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ABSTRACT

In this paper we extend and generalize some known results concerning the Enestrom-Kakeya theorem.
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INTRODUCTION AND STATEMENT OF RESULTS

The following well-known theorem is due to Enestrom and Kakeya [8].

Theorem A: (Enestrom — Kakeya) Let p(z) = Z a; z' bea polynomial of degree n whose coefficients satisfy

j=0
0=aq;=a0=--=qa,

then p (z) has all its zeros in the closed unit disk |z| = 1

In the literature, there exist several generalizations of this result, (see [1], [3], [4], [7], [8]). Aziz and Zargar [2] relaxed

the hypothesis in several ways and proved:

n
Theorem B: If P(z) = Z az /'is a polynomial of degree n such that for some k& = 1,
Jj=0

kaﬂzan_lz--zalzaq

then all the zeros of P (z) lie in

For polynomials, whose coefficients are not necessarily real, Govil and Rehamn [6] proved the following
generalization of Theorem A.

Theorem C: IfP(z) = Z a;z 7 is a polynomial of degree n with
=0

Re(aj) = a;and Im(a;) = f; such that

I

{Iﬂ:iirﬂ_l:i"'";i{tl {I:I:iﬂ

where @, = 0 , then p(z) has all its zeros in

- n
&

el<1+ (=) (D1
1 i=0
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Recently Govil and Mc-tume [5] proved the following generalization of Theorems B and C

Theorem D: Let P(z) = Z a;z "bea polynomial of degree n with K& [‘aj) = @ and
j=0

Im(aj) =B, j =12, ..,nlIf for somek =1,

ko

s

-1 E o E {Il E {IU’

then P (z) has all its zeros in

ke, — @y + lagl+ 23| |
=0

lz+k—-1] =
|, |

n
Theorem E: Let P(z) = Z a;z’ be a polynomial of degree n with Re (a;) = a; andIm(a;) = f3;. If for
7=0
some £k = 1

kB, = B,,_1 = B,_3 = - = [y then p () has all its zeros in
kB — By + Byl + 23| ox; |
=0
18, |

In this paper we shall present some interesting generalizations of Theorems D and E, and consequently of Enestrom
Kakaye Theorem. We begin with

lz4+ k-1l <

Theorem 1: Let P(z) = Z(; ajzj be a polynomial of degree n with Re [aj) = @; and Im [Gj) = ﬁj: if for
=
some real number T, 0 << T = 1

n = ﬂ_l:_}"'Eirj_ET{IU}U

2[(1 -, + i|,8j ﬂ

|

then P (z) has all its zeros in

|z|£1+

Remark 1: Taking T = 1, in Theorem 1, we get Theorem C. If we apply Theorem 1 to the polynomial {I:F [Z) },
we easily get the following result.

. _ j . . _ _
Theorem 2: Let P(z) = Z;‘ a;z’ be a polynomial of degree n with Re [aj) = a; and I'm [aj) = 18_:' . 1If for
=

some real number 7, 0 = 7 =< 1

frnZfrn1z2p216>0
then p(z) has all its zeros in

2{(1—@,80 +Zn“|aj|}
18,

|z|£1+

Remark 2: If we take T = 1 in Theorem 1 and all the coefficients are real i.e. [ = 0 for all j, it reduces to

Enestrom-kakeya Theorem.
© 2011, I/MA. All Rights Reserved 1513
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. _ j . . _ o
Theorem 3: Let P(z) = Z(; a;z’ be a polynomial of degree n with Re [aj) = a; and I'm [aj) = 18_:' ; if for
j=
some real numbers T, 0 << T = 1 and k>1,

ko

n = O

-1 E "'E {Il ET{IU

then P(z) has all its zeros in

ke, + 2|ag| — T(|eg| + @) + zz;lﬁj |

lz+k-1| =
|een |

Remark 3: Taking T = 1 in theorem 3, we get Theorem D. Applying Theorem 3 to [— I:p [Z)) , we get

. _ j . . _ -
Theorem 4: Let P(z) = Zoajz be a polynomial of degree n with Re[aj} = a; and Im[aj) = ﬁja if for
i
somerealnumbers k = 1, 0 <17 =1

kfn=zfPpa1=z--=pz1hy

then all the zeros of P (z) lie in

K +z|ﬁn|—Tt|ﬁn|+ﬁn)+zg|aj|
1Bal

lz+ k-1 =

C ; g
Theorem 5: Let P(z) = Zajzj be a polynomial of degree n with Re[aj) = @; and Im(aj) = ﬁj- If for
7=0

somerealnumbers k =1, 0 = A =n—1,

Ap = Qp_q = - =0, kay 205 1=2~2a; =2a; =0

then all the zeros of p (z) lie in

2(k —Da, + 2Zn: 18)]
j=0

|z|£1+
|

n

Taking A=n in Theorem 5, we obtain

n
Corollary 1: Let P(z) = Z a7’ be a polynomial of degree n with Re (a;) = o; and Im (aj) = [3;.If for
=0

some real numbers Jr = 1,
ka, za,_ 1=-Z2a,=2a; =10
then all the zeros of p(z) lie in
k1
2215

. ]
lz| = k — 1)+ ——
[, |

Remark 4: Taking k=1 in corollary 1, we get Theorem D of Govil and McTume If all the coefficients are real i.e.,
ﬁ = 0, "'i‘"j and k=1, we get Enestrom-Kakeya Theorem.

© 2011, I/MA. All Rights Reserved 1514
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Applying Theorem 5 to (— iP [Z ]), we get the following interesting result.

Theorem 6 Let p(z) = Z ajzj be a polynomial of degree n with Re(a;) = @; and Im (aj) = [, If for
=0

somerealnumbers k¥ = 1, 0 = 4 <n —1,

SnZfos 22 B kB2 o2 2 By 2y 2 0

then p(z) has all its zeros in

20k -Dp, + 22":
B,

)|
|z|S1+

Proof of Theorem 1: Consider the polynomial
F(z) =(1 2)p(=)
=(1—-z)(az"+ a,_1z" * + -+ a;z+ay)
= —a,z"" + (a, — a,_1)z" + -+ (a; — ap)z + ag
= —a,z"" + (a, — @, 1)z" + -+ (@ — ap)z +
n
P iy +i ) (B~ 1)
i=1

= —a,z" 4 (o, —a,_4)z" + -+ (o, — Tay)z
+(ag — @)z + ag — iz + iBy + i X7 (B — Bi_1)Z

Now
IF(2)] = | — a,z™ +(a, —a,_1)z" + -+ (a3 — Tay)z + (Ta, — @)z + a,
T
B iBy i ) (B —B-)7|
j=1
= Iz|ﬂ+1 |':I'n| - Izlﬂ I[:':I'n - ':'r'.r:—l) + ['I.r:—l - ':I'.r:—t)l;z + 4 C':Il - T':IU) 1.?Jzﬂ_1

+(t—Dapg.1/z" +a,/z"—if,z+i8,1/z"

Fi) B - B Y| ]
=1

For IzI>1, we have

© 2011, I/MA. All Rights Reserved 1515
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IF(2)| = |z]" |anllz] — {lan — an_sl + |@n-y — @y 2| 1/lz] + -+ |y
—tap| 1/lz[* T+ |(T - Dllay| 1/|z[" T+ [aol/12" + |fnllZ]

+ 1Bl /121" + Z(Iﬁ;l + |B;-1D 1z’IZI“"j}l
i=1

i

= |z|" |la,llzl — {(a, —ap_ 1+ ayy — @y s+ +ay —Tay +(1 — Day +

n
+ 1Bnl + 1Bol +Z |B; 1+ 18113
i=i
(By hypothesis)
= |z [layllzl — {a, + 2(1 — Do + 22X, |51} > 0if

2(1-7)a, + 22"“\@\

[

|z|>1+

n

Hence all the zeros of F (z) whose modulus is greater than 1 lie in

2(1 —1)ap + Zi;|ﬁi|

z] =1+
|ty |

Since all the zeros of F(z) whose modulus is = 1 already satisfy the inequality, it follows that all the zeros of F(z) and
that of P(z) lie in the circle

201 —Day + 23| 4|
U
lz| =1+

|y |

This completes the proof of the Theorem 1.

Proof of Theorem 3: Consider

F(z) = (1- 2)p(z) = —aﬂzﬂﬂ —(a, — an_1)2" + -+ a;z+a,
= —a,z"" 4 (a, — ay_)Z" + -+ (ay — )z +

mn
—if, 2"t +if, + iz B; — B,-1)2’
—

)

nE kayz™ | apz™ | (kay, ap_q)z™ || (@ 7Taglz | (tay ag)z

T
g — iz 4 iy~ i ) (B — By
=1
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Now for I zI =1

IF(2)| = [~a,z2" — ka,z" + a,z" + (ka, — a,_1)z" — -+ (@ — Tay)z + (T

— )z +ay — iB. ﬂ+1+lﬁn+lz\ﬁ; Bz’

i=

= |z|" e,z + ke, — a,| — |2|"

(ke — 1) + (@p_1 — @y _2)1/2 + -+ (a4 _T'ﬂfn)lfzﬂ ! +(tay — apll/z n-l

+ay/z" — i,z —i——+LZ(J|5’Jr 1}1,/"“ J

= |zl [leyllz + (k — 1)

1 1
—|.Z|"rt |IC{Iﬂ—iIﬂ_1|+|{Iﬂ_1—{Iﬂ 9|| I+ +|ﬂ51 THUIW

1
1=l s + 0+ gy el + Iﬂ+Z|ﬁ; 1l J]
= |z|™ |, | |z = (k — 1)
- I‘Zlirt [.!E{Iﬂ 2T e ¢ G Rl S b o (ﬂfl _Tﬂfn) + (1 —T:'Iﬂfnl

+ lag +|ﬁn|+|ﬁn|+2|ﬁj|+ |ﬁj—1|]

T
= lzI" [laallz + & — 1] = | ke, + 2la] —7(lagl +ao) +2 ) ||
j=o
= 0,if
kﬂfﬂ +2|ﬂfnl —T(|EU| _{IU)+EZ|J'8,:'|
lz+k—1] >

|a,,|
Hence all the zeros of F [7) whose modulus is greater than 1 lie in

kay + 2lagl —1(lagl — ag) +23°| 5 |
0

lz+ k-1 <
|ex,, |
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But all the zeros of F (z) whose modulus is = 1 already satisfy the inequality. This shows that all the zeros of F (z)
and hence of P (z) lie in the disk

ke, + 2la;| — (e, + «;) +23| 5|
lz+k—1]< ~

et |
That proves the result.

Proof of Theorem 5: Consider the polynomial

F(z) =(1-2)p
= (1—2D(apz"+ay_12" + — +ag 2 +ayzt +ayz 4 ag)

= —a,z"" ~(a, — a1 )2+ + (a1 — @)z + (g —ap )zt + - +
(a, —aglz + ag

= —a,z™" - (a, — a,_1)z" + =+ (@ — @)z + (g —y_y )zt + -
T
+ (ay —ap)z+ ag — ifz" T + iBy + iZ(ﬁj —B; 1)
=1
For |z| = 1, we have
|F(Z1 = |_ a’/nZnJrl + (an - a’/n—l )Zn +eet (aZ.H - a’//{ )Z/1+1 - kalzl + aﬂzl + (kan - a’/n—l )Zn

n
+"'+(051 _ao)Z+ao _iﬁnznﬂ"'iﬁo +i2(ﬁj _:Bj—l)zj
=

1

2|Z|n[|0{n||z| _ﬂ(a’n —a, )+t (g, _al)zn__gq —(k-1)a, ) + (ke _05/1—1)2,,__,1
1 | P S 1
+--~—|—(a1 _ao)F+a0Z_"_lﬂnZ+lﬁoz_”+lz(ﬁj _ﬁj—l)F}:|
=

n
>[4,

z|—ﬂ(0{n —a, N+t |y, —a,)+ (k-Da,|+|ka, -, )

B, +|ﬁ0|+i|ﬁj|+|ﬁf—l|ﬂ

+ot (e — o ) +ew| -

:|Z|n“an Z|_{(an _an71)+".+(a/1+1 _al)+(k_1)a,1 +(kal —a’,H)

+ot (o, —a,)+a, +2Zn:|ﬁ.f|H

||,

|

7 - {— o, +2k -, + 22|ﬁ]|H >0, if

2k~ e, + 2i|ﬁj|

o

n

|2 >1+

Hence all the zeros of F(z) whose modulus is greater than 1 lie in
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n
2k —a, + 2Z|ﬁj|
Jj=0

o

|2 <1+

n

But all those zeros of F(z) whose modulus is less than or equal to 1 already satisfy the above inequality. Thus, all the
zeros of F(z) and therefore P(z) lie in the circle defined

2k —1)a, + 2Z| B
j=0

o

|2/ <1+

n

This completes the proof of Theorem 5.
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