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ABSTRACT
In this paper we give odd graceful labeling to  Bistar, <Kln ;2>, (K,,,)» Coconut tree CT(n,3), <K1,n + Kn,1>'

(Koa#nCy+K; ) for N3, (nc2 4K, ) (Kyp +nP, + K)o (K, +0P +K, ), Cor with every alternate

vertex attached to a pendant vertex .

Key Words: Odd graceful labeling, Vertex labeling, edge labeling.

1. INTRODUCTION

A graph G with g edges is said to be odd-graceful, if there is an injection f from V(G) to {0,1, 2,--+,2q —1} such that,
when each edge {x, y} of G is assigned the label |f(x)— f(y], the resulting edge labels are {1,3,5,...,2q_1}. The
concept of odd graceful graph was introduced in 1991 by Gnanajothi [1].

Gnanajothi [1] proved that the class of odd-graceful graphs lies between the class of interlaced graphs and the class of
bipartite graphs by showing that every interlaced graph has an odd-graceful labeling and every graph with an odd cycle

is not odd-graceful. She also proved the following graphs are odd-graceful: P,; C, if and only if n is even; Km’n;
combs P © K, (graphs obtained by joining a single pendent edge to each vertex of P, ); books ; crowns C,0OK,
(graphs obtained by joining a single pendent edge to each vertex of C_ ) if and only if nis even ; the disjoint union of
copies of C,; the one-point union of copies of C,; C_x K, if and only if n is even; caterpillars; rooted trees of
height 2; the graphs obtained from P, (n > 3) by adding exactly two leaves at each vertex of degree 2 of P, ; the
graphs obtained from P, x P, by deleting an edge that joins to end points of the P, paths ; the graphs obtained from

a star by adjoining to each end vertex the path P, or by adjoining to each end vertex the path P, . She conjectures that

all trees are odd-graceful and proves the conjecture for all trees with order up to 10. Barrientos [2] has extended this to
trees of order up to 12. For details in the progress made so far in this area one can refer to the latest Survey on graph
labeling problems due to Gallian [3]. Here we are inspired by the works of Solairaju [4] and Moussa and Badr [5] and

give odd graceful labeling to the graphs : Bistar, <K1,n :2>, <K1,n,n>' Coconut  tree CT<n,3>, <K1’n +Kn‘1>,
<Kn,1 +nC, + Kl’n> forn>3, <nC42 4 Kl,n>' <K1,n +nP, + Kn,1>'<K1‘n +nP, + Kn,1>' C,, with every alternate vertex

attached to a pendant vertex .
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RESULTS

Theorem 2.1: A Bistar B, isodd graceful.

n

m,n

Proof: Let B be a  Bistar containing M+N-+2 vertices consisting of the set {ul,uz, Vi, W, },
i=1,---,m, j=1,---,n where U, , U, are the internal vertices and V;, w; are the vertices adjacent to U, , U,

respectively. Letq be the total number of edges of Bm] such that g=m+n+1. Now the vertex labelling of the

n
Bistar B, , are givenas

fu)=0,f(u,)=1f(v)=29-2i+1 i=12,---,m, fw)=29-2m-2j+2,j=12,n.

The edge labelling of the Bistar is given as f(ulvi): 20-2i+1,i=12,---,m, f(uzwj )= 29-2m-2j+1,
j=1,2 ,...n. So the edge labelling of the  Bistar consists of the labelled set {1,3,5,---,2q—1} . Hence the
Bistar B, | is odd graceful.
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Figure-1: A Bistar B4,4 with an odd graceful labeling

Theorem 2.2: <K1 . :2> is odd graceful for every natural number n.

Proof: Let theset of vertices of <K1,n52> be {u,v, w,U. V. } , i=1---,n.Let P3be the path with vertices {u, v, w},
where u, v, w are the internal vertices and U, V; the vertices adjacent to u, v and w respectively. Let
(<K1,n :2>)={uw,vw,uui W, i =1, 2,---,n} be then edge set °f<K1,n12> and q be the total number of edges
Of<K1,n ;2> such that g =2Nn+ 2. The vertex labeling <Kl,n ;2> is given as follows f(ui)z 2i-1,i=1,---,n,
f(v,)=2(n+i)+1,i=12,--,n, f(u)=0,f(v)=2, f (w) =4n+3, Now the induced edge labelling of (Ky,:2)
is as  follows f(uu)=2i-1,i=1--n, f(w;)=2(n+]j)-1, j=L---,n. f(uw)=4n+3=2q-1
f(w)=4n+1=2q—-3.So the edge labelling of <K11n :2> consists of the  set{l,3,5,---,2q —1}. Hence
<K11n :2> isodd graceful.
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Figure-2: The tree <K1,4 :2> with an odd graceful labelling
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Theorem-2.3: K isodd graceful for every natural number n.

1,n,n

Proof: Let the set of vertices of K be {u,ui ,Vi} such that the root vertex u is adjacentto U; and U; is

1,n,n
adjacent to v, fori=1,---,n .LetE(Klyn‘n): {uui NVAYA } be the edgeset of K, . .The vertex labelling of
K

of K, ,,aregivenas f(uy)=4n-2i+1=2q-2i+1, f(uv,)=[2n-4i+3, i=1,--,n. So the edge

labelling of K consists of the set {1,3,5,~~,2q—1} . Hence K

Lnn are givenas f(u)=0, fu)=4n-2i+1, f(v,)=2n+2i-2, i=1---,n . Now the edge labelling

Ln,n isodd graceful.

1,n,n

Figure-3: The tree K155 with an odd graceful labeling

Theorem-2.4: The Coconut tree CT(n,3> is odd graceful.

Proof: Let the set of vertices of CT(n,3) be {u,v,w,u;,i=1,---,n} where u, v, w lie on the central path of
CT(n,B} . Let E<CT<n,3>> :{uui ,UV,VW} ,i=1,---,n bethe edge set of CT(n,B} . The vertex labelling
of CT<n,3>are given as f(u):O,f(v):2n+3 ,fw)=2 fu)=2i-1,i=1,---,n .Now the edge
labelling of CT<n,3>are given as f (uv) =2n+3=2q-1 f(w)=2n+1=2q-3, f(uy,)=2i-1,

i=1---,n.So the edge labelling of CT(n,3> consists of the set {1,3,5,-- -, 2g-1}. Hence the Coconut
tree CT(n,3) is odd graceful.

.Ul

1@ 8°

139

e
Figure-4: The coconut tree CT <5 : 3> with an odd graceful labeling

Theorem-2.5: <K1,n+Kn,1> is odd graceful for every natural numbern.

Proof: Let the set of wvertices of <Kl,n + Kn’1> be {u Vu,i=1,---n } where U; is adjacent to both u and v. The

edge set of <K1,n+Kn,1> is given by {uu,,uyv, i=1,---,n}.
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Now the vertex labelling of <K1n+Kn1>is given by f (u) =0,f(v)=2n, f(u)=4n-2i+1, i=1,---,n .
And the edge labelling of <K1,n + Kn'1> is given by f (uui ) =4n-2i+1,=29-2i+1 f(uv)=2n-2i+1,
i=1---,n.So0 the edge labelling of <K1,n + Kn,1> consists of the set {1,3,5,--,2q—1}. Hence <K1,n + Kn,1>

is odd graceful.
° /- \
13

12

Figure-5: The graph <K16 ¥ K61> with an odd graceful
Theorem-2.6: <Kn'1 +nC, + Kl,n> is odd graceful for every natural numbern > 3.

Proof: Let theset of vertices of <Kn,l+nc4+K1,n> be {u,v,ui,vi,wi,izl,---,n} where the vertices
are in the order U —U—V,—=V—W, . Then edge set of <Knyl+nC4+K1‘n> is {uu uv,,vv, VW}
i=1,---,n . We define the vertex labelling f of G by f(u)=0, f(v)=8n—2,
1 ,i=1
fu)= - -
8n—-2i+3,i=2,---,n
f(v,)=12n—2i+1,i=1---, 2n
f(w)=2n+2i—-3,i=0,———n-1.

The label of the edges of <Kn’1 +nC, + Kl’n> are given by
(uu)= { : i=1
8n-2i+3, 1=23,-—-n
f(vw,)=6n-2i+1,i=0~--n-1
f(vv)=4n—-2i+3,i=1,---,2n
f(uvi):12n—2|+1,|:1,———,2n.

f

We observe that the label of the edges of <Kn'1 +nC, + K1Yn> constitute  the set {1,3,5,m,2q—1}.
HenC€<Knv1+nC4+Kln> is odd graceful.
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K,,+nC, + K1’n> with an odd graceful

n,

Figure-6: The graph

—

Theorem 2.7: <nC42+K1,n> is odd graceful.

Proof: Let the vertices of <nC42+K1,n> consists of the set {u,v,ui VWL W :1,---,n} , where the
vertices are adjacent in the order U—U, —V—-V, —W—W.,. The edge set of <nC42 + Kl,n> is
{uui,uiv,wi,ViW,WWi } i=1,---,n. The vertex labelling f of <”C42+K1,n> are assigned as
f(u)=4n, f(u)=8n+2i-1, f(v)=0,f(v,)=20n-2i+1,i=1,---,2n, f(w)=16n, f(w)=2i-1,
i=1,---,2n .The label of the edges of <nC42 + K1’n> are given by

fuu)=4n+2i-1, f(uv)=8n+2i—-1, f(w,)=20n-2i+1, f(vw)=4n—-2i+1,i=1---,n.

f(ww,)=16n—-2i+1 ,i=1,...2n. We observe that the label of the edges of <nC42 + K17n> constitute the
set {1,3,5,-~-,2q—1} . Hence <nC42 + K1’n> is odd graceful.
s
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Figure-7: The graph <4C42 + K1‘4> with an odd graceful labelling.
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Theorem 2.8: <Kl,n +nP, + Kn,1> is odd graceful.

Proof: Let the vertices of <K1n +nP, + Kn1> consists of the set {u ' U ,V,Vi} where the vertices are adjacent

inthe order U—U,—V,—V. The edge set of <K1’n +nP, + Kn,1> is {uu;,uv,,v,v;i=1---,n}. The

[
labeling of the vertices of <K1Yn+nP2+Kn’1> are givenby fu)=0 ,f(u)=6n-2i+1, f(v)=2n-1
,f(v,)=4n—4i+2,i=1,---,n. The labeling of the edges of <K1’n +nP2+Kn’1> are given by
f(uu)=6n+2i+1,f(uv,)=2n+2i—-1,f(vv)=[2n—4i+3,i=1--,n. Now the edge labeling of

<K1,n +nP, + Kn,1> constitute the set {1,3,5,---, 2q —1}. Hence the graph <K1’n +nP, + Kn,1> is an odd
graceful graph.

Figure-8: The graph <Kly4 +4P, + K4,1> with an odd graceful
Theorem 2.9: <K1'n +nP; + Kn,1> is odd graceful.

Proof: Let the vertices of <Kl‘n+nP3+Kn,1> consists of the set {u,ui,vi,wi,w} where the vertices are adjacent
in the order U—U; —V; —=W; —W. The edge set of (K, +nP,+K,,) is{uu,,u.v,,v.v;.i=1---,n} The
labeling of the vertices of <K1,n +np, + Kn,l> are givenby f(u)=0,f (u;)=8n-2i+1 f(v,)=4n-4i+2,
f(w)=6n-2i+1), f (W)=4n. The  labeling  of the edges of <K1,n +nP, + Kn’1> are given by
f(u,)ae8n+2i-1 f(uy)=4n+2i-1 f(vw)=2n+2i-1,  f(ww)=2n-2i+1li=1---,n. We
observe that the labels of the edges of <K1’n +nP; + Knvl>constitute the set {1,3,5,---,2q —1}. Hence the

graph <K1,n +nP, + Kn,1> is anodd graceful graph.
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Figure-9: The graph K, , +4P, + K, with an odd graceful labeling
Theorem-2.10: The graph C,, with every alternate vertex attached to a pendant vertex is odd graceful.

Proof: Let the graph have n edges. Observe that N = 3 . Let us designate the vertices on the cycle as U, ,U, ,--,U, .
Let the vertices U; be adjacent to one pendant vertex v, for 1=1,3,5,---, 2r —1. We assign the labels to the vertices

of the graph with the labeling f given by

© 2017, IIMA. All Rights Reserved 204



Amiya Kumar Behera *! Debdas Mishra® and Purna Chandra Nayak3 / Some New Families of Odd Graceful Graphs /
IJMA- 8(10), Oct.-2017.

2n—i if i=13,..2r-1
fu)=3 i if 1=2,4,6,..,2r-2 and
4r-2 if I=2r
0 if i=1
fu)=:2n-2i+2 if =3
2n-2i if i=57,.,2r-1

[F(uy)- () =2n—(i-1)-i =2n-2i+1,i=2,3,-,2r —1:| f (U, )~ T (U, ) =3;
£ (U )- fu)=2n 4r—2):6r—1—(4r—2)=2r+1,|f(u1)—f(vl)|:2n—1,

[£(ug)= F(vs) =1

the graph is the set {1, 3,5,---,2n —1}. Hence, the given graph is odd graceful.

|f wia)— TV, 1)| 2i—1,1=3,4,---,r. Observe that the set of all vertex labels of

4]

24

Figure 10: C,, with every alternate vertices attached to a pendant vertex is odd graceful.
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