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ABSTRACT
A Radio Mean labeling of a connected graph G is a one to one map h from the vertex set V(G) to the set of natural

(h(x)+h(y)1
2

numbers N such that for any two distinct vertices x and y of G, d(x,y) + > 1+ diam(G). The radio
mean number of h, rmn(h), is the maximum number assigned to any vertex of G. The radio mean number of G, rmn(G),
is the minimum value of rmn(h) taken over all radio mean labelings h of G. In this paper we find the radio odd mean
and even mean number of some graphs such as Umbrella graph, a Rooted tree and a K; + C,, graph,

Keywords: Radio odd mean labeling, Radio even mean labeling, Distance, Eccentricity, Diameter, Umbrella graph, a
Rooted tree and a K; + C, graph.

1. INTRODUCTION AND DEFINITION

Throughout this paper we consider finite, simple, undirected and connected graphs. V(G) and E(G) respectively denote
the vertex set and edge set of G. Radio labeling, or multilevel distance labeling, is motivated by the channel assignment
problem for radio transmitters [1]. Ponraj et al. [10] introduced the notion of radio mean labeling of graphs and
investigated radio mean number of some graphs [3, 11]. C. Davidraj, A. Subramanian and K.Sunitha investigated radio
mean number for some graphs [7]. D.S.T.Ramesh, A. Subramanian and K. Sunitha investigated radio labeling of some
graphs [9] and introduced the radio mean square labeling of some graphs [8]. N. Revathi [5] introduced the notion of
Vertex Odd Mean and Even Mean labeling of Some Graphs. The span of a labeling h is the maximum integer that h
maps to a vertex of G. The radio mean number of G, rmn(G) is the lowest span taken over all radio mean labelings of
the graph G. For standard terminology and notations we follow Harary [4] and Gallian [6]. The distance between two
vertices x and y of G is denoted by d(x, y) and diam(G) indicate the diameter of G.

Definition 1.1[2]: The distance d(u, v) from a vertex u to a vertex v in a connected graph G is the minimum of the
lengths of the u-v paths in G.

Definition 1.2[2]: The eccentricity e(v) of a vertex v in a connected graph G is the distance between v and a vertex
farthest from v in G.

Definition 1.3[2]: The diameter diam(G) of G is the greatest eccentricity among the vertices of G.

Definition 1.4: A radio odd mean labeling is a one to one mapping h: V(G)—{1, 3, 5, ..., N} satisfying the condition
+ +
oy [ HOHO) 21

romn(G).

—‘2 1 + diam(G) for every x, yeV(G). The radio odd mean number of G is denoted by
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Definition 1.5: A radio even mean labeling is a one to one mapping h: V(G) —{2, 4, 6,..., N} satisfying the condition

h(x) +h(y) _ . .
d(x, y) + — 5 >1 + diam(G) for every X, yeV(G). The radio even mean number of G is denoted by remn(G).

Definition 1.6[5]: For any integer n > 2, the umbrella graph U(n, n-1) is obtained by joining a path P, with the central
vertex of a fan f, .

Definition 1.7 [2]: A tree in which one vertex is distinguished from all the others is called a rooted tree and the vertex
is called the root of the tree.

Definition 1.8: The join of graphs K; and C,, K; + C,, is obtained by joining a vertex of K; with every vertex of C,
with an edge.

2. MAIN RESULTS
Theorem 2.1: romn (U(n, n-1)) =4n-1,n = 3.

Proof: Let xy, X, ..., X, be the vertices of the path P, which are joined to the central vertex y,.; of the fan f,. The
resultant graph is U(n, n-1) whose vertex set is V(U(n,n-1)) = {X1, X2, .., Xn, Y1, Yo, ..., Ynip and edge set is
E(U(n,n-1)) = {Xi Xis1: 1 SiSn =13 U {yiyisr: 1SS0 = 23U {Xyp1: 1 <i<n}

Clearly, diam(U(n, n-1)) = n — 1. Also the graph U(n, n-1) has 2n - 1 vertices and 3n - 3 edges. Define a function
h: V(U(n, n-1)) =5 {1,3,5, ..., 4n-1} by

h(x)=4i-1,1<i<n

h(y))=4i-3,1<i< n-1

Now we check the radio mean condition for h.

Case-a: Consider the pair (x;, X;), i #j, 1< i,j<n
h(x;) + h(x;) +1 [ 4i+4j-1]

d(xi, x;) + ( ') ( J) >1+ w

2 2

Case-b: Consider the pair (y;, y;), i#j,1<i,j< n-1
h(y;) + h(y;) +1 [4i+4j-5]

v, y,-)+[ b+ hey) }u A4

> n=1+diam (U (n, n-1))

2 2
Case-c: Consider the pair (Yn.1, X)), 1< i< n
d(yn-1, Xi) + {h(y”'l) + h(x) +1—‘ =1+ {M—‘ >n

2 2
Case-d: Consider the pair (x;, ¥;)), 1< i< n, 1< j<n-1
h(x.) + h(y;) +1 i+4i-
d(x; Yj)"' |V (X|) Z(y]) “214_’7 4|+24j 3—‘ >

Thus, the radio odd mean condition is satisfied for all pairs of vertices. Hence h is a valid radio odd mean labeling of
U(n, n-1).Therefore romn(U(n, n-1)) < romn(h) =4n - 1.

Since h is injective, romn(U(n, n-1)) > 4n — 1 for all radio mean labelings h and hence romn(U(n, n-1)) =4n-1,n = 3.

Example 2.1: For the graph U(5,4) in Figure 1, romn(U(5,4)) = 19

3 7 11 15 19
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Theorem 2.2: remn(U(n,n-1))=4n,n > 3

Proof: Let Xy, X, ..., X, be the vertices of the path P, which are joined to the central vertex y,., of the fan f,. The
resultant graph is U(n, n-1) whose vertex set is V(U(n,n-1)) = {X;, X2, ..., Xn, Y1, Y2, ---» Yn1} and edge set is
E(U(n, n-1)) = {Xi Xj+1: 1 <i<n = 13U {yYier: 1<iSn =23 U {Xiyn1: 1<i<n}.

Clearly, diam(U(n, n-1)) = n — 1. Also the graph U(n, n-1) has 2n - 1 vertices and 3n - 3 edges. Define a function h:
V(U(n, n-1)) > {2, 4,6, ..., 4n} by

hx)=4i,1< i< n;

hiy)=4i-2,1<i< n-1

Now we check the radio mean condition for h.

Case-a: Consider the pair (x;, X)), i #j, 1< i,j<n

"hxy) + hix) }“ i)

d(x;, x;) + > n=1+diam (U (n, n-1))

2
Case-b: Examine the_pair oy i#j,1<i,j<n-1
Case-c: Examine the Qair (Vo1 Xi), 1< i_S n
h(yn_1)2+ hxi) . , +(4(n -1)2+ 4i- 21 .-
Case-d: Consider the_pair (X, yp), 1< i_S n1<j<n-1
) 00 1, [ 40452]

d(yi yj) +

d (yn-l! Xi) +

d(xi, y;) + >n

Thus, the radio even mean condition is satisfied for all pairs of vertices. Hence h is a valid radio even mean labeling of
U(n, n-1).Therefore remn(U(n, n - 1)) < remn(h)= 4n.

Since h is injective, remn(U(n, n - 1)) > 4n for all radio even mean labelings h and hence remn(U(n, n- 1)) =4n,n> 3.

Example 2.2: For the graph U(5,4) in Figure 2, remn(U(5,4)) =20

Figure-2

Theorem 2.3: romn(RT,,) =4n+1,n>2

Proof: Let u be the root of the tree and let x;, X, ..., X , be the vertices which are joined to the vertex u of the tree. Let
Y1, Y2, ..., Y o b€ the vertices which are joined to the vertex x;, 1<i<n. The resultant graph is RT, , whose edge set is
E={xy/1<i<n}uU{ux,1<i<n}and diam(RT,,) = 4.

Define the radio odd mean labeling h: V(RT,,) — { 1,3, 5,..., 4n+1} by
h(u) = 4n +1;
h(x))=2i-1,1<i<n
h(y)=2n+2i-1,1<i<n.
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Next we check the radio mean condition for h.

Case-a: Consider the pair (u, x)), 1<i<n
dux) + {h(u) +h(x;)+1 —‘:1 .\ [4n +2i+1

2 2
Case-b: Consider the pair (u, y;), 1<i<n

d(u,yi){h(u) i hz(yi) 1 1: 2+ {—GH +22i +11z 5

Case-c: Consider the pair (x;, X)), i#j,1<1i,j<n

W >5=1+diam(RT, )

Th(x;) +h(x;))+1 | i+ 2j-
d(x;, X)) + 0xi) * h(x;) =2+ 21+2)-1 >5
2 2
Case-d: Consider the pair (yi, y)), i#j, 1< i,j< n
Thiy;) +h(y;)+1 | I i+2j-1]
diyi, ) + ) (y’) =4+ —4n+2|+2] 1 >5
2 2
Case-e: Consider the pair (x;, y;), 1< i,j< n
Th(x;) +h(y)+1 | I i+2j-1T
dixi, ) + (i) Z(yj) >1+ —2n+2;+21 1 >5

Thus, the radio odd mean condition is satisfied for all pairs of vertices. Hence h is a valid radio odd mean labeling of
RTqn. Therefore romn(RT,,) < romn(h) =4n + 1.

Since h is injective, romn(RT, ) > 4n+1 for all radio odd mean labelings h and hence romn (RT,,) =4n + 1.

Example 2.3: For the graph RTss in Figure 3, romn( RTss) = 21

21

Figure-3

Theorem 2.4: remn(RT,,) = 4n+2,n>2,

Proof: Let u be the root of the tree and let x;, X, ..., X , be the vertices which are joined to the vertex u of the tree. Let
Y1, Y2, ..., ¥ n be the vertices which are joined to the vertex x;, 1<i<n. The resultant graph is RT, , whose edge set is
E={xyi/1<i<n}U{ux,1<i<n}and diam(RT,,) = 4.

Define h: V(RT, ) > {2,4,6, .., 4n + 2} by
h(u) = 4n+2;
h(x) =2i,1<i<n;
h(y;) = 2n+2i, 1<i<n.

Next we check the radio mean condition for h.

Case-a: Consider the pair (u, x;), 1<i<n

d(u, x;) + {w-‘ =1+ PJH—ZZH-ZW >5 = 1+diam(RT,, )
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Case-b: Consider the pair (u, y;), 1<i<

d(u, yi) + {—h(u) ;h(yﬂ: 2+ {—6n +22i +2W >5

Case-c: Consider the pair (xi, X;), i#j, 1< i,j<n

PO
Case-d: Consider the pair (y;, y;), i#j, 1< i,j< n
vy + hwl)m(yﬂ {4n+2|+211 i

Case-e: Consider the pair (i, yj), 1< i,
h0s) iy, }2“ [2n+§|+211 .

Thus, the radio even mean condition is satisfied for all pairs of vertices. Hence h is a valid radio even mean labeling of
RTqn Therefore remn(RT,,) < remn(h) = 4n + 2.

d(xi, yj) +

Since h is injective, remn(RT, ) > 4n+2 for all radio even mean labelings h and hence remn (RT,,) =4n + 2.

Example 2.4: For the graph RT,, 4 in Figure 4, remn( RT,4) = 18

18
16 14
12 0
2
Figure-4

Theorem 2.5: romn(K;+C,)=4n+1,n>2,

Proof: Let x4, X, ..., X, be the vertices of the cycle C,and let ube the vertex of K; which are joined to the vertex x; of
the cycle C,, 1<i<n. The resultant graph is K; + C, whose edge set is E = {X; Xj+1, Xn X1 /1<i<n-1} U {ux;,;1<i<n}
and diam(K;+C,) =2.

Define a radio odd mean labeling h: V(K; + C,) - {1, 3,5, ...,4n+ 1} by h(u) =3 and h(x)=4i+1,1<i<n.

Now we check the radio mean condition for h.

Case-a: Consider the pair (x;, X)), i #j, 1< i,j< n

d(xi, X)) + {h(xi)+2(xj)+1 l21+ (—4”;']—4-2

—‘ > 3= 1+diam(K; + C,)

Case-b: Examine the pair (u, X)), 1 <i<n

d(u, x) {W—‘: 1 +{¥-| >3

Thus, the radio odd mean condition is satisfied for all pairs of vertices. Hence h is a valid radio odd mean labeling of
K, + C, .Therefore romn(K; + C,) <romn(h) =4 n +1.

Since h is injective, romn(K; +C,)) > 4 n + 1 for all radio odd mean labelings h and hence romn( K, + C,)) = 4n +1.
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Example 2.5: For the graph K; + Cs in Figure 5, romn (K; + C5) = 21

3
Figure-5

Theorem 2.6: remn (K, +C,)=4n+2,n>2

Proof: Let x4, Xy, ..., X, be the vertices of the cycle C,and let ube the vertex of K; which are joined to the vertex x; of
the cycle C,,, 1 <i<n. The resultant graph is K; + C, whose edge set is E = {X; Xj+1, Xn X1 /1 <i<n-1} U {ux;,;1<i<n}
and diam(K; + C,) = 2.

Define the radio even mean labeling h: V(K; + C;) - {2, 4,6, ..., 4n+2} by
h(uy=4and h(x)=4i+2,1<i<n

Next we check the radio mean condition for h.

Case-a: Consider the pair (x;, X;), i #j, 1< i,j<n

d(x;, x;) + {w] >1 +(4i+—24j+412 3=1+diam(K; + Cy)

Case-b: Examine the pair (u, X)), 1 <i<n

d(ux) + [M]zl+[m—;6—|23

Thus, the radio even mean condition is satisfied for all pairs of vertices. Hence h is a valid radio even mean labeling of
K; + C,. Therefore remn (K; + C,) <remn(h) = 4n + 2.

Since h is injective, remn(K; + C,) > 4n + 2 for all radio even mean labelings h and hence remn(K;+C,) = 4n+2.

Example 2.6: For the graph K; + Cs in Figure 6, remn (K; + Cs) = 22

Figure-6
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