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ABSTRACT

Jayasree and Swamy (2006) derived new series of distributions called SJS derived power series distributions. In this
paper an attempt is made to derive a new discrete probability distribution using restriction on one of the two
parameters in the distribution given by Kulasekera and Tonkyn (1992). Properties of the derived distribution are
presented with suitable examples.
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1. INTRODUCTION

Suppose thata = (ap, ai, a,, ...) iS a sequence of nonnegative real numbers. The partial sum of ordern € N is
gn(0) = = a,0%, k=0, 1 ... n for all 6 € R. The power series is then defined by g(6) = lim,_.. gn(8) for 6 € R for which the
limit exists, and is denoted ga(0) = a0, k= 0,1 ... V 6€R. A random variable n with values in N has the power series
distribution associated with the function g (or equivalently with the sequence a), with parameter 6 € [0, r), if N has
discrete probability density function fy(n) = a,0" / g(0), n € N.

Let Py(s) and P,(s); | s | <1 are the probability generating functions of two power series distributions. Jayasree and
Swamy (2006) defined a family of new power series distributions with the convolution of P;(s) and [P,(s)]™* called
Derived Power Series Distributions (DPSD). Consider a DPSD for which the probability mass function is given by

P[X:x]:{w} do; x=12 ... (11)
bOf(el)
RS , . b .
where d, =a, —ij d, ;; X=12 ..with a, =%(91)X and b, =—1,);: 6,,6,>0
i1 0 o

The mean and variance of derived power series distributions are p = py; — dp and o’ = 6,° — 6,° where L1, o1 are the
mean and variance of P(s) and i, o,”are the mean and variance of P,(s) power series distributions. Some of the power
series distributions defined by Kulasekera and Tonkyn (1992) and Jayasree and Swamy (2006) are presented below.

Definition 1.1: A random variable X is said be a derived power series probability distribution if it satisfies the
probability law P [X = x] = x*q*/ (Z x"q"); X=1,2,...;-0o<a<ow, 0<q<1;p+q=1. For fixed value of a, the
distribution belongs to the family of power series distribution. The mean and variance of the distribution are (1+q) p™*
and 2qp™.

Definition 1.2: A random variable X is said to be a Geometrico-Poisson Distribution if it satisfies the probability law
P[X=x]=¢"(0")"(1-60™) S(x,0) where x =1, 2, ... ; 0< 8 < 0 < 1, where S(x,0) =Z(—1)X0X /x1; 0 =20q;

x=0
5=0(1-p). The mean and variance of Geometrico-Poisson Distribution are p= 8[0™(1- 80™)*-1] and o° = 50™'[(1- 56™) % 6].
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Definition 1.3: A random variable X is said to be a N-Bino-Geometric Distribution if it satisfies the probability law

PIX=x]= "™2C,q*p™; x=12,..; r>2; 0<q<l. The mean and variance of NBGD are n = (r-1) qp™* and
o’ =(r-1) gp”

Definition 1.4: A random variable X is said to be Log-Geometric Distribution if it satisfies the probability law

n-2 n-3
P =0pa 0 _ a9 . n=2,3,4,.. (1.2)
(n-1) (-2

with P, =0 p’la d,; where, o= —{ |Og(l— 9) }71. The mean and variance of LGD are p = a(1- 0)-p™ and
o® = [a0(1-0)™] [(1-0) - af] -

2. NEW DERIVED POWER SERIES DISTRIBUTION

Let X be the random variable follows a power series probability distributions of Kulasekera and Tonkyn (1992), and Y
be the random variable follows Geometric distribution. Let P,(s) and P,(s) are the probability generating functions of
the two power series distributions in s and convergent for |s | <1

P,(s)=b™> xq,"s* and P,(s)=p,».q," 8" Is|<t 2.1)
x=1 y=1

Where P [X =x] =x"q;"/ (D X"0,); and [Y=y]=p2a2™ y=12,...

x=1

The convolution of P,(s) and [Pz(s)]'l is

P@s) = [P,(S).[P,(s)] " = {b‘li kqlxsx} q{pziqzysy}

y=1

~ (bp, ) d, [(0.5)+ 2(0.5) +3(as) + .| [(@:8)+ (@) +(@,8)* +..]”
= 0,(bp, ) [+ 2(a,8)+ 3(a.s + ] i+ (a,9)+ (@, S) F

- q,(bp, )" {Hi (k+1)Xq,s M+i T

k=1

0

= >'p,s* where p, :ql(bpz)_l[(x +1) q," —qux‘lqz] 2.2)

x=1
Therefore, P(s) is a power series in ‘s’ which converges for |S| <1. Under appropriate conditions for the coefficients of
the power series P(s) to be non-negative, one can consider this as the probability generating function of a random
variable, where from, the p.m.f. can be obtained by identifying the coefficients in P(s).

Theorem 3.1: The vector P = (po, p1, P2, --- --- ) where py is given by (2.2) defines a proper probability distribution, for
0<py<p; <l

Proof: The probabilities specified in equation (2.2) is

PE=Yp,s" where p, =0 (bp,) [(x+1) 0" ~xq,"q,

x=1

LetP=[po p1 P2 ... ... ] be the vector of probabilities generated from Probability distribution, then we must have,

>0and pr =1
x=0

Let dy=[(x+1)qxq: " q2]= [Xa:* + 92 - xq:*Yq,] = dy >0, x =1, 2 ... Hence py, X = 1, 2, ... defined in (2.2) are
positive.

o0

> p, =2 qb’p; [(X+1) q, qu“qz]

x=0 x=0
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o0

= plzpzilz[{(x + l)q1x} _{Xq1X7lq 2}]

= pp, D+ 1)a, {0, Y xa,

= plzpz_l[pl_2 - qul_z]
=1.

Theorem 3.2: The mean of the derived power series distribution is difference between the means of numerator and the

denominator power series distributions = (1+ ql)pl_1 - pz_l

Proof: p=E[X] = plzpz_lilxdX
x=1

o0

= plzpzilz[x{(x + 1)q1x}_{xqux—1q2}]

x=1

- p,%p, [0, (0~ 0. ), - xa,

= [pl2 (pqu)il(ql - qz)zxqux] + [pl_quplzpz_l]
x=1
= [p12 (pqu)_l (ql - qz)(2q12 + p1q1)/p13] + qlpzil

1

= (1+ ql)pl_l - pz_ :

Theorem 3.2: The variance of the derived power series distribution is the difference between the variances of the
distributions whose probability generating functions were considered in the numerator and the denominator
respectively

Proof: 6% = E[XZ]— EX] = plzpzfliolxzdX —p?
x=1

0

Consider ixzdx = Z{X(X ~1)+x}d,
x=1

= 3 Ix(x - + 1, F 00, 0.3+ -,
= 3 X - DX +1)0, ]~ 0,0, S X2 (x ~1)g,* +

= Y X -Dx-+1)0, - 0,0, [ X -1, + Y x(x -1, T+

= 6Q12pli4 - 2(qlquf3 - 60‘12qu174 - ququlfs +u

From (3.2) and (3.3)
02 = p12p271[6q12p174 - quclzp{3 - 6q12q2p174 - 2q1q2p173] + uplsz—l - “2

On simplification,
-2 -2
c’ =20,p; " —0Q,p, " .
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Applications:

1.

In statistical quality control the control limits for the shewhart control chart based on probability can be set,

satisfying p{ixi > UCL/HO} =aq, and p{ixi < LCL/HO} =a, where, oy and o, are specified, in such a

i=1 i=1

n
way that o, + o, is the probability of false alarm. Since T, = in has Negative Binomial distribution with
i=1
parameters (n,q) , the UCL and the LCL can be obtained from the tails of that distribution. Further, the OC-
function P(ql,qz) can be obtained from the SJS-4 distribution for (; # J, .So also the ARL function
-1

ARL(ql,qz) can be obtained in the usual manner as ARL(ql,qz) = {1— P(q)}

In testing of hypotheses H, 1, =0, =q VS. H, :q, #0, atl.o:s. o, under Ho, from remark (3.5) one
can observe that the SJS-4 distribution in (3.6) collapses to the geometric distribution, in which, the sufficient

n n
statistics for g is given by in and the distribution of in is Negative Binomial (n,q) where n is the size
i=1 i=1
of the random sample drawn from the SJS-4 distribution. Hence the cut-off points of the test are obtained
corresponding to a given level o of significance and thereby, the power of the test can be obtained..
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