).@vb]lam
=>@b)a(@arb)aAm=(@ab)am
= (@ab)ranb=anah.

In the definition of a residuated ADL, we have

(R4) [(@anb):claAm=(a:c)Aa(b:c)Amand (R5) [a: (bvc)]Am=(a:b)A(a:c)Am. Regarding [(av b):c]Am

and [a: (b A ¢)] A m we have the following equivalent conditions.

Theorem 3.1: Let L be a residuated ADL with a maximal element m and a, b, ¢ 2 L. Then the following conditions

are equivalent.

(RN [a:(bac)]aAm=[G@:b)v@:c)]am

(R8) [(@:b)v(b:a)]aAm=[@aab):(bra)]Aam
(R9) (a: b) v (b:a)is maximal
(R1I0)[(avb):clam=[(@a:c)v(b:c)]Am

Proof: Leta, b,c € L.

(R7) = (R8): Suppose [a: (bAac)]Am=[(a:b)v(a:c)] Am.

Then[(a:b)v(b:a)]am=[@:b)am]v[(b:a)Am]
=[@:b)a(:b)yam]vi@:a)a(:a)Am]

={[anb):b] Am}v{[@nb):a] Am}
=[@nb):(bAa)]Am(By(R7))

Hence (R8) holds in L.

(R8) = (R9) : Suppose [(a:b)v(b:a)]Am=[(aanb):(bra)]Ambaan[(baa)m]=(naa)m
=anba[(bara)m]=(bAa)m

=[(aab):(bra)]aAm=m

=[@@a:b)v(:a] Am=m(By(R8))

Hence (a: b) v (b : a) is maximal

Thus (R9) holds in L.

(R9) = (R10): Suppose (a : b) v (b : a) is maximal.

Consider [(a:c):(a:b)]aAm={[a:(@a:b)]:c}aAm=> [(avb):c]Am—(1)

Now, [{(a:c):[(avhb):c]}:(@:b)]aAm={[(@:c):(@:b)]:[@vb):c]}Am
>{[(avb):c]:[(@avb):c]} Am,Hence it is maximal.

Therefore, {(a: ) : [(av b) : cI} : (a: b) is maximal.
Hence {(a:c):[(avb):cl} An(a:b)=(a:h)
Thus{(a:c):[(avb):c}am=(@:b)am —(2)

Similarly, we get {(b: ) : [(@v b) : c[} Am> (b : a) A m— (3)

Now, {[(@a:c)v(b:c)]:[(avb):cl}aAm>[{@:c):[(@vb):cl}am]v[{(b:c):[(avh):c]} Am]
>[(a:b) Am]v[(b:a) Am](Byabove (2) and (3))

=[(a: b) v (b:a)] Am, whichis maximal by (R9)
= Therefore, by (R1), we get
[@:c)v(b:c)]al(avb):cl=(avb):c
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This combined with property (11) of Lemma 3.2, we get
[@vb):c]aAm=[(a:c)v(b:c)] nAm Thus (R10) holds in L.

(R10) = (R7): Suppose [(avh):c]aAm=[(@a:c)v(b:c)]Am

Since [av (b Ac)] Am=>(b A cC) Am, we get
{[av(bac)]l:b}am=>[(bac):blamand{[av(bac)]:c}am>[(bac):c]Am

Now, {[(@a:b)v(@:c)]:[a:(bAac)]}am=> [{(a:b):[a:(bAac)]}aAm]v{(a:c):[a:(bAc)]}Am]
—H@:[a:barc)):bIamlv{@:[a:(bAac)]):c}Am]
>{(Jav(Aac)]:b)am}v{(av(bac):c)am}
>{[(bAc)y:blam}v{[(bac):c]Am}(By(3)and (4))

[b:b)ya(c:b)am]v[(b:c)a(c:c)am]

[(c:byam]v[(b:c)Am]

={[c:(bvec)am}v{b:(bvc)Am}

={[c:(bvec)]vb:(bvel}am
=[(cvb):(bvc)Am(ByR10)

Thus[(a:b)v(a:c)]:[a: (bAc)]ismaximal.
=>[@@a:b)v(@:c)]ala:(bac)]=a:(bac)

Now, by property (8) of Lemma 3.2, we get
[a:(bacC)]am=[(@:b)v(a:c))Am.

Thus (R7) holds in L.

Definition 3.1: Let L be an ADL and a € L. An element a* € L is said to be a complement ofain Lifaa'=0and a
v a' is maximal. In this case we say that a is a complemented element of L.

Theorem 3.2: Let L be a residuated ADL with a maximal element m and a, b € L. If b' is a complement of b in L then
(@a:b)aAm=(avb')am

Proof: Suppose b* is a complement of b in L.

Then{(a:b): (@vb* )} aAm=f[@@:b):a] A[(@:b):b*]Jgam
=[(a:a):b]A[@@:b):b'TAm
=[@:b):b'TAm
>[a: (b.b")] Am
=(a:0) Am(Since b.b' =bAb' A (b.b*)=0)
=m(Since(@a:0) Am=(@:a)ar@:00am=[a:(av0)]aAm=(@:a)Am=m)

Therefore [(a:b):avb*] Am=mand

Hence (a:b) A (avb')=avb

Now, [ v b'): @:b)] am>{[a: (a:b)] v[b': (@:b)} Am
>[(avhb)Am]v{[b':(a:b)] am}=(bAm)v (b Am)
=(bvb)am

=m

= (av b"): (a:b)is maximal
=@vb)a(a:b)=a:b

Hence (a:b) Am=(avb')Am

Theorem 3.3: Let L be a residuated ADL with a maximal element m and a, b € L. If b is a complemented element of
L,then (ab) Am=aanbAam

Proof: Let L be a residuated ADL with a maximal element m and a, b € L. Suppose b is a complement element of L
and b' be a complement of bin L. Thenb A b' =0and b v b* is maximal.
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By property (15) of Lemma 3.2, we geta A b A (a.b) =a.b
Now, [a.(bvbl)] /\(bvbl)=a/\(bvbl)

sa(bvb)]Abvb)am=an(bvb)am
sa(bvb)aAm=aam
=saam=[@b)v@b)am

=[(@ab) v (b*.a)] Am

<[(a.b) v b*] Am (Since (b*.a) Am <b' A m)

= anbam=baaam
<ba[@b)yvb']am

{[bA@b)]v®dAabH)}Aam

={[b A (b.a) Am] v (0 A m)}

=[(b.a)v0] Am

=(b.a) Am

=(@b)Aam

Thereforeanb Am<(a.b) Am
Hence (a.b) Am=aAnbAam

In Theorem 3.1, we have proved that (R8), (R9) and (R10) are equivalent to (R7). Now we prove (R7) in a residuated
ADL L under certain condition. We conclude this paper with the following Theorem.

Theorem 3.4: Let L be a residuated ADL with a maximal element m and a, b, ¢ € L. If bvc is a maximal element of L
then [a: (bac)] Am=[(a:b) v (a:c)] Am

Proof: Let L be a residuated ADL with a maximal element m and a, b, ¢ € L such that b v ¢ is maximal.

Now,bAabAac=bacandcabac=bac
=Ja:(bac)]a(@:b)=a:band[a:(bac)]a(a:c)=a:c
=Ja:(bac)]af(a:b)v(a:c)]=(@:b)v(a:c)

First, we prove the following property (i).
M[@:b)v@:c)]am={(@:b)v@:c)]:(bvectam
(i) [@:b)v@:c]:{[@a:b)v@:c)]:(bveyh) Am=>={[(a:b)v(@:c)]vbvctam
=(bvec)am
=m
= [@:b)v(@:c)]:{[(a:b)v(a:c)]: (bwvc)}ismaximal
= [@:b)v@:c)lam=>{[(a:b)v@:c)]:(bvecram

By property (1) of Lemma 3.2, we get
{[@:b)v@:c)]:(bve)yam=>[@a:b)yv@:c)]am

Therefore, [(a:b)v(@a:c)]aAm={[(a:b)v(@:c)]:(bvecam
={[(a:b)v(@a:c)]:b}Aa{[@@:b)v@:c)]:ctAam
>{[(a:c):b] Am}Aa{[(@:b):c] Am}
=[@:b):c]amafj(@a:b):c]am
=@:b):cJam=>Ja:(bc)]aAm=>[a:(bArc)]Am.

Therefore, [(a:b)v(@a:c)J]aAm=>[a:(bAac)]am
Hence[a: (bac)]am=[(@:b)v(a:c)] Am.
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