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ABSTRACT 
In this paper we give odd graceful labeling to   Bistar,  2:,1 nK , 

nnK ,,1
, Coconut  tree 3,nCT , 

1,,1 nn KK + ,  

nn KnCK ,141, ++  for 3≥n , 
nKnC ,1

2
4 + , 1,2,1 nn KnPK ++ , 1,3,1 nn KnPK ++ ,  C2r  with every alternate 

vertex attached to a pendant vertex .                                                                                                               
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1. INTRODUCTION 

 
A graph G with q edges is said to be odd-graceful, if there is an injection f   from   V(G) to { }12,,2,1,0 −q

 such that, 

when each edge {x, y} of G is assigned the label ( ) ( )yfxf − , the resulting edge labels are{ }12,,5,3,1 −q

. The 
concept of odd graceful graph was   introduced in 1991 by Gnanajothi [1].   
 
Gnanajothi [1]   proved that the class of odd-graceful graphs lies between the class of interlaced graphs and the class of 
bipartite graphs by showing that every interlaced graph has an odd-graceful labeling and every graph with an odd cycle 
is not odd-graceful. She also proved the following graphs are odd-graceful: nP ; nC   if and only if n is even; nmK , ; 

combs 1nP K  (graphs obtained by joining a single pendent edge to each vertex of  nP  );  books ; crowns  1nC K  

(graphs obtained by joining a single pendent edge to each vertex of nC  ) if and only if n is  even ; the disjoint union of 

copies of  4C ; the one-point union of copies of 4C ;  2KCn × if and only if n is even; caterpillars; rooted trees of 

height 2; the graphs obtained from  nP  (n > 3) by adding exactly two leaves at each vertex of degree 2 of nP ; the 

graphs obtained from 2PPn ×  by deleting an edge that joins to end points of the nP    paths ; the graphs obtained from 

a star by adjoining to each end vertex the path 3P  or by adjoining to each end vertex the path 4P  . She conjectures that 
all trees are odd-graceful and proves the conjecture for all trees with order up to 10. Barrientos [2] has extended this to 
trees of order up to 12. For details in the progress made so far in this area one can refer to the latest Survey on graph 
labeling problems due to Gallian [3]. Here we are inspired by the works of  Solairaju [4] and Moussa and Badr [5] and 
give odd graceful labeling to the graphs : Bistar, 2:,1 nK , 

nnK ,,1
, Coconut  tree 3,nCT , 1,,1 nn KK + , 

nn KnCK ,141, ++  for 3≥n , 
nKnC ,1

2
4 + , 1,2,1 nn KnPK ++ , 1,3,1 nn KnPK ++ ,   C2r  with every alternate vertex 

attached to a pendant vertex .          
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RESULTS 
 
Theorem 2.1: A   Bistar  nmB ,   is odd graceful. 
 
Proof: Let   nmB ,   be a   Bistar containing 2++ nm   vertices consisting of  the set  { }1 2, , , ,i ju u v w  

1, ,i m=  , nj ,,1 =  where  1u  , 2u  are the internal vertices and  iv ,  jw   are  the vertices adjacent to 1u  , 2u    

respectively.   Let q   be the   total number of edges of nmB ,  such that q=m+n+1. Now   the vertex   labelling of the   

Bistar  nmB ,  are given as  

( ) 01 =uf ( )2, 1f u = , ( ) 2 2 1,if v q i= − + mi ,,2,1 = , ( ) njjmqwf j ,,2,1,2222 =+−−= .  
 
The edge labelling of the Bistar   is   given as   ( ) miiqvuf i ,,2,1,1221 =+−= , ( ) 12222 +−−= jmqwuf j ,   

j=1,2 ,…,n.  So the edge labelling of the    Bistar   consists of the labelled   set  { }12,,5,3,1 −q  . Hence   the   

Bistar nmB ,    is   odd   graceful.  

 
Figure-1: A   Bistar  4,4B  with   an odd   graceful labeling 

 
Theorem 2.2: 2:,1 nK  is odd graceful for every natural number n.  

 
Proof: Let   the set   of   vertices of  2:,1 nK   be  { }ii vuwvu ,,,,  , ni ,,1= . Let  P3 be the path with vertices {u , v, w},  

where  u, v, w are the internal vertices and iu , jv  the vertices adjacent to u, v and w respectively. Let 

( ) { }nivvuuvwuwK iin ,,2,1,,,,2:,1 ==  be   then   edge set of 2:,1 nK  and   q   be the   total number of edges 

of 2:,1 nK  such that 22 += nq . The vertex labeling 2:,1 nK  is given as follows   ( ) niiuf i ,,1,12 =−= , 

( ) niinvf i ,,2,1,1)(2 =++=  , ( ) ,34)(,2)(,0 +=== nwfvfuf Now the induced edge labelling of  2:,1 nK   

is   as      follows   ( ) niiuuf i ,,1,12 =−= , 1)(2)( −+= jnvvf j , nj ,,1= .  ( ) 4 3 2 1f uw n q= + = −   

( ) 3214 −=+= qnwvf . So   the edge labelling of 2:,1 nK consists of the   set{ }12,,5,3,1 −q
. Hence 

2:,1 nK  is odd    graceful.  

 
Figure-2: The   tree 2:4,1K    with an   odd graceful labelling 
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Theorem-2.3: nnK ,,1     is odd   graceful for   every   natural number n. 
 
Proof: Let  the set  of  vertices of  nnK ,,1   be { }ii vuu ,,  such that the root  vertex  u  is  adjacent to  iu   and iu   is  

adjacent  to iv     for ni ,,1 =  . Let ( ) { }iiinn vuuuKE ,,,1 =     be the   edge set   of  nnK ,,1  . The vertex labelling of 

nnK ,,1   are   given as  ( ) ,0=uf ,124)( +−= inuf i  ,222)( −+= invf i ni ,,1= . Now the edge labelling 

of nnK ,,1  are given as  ( ) 122124 +−=+−= iqinuuf i ,    342)( +−= invuf ji ,  ni ,,1 = .  So   the edge 

labelling of  nnK ,,1   consists of   the   set  { }12,,5,3,1 −q
 . Hence nnK ,,1     is odd   graceful.  

 
Figure-3: The   tree    with   an   odd   graceful labeling 

 
Theorem-2.4: The   Coconut tree  3,nCT   is   odd   graceful. 
 
Proof: Let the set of vertices of 3,nCT  be { }niuwvu i ,,1,,,, =   where  u, v, w lie on the  central path of 

3,nCT  . Let 3,nCTE { }vwuvuui ,,=  , ni ,,1 =   be the   edge set of 3,nCT   .  The vertex labelling 

of   3,nCT are   given   as    ( ) 32)(,0 +== nvfuf  2)(, =wf  , ( ) 2 1if u i= − ni ,,1, = . Now   the edge 

labelling of 3,nCT are given as ( ) 2 3f uv n= + 2 1,q= − ( ) 2 1f vw n= + 2 3,q= − ( ) 2 1,if uu i= −  
1, ,i n=   . So    the edge labelling of 3,nCT consists of the   set   {1, 3, 5, - -  - , 2q-1}. Hence   the   Coconut   

tree  3,nCT   is   odd graceful.  
 

 
Figure-4: The coconut tree 3,5CT with an odd graceful labeling 

 
Theorem-2.5: 1,,1 nn KK +    is   odd graceful   for   every   natural number n.  

 
Proof: Let   the set   of   vertices of  1,,1 nn KK +    be { }niuvu i ,,1,,, =  where iu  is adjacent to both u and v. The   

edge set of 1,,1 nn KK + is   given  by { }nivuuu ii ,,1,, = .  
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Now   the   vertex labelling of 

1,,1 nn KK + is given   by   ( ) 0, ( ) 2 ,f u f v n= =  ( ) 4 2 1,if u n i= − +  1, ,i n=  . 

And the edge labelling of  1,,1 nn KK +  is given by ( ) 4 2 1, 2 2 1if uu n i q i= − + = − +  ( ) 2 2 1,if u v n i= − +  

ni ,,1= . So   the edge labelling of 1,,1 nn KK +  consists of the   set   { }12,,5,3,1 −q
. Hence 1,,1 nn KK +    

is    odd   graceful. 

 
Figure-5: The   graph 

1,66,1 KK +   with an odd graceful 

 
Theorem-2.6:  nn KnCK ,141, ++   is   odd graceful   for   every   natural number n ≥ 3. 

 
Proof: Let   the set   of   vertices of   nn KnCK ,141, ++    be { }niwvuvu iii ,,1,,,,, =     where the   vertices   

are   in   the   order  iii wvvuu −−−−  . Then   edge set of  nn KnCK ,141, ++   is   { }, , , ,i i i iu u uv v v vw  

1, ,i n=  .  We define the vertex labelling  f  of  G   by ( ) 0=uf , ( ) 28 −= nvf ,   

( )




=+−
=

=
niin

i
uf i ,,2,328

1,1


             

( ) niinvf i 2,,1,1212 =+−=  

( ) 2 2 3 , 0, , 1.if w n i i n= + − = − − − −  
 
The label of the edges of nn KnCK ,141, ++  are given by  

( )
1 , 1

,
8 2 3 , 2,3, ,i

i
f u u

n i i n
=

=  − + = − − −
      

( ) 1,,0,126 −−−−=+−= niinvwf i  

( ) niinvvf i 2,,1,324 =+−=         

( ) 12 2 1, 1, , 2 .if uv n i i n= − + = − − −  
 
We observe that the   label   of   the edges of  nn KnCK ,141, ++  constitute    the   set { }12,,5,3,1 −q

. 

Hence
nn KnCK ,141, ++  is   odd   graceful. 
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Figure-6: The   graph   nn KnCK ,141, ++  with an odd graceful 

 
Theorem 2.7:  

nKnC ,1
2

4 +   is   odd   graceful. 

 
Proof:  Let  the  vertices  of    

nKnC ,1
2

4 +  consists  of  the  set  { }niwwvuvu iii ,,1,,,,,, =   , where the  

vertices  are  adjacent   in the  order iii wwvvuu −−−−− . The   edge   set   of  nKnC ,1
2

4 +   is    

{ }iiiii wwwvvvvuuu ,,,, , ni ,,1 = .  The   vertex labelling   f   of  nKnC ,1
2

4 +   are assigned as  

( ) ,4nuf = ,128)( −+= inuf i ( ) 0=vf , ( ) 1220 +−= invf i , ni 2,,1 = , ( ) nwf 16= , ( ) 12 −= iwf i ,  

ni 2,,1 = .The label  of the edges of  nKnC ,1
2

4 +  are  given by 

( ) ,124 −+= inuuf i ,128)( −+= invuf i ( ) 1220 +−= invvf i , 124)( +−= inwvf i , ni ,,1= .

( ) 16 2 1if ww n i= − + ni 2,...1, = . We observe that the label of the edges of  nKnC ,1
2

4 +
   

constitute the 

set  { }12,,5,3,1 −q  . Hence  nKnC ,1
2

4 +   is   odd   graceful.  

 
Figure-7:  The   graph   2

4 1,44C K+ with an odd graceful labelling. 
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Theorem 2.8:  1,2,1 nn KnPK ++   is   odd   graceful.  

 
Proof: Let  the  vertices  of 1,2,1 nn KnPK ++  consists of  the  set },,,{ ii vvuu  where  the  vertices  are  adjacent   

in the  order   i iu u v v− − − .  The edge set   of   1,2,1 nn KnPK ++    is       },,1;,,{ nivvvuuu iiii = . The   

labeling    of   the vertices of 1,2,1 nn KnPK ++  are    given by   0)( =uf  ( ) 126, +−= inuf i 12)(, −= nvf   

niinvf i ,,1,244)(, =+−= . The labeling of the edges of 1,2,1 nn KnPK ++   are   given by   

( ) niinvvfinvufinuuf iiii ,,1,342)(,122)(,126 =+−=−+=++= .   Now    the   edge labeling of  

1,2,1 nn KnPK ++
 
constitute the set{ }12,,5,3,1 −q . Hence   the   graph 1,2,1 nn KnPK ++  is   an   odd   

graceful   graph.  

 
Figure-8:  The   graph  1,4 2 4,14K P K+ +

 
with an odd graceful 

 

Theorem 2.9:  1,3,1 nn KnPK ++   is   odd   graceful.  

 
Proof:  Let  the  vertices  of  

1,3,1 nn KnPK ++  consists of  the  set  { , , , , }i i iu u v w w  where  the  vertices  are  adjacent   

in the  order   wwvuu iii −−−− .  The edge set   of  1,3,1 nn KnPK ++  is{ , , ;i i i iuu u v v v . 1, , }i n=   The   

labeling   of the vertices of  1,3,1 nn KnpK ++   are    given by ( )( ) 0 , 8 2 1,if u f u n i= = − +  ( ) 4 4 2,if v n i= − +  

( )( ) 6 2 1), 4if w n i f w n= − + = . The   labeling   of the edges of 1,3,1 nn KnPK ++  are given by 

( ) 8 2 1, ( ) 4 2 1, ( ) 2 2 1,i i i i if u u n i f u v n i f v w n i= + − = + − = + −   ( ) 2 2 1 1, ,if w w n i i n= − + =  . We   

observe   that the labels of the edges   of 1,3,1 nn KnPK ++ constitute the   set   { }12,,5,3,1 −q .  Hence   the   

graph 1,3,1 nn KnPK ++  is   an odd   graceful   graph.  

 
Figure-9:  The   graph 1,434,1 4 KPK ++ with an odd graceful labeling 

 
Theorem-2.10:  The graph C2r   with every alternate vertex attached to a pendant vertex   is   odd   graceful.   
 
Proof: Let the graph have n edges. Observe that rn 3= . Let us designate the vertices on the cycle as ruuu ,,, 21  . 

Let the vertices iu  be adjacent to one pendant vertex iv  for 12,,5,3,1 −= ri  . We assign the labels to the vertices 
of the graph with the labeling   f   given by  
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2 1,3,..., 2 1

( ) 2,4,6,..., 2 2
4 2 2

i

n i if i r
f u i if i r

r if i r

− = −
= = −
 − =

  and 

0 1
( ) 2 2 2 3

2 2 5,7,..., 2 1
i

if i
f u n i if i

n i if i r

=
= − + =
 − = −

 

( ) ( ) ( ) iinufuf ii −−−=−− 121 12,,3,2,122 −=+−= riin  ; ( ) ( ) 3212 =−− rr ufuf ; 

( ) ( ) ( )241212 −−−=− rnufuf r = 12)24(16 +=−−− rrr , ( ) ( ) 1211 −=− nvfuf ,  

( ) ( ) 133 =− vfuf  , ( ) ( ) 121212 −=− −− ivfuf ii  , ri ,,4,3 = . Observe that the set of all vertex labels of 

the graph is the set   { }12,,5,3,1 −n . Hence, the given graph is odd graceful. 
 

 
Figure 10:  14C    with   every   alternate   vertices   attached to a pendant vertex   is   odd   graceful. 
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