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ABSTRACT
In this paper, we define fuzzy smooth covering map on fuzzy Banach manifold as a natural development of fuzzy
smooth maps and prove some results. Further we define fuzzy lift and prove unique existence of lift and lifting criteria
on fuzzy Banach manifold.
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1. INTRODUCTION

The concept of fuzzy sets and fuzzy set operations were introduced by L. A. Zadeh in 1965[8]. Subsequently many
basic concepts from general topology were applied to fuzzy sets. Similarly, in recent developments of fuzzy set theory
many concepts from algebraic topology are defined and studied with different perception.

In our previous papers we have introduced the concept of Fuzzy Banach Manifold [12] and studied some topological
properties [13][14] and geometrical properties[15]. Further in [16] we have defined fuzzy smooth homotopy and
studied some related properties. A covering space is a locally trivial map with discrete fibres which are classified by
algebraic data related to fundamental group and lift.

In this paper we define fuzzy smooth covering map and study some of its properties and further we define fuzzy lift and
prove the unique existence and lifting criteria.

Some preliminary definitions referred are as follows:

Definition 1.1: Let X be a set. A fuzzy subset A of X is defined to be a function u,: X — [0, 1]. Thus we have the
following:

A={(,p):Vx €X}= py. [8]

Definition 1.2: A fuzzy subset in X is called a fuzzy point iff it takes the value 0 for all y € X except one say, x € X.
Ifitsvalueat x is (0 < A < 1) we denote this fuzzy point by x, where the point x is called its support. [11]

Definition 1.3: A fuzzy topology on a set X is a family t of fuzzy subsets in X which satisfies the following conditions:
(i) ko,ky € T
(i)IfA,B etthenANB €<
(i) If A; € TV j €] (where ] isindex set) then Uje; 4; € T
The pair (X, 7) is called a fuzzy topological space and the members of t are called open fuzzy sets. [1]

Definition 1.4: Let X, Y be fuzzy topological spaces. A bijection f of X onto Y is said to be a fuzzy continuous map if
for each open fuzzy subset A in Y the inverse image f~1(A) is open fuzzy set in X. [10]
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Definition 1.5: A fuzzy set A in (X, 1) is called a neighborhood of a fuzzy point (x, ) if there exists a fuzzy open set
B € 7 such that (x,a) € B < A, a neighborhood A4 is said to be open if A is open. The family consisting of all the
neighborhoods of (x, a) is called as the system of neighborhoods of (x, «). [11]

Definition 1.6: A fuzzy subset A of X is said to be quasi-coinsident with a fuzzy subset B of X if there exists x € X
such that A(x) + B(x) > 1 OR A(x) > B®(x), and is denoted by AgB. [11]

Definition 1.7: A fuzzy subset A in (X, 1) is called a Q-neighborhood of (x, ) if there exists a open fuzzy set B such
that (x,a)qB < A. The family consisting of all the Q-neighborhoods of (x,a) is called the system of Q-
neighborhoods of (x, ). [11]

Definition 1.8: Let (X, 7) be a fuzzy topological space. a: (I, €) — (X, 1) is a fuzzy continuous function and a fuzzy set
A is connected in (I, €) with A(0) > 0 and A(1) > 0, then the fuzzy set a(4) in (X, 7) is called a fuzzy path in (X, 7).

The fuzzy point (@(0))a0) = @(0400)) and (a(1))aay = a(lay) are called the initial point and the
terminal point of the fuzzy path a(A), respectively. [2]

Definition 1.9: Let M be a fuzzy topological space, U be a fuzzy subset of M such that sup{u,(x)} = 1vx € M and
¢ is a fuzzy homeomorphism defined on the support of U = {x € M : uy,(x) > 0}, which maps U onto an open fuzzy
set @ (U) in some fuzzy Banach space E;. Then the pair (U, ¢) is called as fuzzy Banach chart. [12]

Definition 1.10: A fuzzy Banach atlas A of class C* on M is a collection of pairs (U;, ;) (i € I) subjected to the
following conditions:
(i) Ui U; = M that is the domain of fuzzy Banach charts in A cover M.
(if) Each fuzzy homeomorphism ¢;, defined on the support of U; = {x € M : puy(x) > 0} which maps U; onto
an open fuzzy subset ¢;(U;) in some fuzzy Banach space E;, and for each V i,j € I, ¢;(U; N U;) and ¢;(U; N
U;) are open fuzzy subset in E;.
(iii) The maps ¢; o @;~" which maps ¢;(U; N U;) onto ¢;(U; N U;) is fuzzy diffeomorphism of class Ck(k=1)
for each pair of indices i, j.
The maps ¢; o ;" and @; o @, " for i,j € I are called fuzzy transition maps. [12]

Definition 1.11: Let M and N be fuzzy Banach manifolds with corresponding maximal fuzzy Banach atlases A,, and
Ay. Wesaythatamap f: M — N isof class C” (r times continuously fuzzy differentiable) at p € M if there exists a
fuzzy Banach chart (V,y) in Ay with f(p) € V, and a fuzzy Banach chart (U, ¢) from A, with p € M, such that
f(U) < Vandsuchthat f(U) c Vand o fog tisofclass C". If fis of class C” at every point p € M, then we
say f is of class C"on M. Maps of class C* are called fuzzy smooth maps. [14]

Definition 1.12: Let M and N be fuzzy Banach manifolds with corresponding maximal fuzzy Banach atlases A4,, and
Ay.Wesaythatamap f : M — N is called fuzzy diffeomorphism if both f and £~ are fuzzy smooth. [16]

2. FUZZY COVERING SPACE
In this section we define fuzzy covering space and prove some results referring [4] [5] [17].

Definition 2.1: Let M and M be fuzzy Banach manifolds. A surjective map p: M — M is called as a fuzzy smooth
covering map if every point p € M there is a fuzzy open Q-neighborhood U such that each component T, of p~1(U) is

fuzzy diffeomorphism to U by a restriction map p/ﬁ :U, — U, then U is evenly covered by covering map.
L

The triplet (1\71 2, M) is called a fuzzy covering space; M is a base space and M is the total space. The fuzzy
open Q-neighborhood U, is called the fuzzy sheet over the evenly covered by fuzzy open Q-neighborhood U.

The set of all fuzzy smooth covering map between fuzzy smooth Banach manifold is the set of objects of a
category. A fuzzy diffeomorphism between fuzzy smooth covering spaces, (M, p,, M;) and (1\71“2,;92 ,MZ) is a pair of
fuzzy smooth maps (f, f) such that f o p, = p, ° f.

Similarly, the coverings of a fixed space M are the objects of a cateogory where the fuzzy diffeomorphisms
are ¢: M; —» M, suchthat p, = p, ° ¢.

Remark 2.2:
1) For each x; € M the preimage p~1(x;) = {£; € M : p(£;) = x,} is the fibre over x;.
2) Any fuzzy smooth covering map is a local fuzzy diffeomorphism.
3) An injective fuzzy smooth covering map is the fuzzy diffeomorphism.

Example 2.3: Let p: M — M be a surjective identity map on fuzzy Banach manifold M, then clearly p is fuzzy
covering map. That is every fuzzy Banach manifold is covered by itself.
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Definition 2.4: If p: M — M is fuzzy continuous map, a fuzzy section of p is fuzzy continuous map o: M — M, such
that p o 0: M — is Idy,.

A local fuzzy section is a fuzzy continuous map o:U — M defined on some fuzzy open Q-neighborhood
U c M satisfying the condition p oo : 1dy.

Theorem 2.5: Suppose p:M — M is a fuzzy smooth covering map, for any g € M there is a fuzzy open
Q-neighborhood U of p = p(q) and a unique fuzzy smooth local section o: U — M such that o(p) = q.

Proof: Let U ¢ M be an evenly covered fuzzy open Q-neighborhood of p. If U is the component of »~*(U) containing

-1 _ -1 .
q then by definition » /U : U - U is fuzzy diffeomorphism hence there exists a fuzzy local section o » 7 U-

U of p such that o(p) = q.

Now we shall show that ¢ is unique. Let ¢’ is another fuzzy local section of p on U such that ¢'(p) = q and
oo’ = Idy . Since o is local section for p on U by definition we have p o ¢ = Id;;. Thus by above discussion it is
clear that o is unique.

Theorem 2.6: Suppose p: M — M is a fuzzy smooth covering map and N is any fuzzy Banach manifold, then a map
F:M — N is fuzzy smooth if and only if F o p: M — M is fuzzy smooth.

Proof: Let p: M — M be a fuzzy smooth covering map and N be fuzzy Banach manifold. If F:M — N is a fuzzy
smooth map then by Proposition 2.2 the composition F o p is fuzzy smooth.

Conversely, if F o p is fuzzy smooth map and p € M then by theorem 3.1 there is a fuzzy open Q-neighborhood U of
p and a fuzzy smooth local section o:U — M such that p o o = Id, then we have £/, =F/ o1d, = F/ o

(poa) = (Fop)oa, whichis acomposition of fuzzy smooth maps. Thus F is fuzzy smooth map on U. Hence F is
fuzzy smooth in a fuzzy open Q-neighborhood of each point.

Theorem 2.7: Let M be a fuzzy Banach manifold and p: M — M is any fuzzy covering map then M has a smooth
manifold structure such that p is a smooth covering map.
Proof: Let M be fuzzy Banach manifold and p: M — M be fuzzy smooth covering map then any point p € M has an

-1
evenly covered fuzzy open Q-neighborhood U such that » /ﬁ : U, - U is fuzzy diffeomorphism. Since M is fuzzy

Banach Manifold let (U, ¢) be fuzzy Banach chart of M and U be component of »~(U). Thus we can consider U as
the domain of the co-ordinate map @: ¢ o p:U — E; where Sup(ﬂg(x)) =1Vx €M. Let U be a component of
2 1(U) and @: ¢ o p: U - E; be co-ordinate map then clearly, (U, (ﬁ) is fuzzy Banach chart on M. If two such charts

(T, ) and (V,) overlap then the fuzzy transition maps can be defined as:
-1

veo = v Plgan ol ¢ wan)

- l/)op/(ﬁm?)op_l/(ﬁnl?)od)_1

=Yoot
which is fuzzy diffeomorphism. Thus the collection of all such fuzzy Banach charts defines a smooth structure on M.

Remark 2.8: Since the co-ordinate map on M is given by @: ¢ o p: U — E;, it can be easily shown that the smooth
structure defined on M is unique by existence of unique fuzzy local section.

Theorem 2.9: Let p,: M - M and p,: M’ — M be covering maps with i, M’ be connected and M is locally fuzzy path
connected. If p: M — M is a fuzzy smooth map such that p, = p,# and 4 is also a fuzzy smooth covering map.

Proof: Let M and M are locally path connected fuzzy Banach manifolds and U be a path connected open Q-
neighborhood of M which is evenly covered by both the covering maps p, and p,. Then the fuzzy sheets above U for

#1 and p, are the fuzzy path component of p, ~'(U) = U;e; W; and p,~'(U) = Uj¢; V; where Wl/W, and ;)Z/V- are
L ]
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fuzzy diffeomorphisms. Since each W; is path connected and  is fuzzy smooth then g(W;) < V, where k € I relating
i and j. Since Wl/Wi and pZ/Vk are fuzzy diffeomorphisms it follows that W/Wi is a fuzzy diffeomorphism onto V.
Thus V,, is evenly covered by 4.

If #(M) is open fuzzy set in 5(M"). Let x; be any point of M" and V be a open Q- neighborhood of x;which
is evenly covered by #. Then V.n #(#) is nonempty and so, V < #(M). Since M is connected it follows that
;5(1\71) = M’ thatis 4 is surjective. Hence 4 is fuzzy smooth covering map.

3. FUZZY LIFTING PROPERTIES ON FUZZY BANACH MANIFOLD
In this section we define fuzzy lift and prove unique existence and lifting criteria referring [4] [7] [17].

Definition 3.1: Let p: M; —» M, be a fuzzy smooth covering map and let f: M, - M, be a fuzzy smooth map. A map
f:M, — M is said to be a fuzzy smooth lift of the map f if p o f = f.

Theorem 3.2: Let f: M, — M, be a fuzzy smooth map with connected domain M,. If f;, f,: M, - M, are two fuzzy
lifts of f which agree at at least one point then f; = f,.

Proof: Let f: M, — M, be a fuzzy smooth map with connected domain M,. If f,, f,: M, — M, are two fuzzy lifts of f
which agree at at least one point then we have W = {x;, € M,/f,(x;) = fo(x3)}. Let x; € M, and U be an evenly
covered Q-neighborhood of f(x;).

If x; € W then let V is a fuzzy sheet which is covering over U which contains x; such that f; = f, then
fi7Y(V) n £,71(V) is an open fuzzy set contained in W. Since pf; = pf,, W is open fuzzy set.

If x; € W then we choose disjoint sheets V, and V, over U such that f;(x;) € V; and f,(x;) € V, then
fi7'(V) n £,71(V) is an open fuzzy set contained in M; \ W. Thus we have f; = f,.

Lemma 3.3: If p:M, > M, is a fuzzy smooth covering space, a:(I,&) - (M, 7,) is any fuzzy path and
x;, € p71 (aA(OA(O))) then there exists a unique map &: (1, &) — (My, 1) such that p o @, = a, and @,(040)) = 3.

Proof: Let p:M; » M, is a fuzzy smooth covering space, a:(I,&§)— (M,,7;) is any fuzzy path and
x, €Ept (aA(OA(O))) then by definition of fuzzy smooth covering map, for every point y5 € a(A) there is an open Q-
neighborhood U, whose inverse image under p is disjoint Q-neighborhood each of which is mapped fuzzy
diffeomorphically by p on to U,,, the set of all such open fuzzy @-neighborhood covers a(4) and since a(A) is
a-compact where a € [0; 1], which has finite subcovers that we denote by U, U;, -+ U, that is a(4) € UX, U;.

Let x; = a,(0,(0)) € U, and U, be the component of p~1(U,) that contains x;, then we can lift a part of the
path a, contained in U, to U,.

Let z, € ay be a fuzzy point contained in both U, and U, and z,," € 327/U1 (z,) and U, be the component of the
»~(U,) containing z,’".
-1
We now extend the process of lifting of the fuzzy path to its part contained in U; by using » i which is
1

fuzzy diffeomorphism between U to U,. Continuing the process of lifting for finite number of steps the entire fuzzy
path  a, is lifted to a fuzzy path @, in M, and from above theorem we can show that the lift obtained is unique.

Theorem 3.4: Let p: M; — M, be fuzzy smooth covering map, f: M, - M, be fuzzy smooth map where M, is locally
fuzzy path connected and w, € M; and ys € M, such that (w,) = f(y5) = x;. If fhas a fuzzy lift such that

f:M, - M, such that f(ys) = w, then f.(m;(M,,y5)) € p. (nl(l\’/Tl, wp)).

Proof: For every z, € M, choose a fuzzy path a, from ys to z, € M, then clearly (fa)g is a fuzzy path from x; to
f(z,) € M;. Let f(z,,) be the terminal point of (fa); which is the lift of a fuzzy path (fa); starting at w,. Ifa,’ is
another fuzzy path from ys to z, in M, then a, -a," is a fuzzy loop at ys hence f( a, - a,") is a fuzzy loop at x; € M,

which by hypothesis lifts to a fuzzy loop at w,. Since (fa) is fuzzy smooth homotopic to f( a4 cay cay)=f(ay -
a,) - f(a,) as a fuzzy path from x; to f(z,) and their fuzzy lifts have the same end points and so
(Fa)s(1) = (fa') (D). Thus f is well defined.
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Let V be an open fuzzy Q-neighborhood of f (z,) we may assume that V is a fuzzy sheet above an evenly

covered open fuzzy subset i.e., U = p(V) of M. Let S be the fuzzy path connected open fuzzy @-neighborhood of z,
in f~1(U). Let u; € S and B be a fuzzy path from y; to u; so f(u;) = f(a, - Bz)(1) which is the end point of (ff).

the fuzzy lift of the fuzzy path (fB). begining at f(z,) in V , but (ﬁ/v)_l((fa)E) is also a fuzzy lift of same kind
thus fB5 = (‘/p/V)_l((fa)E) therefore f(u;) = (fB)rin V . Hence f(S) €V and so f is fuzzy continuous at z,.
Since z, is arbitrary we have f.(m;(M,,¥5)) € 2. (nl (M, wp)).
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