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L1-CONVERGENCE OF DERIVATIVE OF FOURIER SERIES USING MODIFIED SUMS
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ABSTRACT

In this paper we discuss the L*-convergence of the r-th derivative of Fourier series using modified trigonometric sums
introduced by Rees and Stanojevic [15] and by Kumari and Ram [12]. It is shown that results concerning L’-
convergence of r-th derivative of trigonometric series can be better established using modified trigonometric sums as
compared to classical partial sums. Previously obtained results in this direction by Bhatia and Ram [3] and Kaur and
Bhatia [9] have been generalised.
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1. INTRODUCTION

Consider the cosine series.
az_o + Y ro, axcoskx 1.1
and let its partial sum be denoted by Sx(x) and also f(x) = lim,,_,, S, (x)

It is well known that the Fourier series of a function f may not converge to f in Li-metric ([1], Vol. II, Ch. VIII§
22). Many authors introduced different classes of coefficients to study the integrability and L!-convergence of
trigonometric series. The work was initiated by Young [24] in 1913 and Kolmogorov [11] in 1923 by taking the
classes of convex sequences and quasiconvex sequences respectively. Sidon [20] introduced a condition which
is weaker than quasi convex and is described by Telyakovskii [21] as

Definition [20, 21]: A sequence {ax} is said to belong to class S if ax = 0(1), k > and there exists a sequence{Ax}

such that (a) Ak¥ 0,k > o0 (b) T2, Ay < o0 () |Aay| < Ak for all k

These authors proved the following necessary and sufficient condition for L1-convergence of Fourier series;
[I1f=Sn|| = 0(1),n > o, iffa, logn =0(1),n > o (*)

Regarding the integrability and Ll-convergence of trigonometric series, some other classes of coefficients with
modifications and generalisations of above mentioned classes have been introduced by authors like Fomin [4],
Moricz [13], Tomovski [23] and Tikhonov [22]. All these authors confirmed that (*) is necessary and sufficient
condition for L1-convergence of Fourier series.

In order to find better results, many authors like Rees and Stanojevic [15], Kumari and Ram [12], K. Kaur,
Bhatia and Ram [7], ]. Kaur [10] and Krasniqi [8] introduced modified cosine sums and modified sine sums and
proved that these modified sums approximate their limits better than classical partial sums. But out of all the
modified sums introduced so far, the sums introduced by Rees and C.V. Stanojevic [15], Kumari and Ram [12]
have been widely studied along with their complex forms.
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In this paper we will consider only modified cosine sums as results on modified sine sums can be interpreted
on similar lines.

Rees and Stanojevic [15] introduced following modified cosine sums

8n(X) = 5 Xro Ady + Xty X7 (A )cos kx
and it is also studied by many other authors like Garett and Stanojevic [5, 6], Ram [14] and Singh and Sharma
[16,17].

Garett and Stanojevic by considering the class of bounded variation and class C [5] proved the following result;
Theorem A: [5] If {ax} belongs to class C and is of bounded variation, then ||f- gu|| = 0(1),n >

Ram proved the following theorem by considering the class S.

Theorem B: [14] If {ax} belongs to class S, then ||f- gu|| = 0(1),n > o

Kaur and Bhatia proved the following result considering r-th derivative of (1.1)

Theorem C: [9] If {ax} belongs to class S;, then ||ff—gty|| = 0(1), n—>0o,

From above results, it is clear that authors proved the results without considering the condition aslogn = o(1);
n > oo. Thus this is the improvement as compared to classical partial sums where the condition aslogn = o(1);

n - o is necessary and sufficient for the L!-convergence of Fourier series

Kumari and Ram [12] introduced modified cosine sums as
a;
hy(x) = % + Xk=1 X A (7’) kcoskx
and proved the following theorem

Theorem D: [12] If {ax} belongs to class S, then
[|[f-hn]] = 0(1), n & oo if and only if anlogn = 0(1),n > o

Bor by considering the class S(8)[see [2]] proved the following result.

Theorem E: [2] If {ak} belongs to class S(3), then

[|[f-hn]] = 0(1), n = oo if and only if anlogn = 0(1),n > o
The result of Theorem E is an improvement over result of Theorem D where as the result of Theorem E has
been further modified by authors Singh and Kaur [18] in which the condition anlog n = 0(1); n = oo; has been
removed while proving the result.

Bhatia and Ram [3] proved the following result considering r-th derivative of (1.1);

Theorem F: [3] If {ax} belongs to class Ry, then ||ff—h] || = 0(1), n—>oo,

In this paper we will prove some results regarding L1-convergence of r-th derivative of (1.1) using modified
sums gn(x) and deduce the results for h,(x). We have attempted to consider both the sums gn(x) and hn(x)
simultaneously while proving our results. Thus our results will generalise the results proved earlier by various
authors like Bhatia and Ram [3] and Kaur and Bhatia [9] in a certain way though these authors have taken

different classes of coefficients while proving the results.

Definition: A sequence {ay} is said to be generalised quasi-convex if
Yo kTt A%a | < ;7 =0,1,23 ... (1.2)

Clearly for r=0, (1.2) reduces to class of quasi-convex.

The first result of this paper is the following theorem:

Theorem 1.1: If a null sequence {ay} is generalised quasi-convex, then
) [If'(x) - gn ()| = 0(1),n > 0

(i) ||fr(x) - gr()|| = o(1), (n = oo) implies ||fr(x) - AL (x)|| = o(1) as axn® >0, n > oo
(iii) |[fr(x) = SE(x)|] = 0(1), n &> oo, iff an41 nlogn = 0(1),n > o
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Sheng [19] generalised the notion of class S in the following way:

Definition [19]: A sequence {ax} is said to belong to class Sy, if ax = 0(1), k> and there exists a sequence {Ax}
such that

(@) Akd 0, k> o

(b) Zk ok*A, < o, for some o> 0

(© ~3r, 28 = 0(1), 1<p<2,n > o

AP
The second result of this paper is the following theorem:

Theorem 1.2: Let the sequence {ax} belongs to the class Sp,, o > 0, re{0,1,2,..[a]} and |an+1|n" log n = o(1),
n > . Then
[fr(x) - g7, (x)]] = o(n"~%),n 2 oo and ||fr(x) — hp(x)|| =0(1) asan™ > 0,n > oo

2. LEMMAS
We require the following lemmas for the proof of our results.

2.1. Lemma [19]:

If Du(x) and D, (x) are Dirichlet and conjugate Dirichlet kernels respectively and are defined by

D()—M ()_

COS——COS(Tl+ )

Zsm
2

Then
@ [IDr )| = % (nr logn) + O(nr), r=0,1,2,3..., where D] (x) represent r-th derivative of the Dirichlet kernel.

(b) 1ID5(x)l=0(n" logn), r=0,1,2,3....
2.2. Lemma

If K,(x) denotes Fezer kernel defined by
Kn(x) = — 7= Dj(x),then

n+1

IKa (Il = 0(1) and by Zygmund Theorem [[1]; Vol: II; p:458]; we have
K5 Ol =0(n"), r=0123...

Also we have well known results
(i) D(x) = (n+ 1)D,(x) — (n + DK, (x)
(i) Di* (x) = (n + DD (x) — (n + DKy (x)

3. PROOF OF THEOREMS
Proof of Theorem 1.1:

We have
In(x) = 2 TR0 Ay + Xy BT Ajcoskx
= S,(X) = ap+1D4(X)
Then
In(x) = Sy (x) — any1 D7 (%)

Clearly lim,,_,., g5 (x) = lim,,_,.. S} (x) = f(x) for x € (0, x].

Therefore
F() - ga () = Tiecnsn k7 ay cos (kx + ) + a1 Di(x)
= lim [ZZL,HI aik”cos (kx + kz—n) +] + a,41 D5 (x)

Applying Abel's Transformation twice we have
F(x) = gn () = lim [¥55001 Aai Dy (%) + @ Dy (%) = @yt D7 ()] + @y Dy ()
= lim [Zk “n+1 A Dy (x) + ap, Dy (x)]
—hm [Zk o (ke + DA% a Ky (x) + mAay,_; Kiy_ (x) = (0 + 1Ay, K} (x) + a,, D7 ()]
= Zk_n+1(k + 1A%, K] (x) — (n + DAay K (x)

© 2017, IJMA. All Rights Reserved 118



Karanvir Singh *1, Kanak Modi® / L1-Convergence of Derivative of Fourier Series Using,,,,,, / IIMA- 8(11), Nov.-2017.

Thus
1700 = g5 Nl < Biemnsa (ke + DIAay| [y 1Ky ()ldx — (n+ 1)|Adysy | fy 1Kz (0)]dx
Now since
(k+1)
|Aay 41| = [Xns1 A%ar] < Tie n+1(k+1)|A a|

< EZ%’:m(k + 1)|A%ay|

And by Lemma 2.2, we have from (3.1)
') — gr() I = 0(XR=; k™" |A%ay )

Thus by hypothesis, we get
If'(x) — gn () I = 0(1),n - oo

For Part (ii) we have
gn(x) = S (%) = any1 Dy (x)

And also
hy(x) = Sp(x) — 2 D+t (x)

Clearly by using Lemma 2.2
gn(x) — hlh(x) = —a,+1 K} (x) which implies
l1gn(x) = R GOl = lan4a ||1Kn (O]

If* = Aol = If" — gn + gn — ha |l
<" = gall + 1lgn — ha
=0(1) + llans1 K ll
=o(l)asa,n" 2> 0,n >

Thus

For the proof of (iii) part, we have
1S (x) = F* )= [1Sn (%) = gn () + gn(x) — T &)
<187 () — gn (O] + [1gn () — 7|
<llant1 DTN + llgn(x) — GOl

Conversely, we have
lan+1 D" (Ol = 1157 (x) = gn ()l
<87 () = 1O + 17 () — grn (Ol

Thus the result follows by Lemma 2.1 and (i) part of the theorem

(3.1)

Remark: The result of (ii) and (iii) part of above Theorem will hold true if we prove the result of (i) part by taking any

other class of coefficients.
Proof of Theorem 1.2:

As in Theorem 1.1, we have

In(x) = Sy (x) — a4, D7 (x)
and

f1(x) = g7 () = Tiiones K arcos (kx +20) + @y D ()

By making use of Abel's Transformation, we have
1FG0) = g7 CON < [ 1ERn 1 AarDE (O] dx + [ lans1 D7 ()] dx
A
= Jy |Biener A S D) | dx + [ 1ansa D (0] dx

Aaj
< [M|zi. AAkz,-zl—’Df(x>|
< Sicalddul [} |2 5 Df(x)|dx+A f
= Il + |2 + |3
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Now
Aaj Aaj

o /k 0
= Yol Ml [ §=1A_jpjr(x) + 3% A4 fj/k ?=1A—,. DI (x)|dx

iy

=lp+
But as proved in [19], 11, = o(n" %) and 1, = o(n" %)

Similarly 1, = o(n" %) and
I3 = f lans1 Df ()] dx
< lansl Jy IDF ()] dx
= 0(1), n = oo, by hypothesis
Hence ||gh(x) — ff®) || =o(n" %), n =

Now we shall prove that the result
If* () — gr GOl = o(n"*), (n > )
= ||ff —h%L]| =0(l)asa,n > 0,n> o

As discussed in Theorem 1 (part(ii)), we have
gn(x) — h(x) = —a, 11K}, (x) which implies
lgn () — ha GOl = |an1 K7 ()l

and  [If" = hyll = |If" — g5 + gn — hall
<" = gnll + llgn — ol
=0o(n" ) + llan (K |
= 0(ans1n')
=o(l)asa,n"=>0,n> o
Which prove the results
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