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ABSTRACT

The aim of this paper is to introduce various functions associated with semi*d-open sets. Here strongly semi*o-
continuous, perfectly semi*o-continuous, totally semi*d-continuous and slightly semi*s-continuous functions are
defined. Characterizations and some of their properties are investigated.
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I. INTRODUCTION

In 1980, Jain [2] introduced the concept of totally continuous functions. Nour [6] defined totally semi-continuous and
strongly semi-continuous functions. In 1995 T.M.Nour [7] introduced slightly semi-continuous functions. In 1997,
Slightly continuity was introduced by Jain [3] .Quite recently, the authors [8, 9] introduced and studied some new
concepts, namely semi*3-open sets, semi*5-closed sets. We have also defined semi*3-continuous, semi*g-irresolute
functions and their contra versions [10]. In this paper we define the strongly semi*3-continuous, perfectly semi*3-
continuous, totally semi*§-continuous and slightly semi*&-continuous functions and investigate their properties.

Il. PRELIMINARIES

Throughout this paper (X, 1), (Y, o) and (Z, i) will always denote topological spaces on which no separation axioms
are assumed, unless otherwise mentioned. When A is a subset of (X, 1), cl(A) and int(A) denote the closure and the
interior of A respectively. We recall some known definitions needed in this paper.

Definition 2.1: A subset A of a topological space (X, t) is semi*3-open [8] if ASCI*(3Int(A)).

Definition 2.2: A function f: (X, 1) — (Y, o ) is called a strongly continuous [4] if f (V) is both open and closed in
(X, 7) for each subset V in (Y, ¢ ).

Definition 2.3: A function f: (X, 1) — (Y, o) is called a perfectly continuous [5] if f (V) is both open and closed in
(X, 7) for every open set V in (Y, o).

Definition 2.4: A function f : (X, 1) —(Y, o) is called totally continuous [2] if f (V) is clopen set in X for each
open set VV of Y .

Definition 2.5: A function f: (X, t) — (Y, o ) is called a slightly continuous [3] if f (V) is open set in X for each
clopensetVofY.

Corresponding Author: S. Pious Missier*!,
1P, G. Department of Mathematics, V. O. Chidambaram College, Thoothukudi, India.

International Journal of Mathematical Archive- 8(11), Nov. — 2017 148


http://www.ijma.info/�

S. Pious Missier*., Reena.C’ and G. Mahadevan® / More Functions Associated With Semi*5-Open Sets / IIMA- 8(11), Nov.-2017.

Definition 2.6: A function f: (X, 1) — (Y, o) is called a contra continuous [1] if f * (V) is closed in (X, 1) for every
open set V in (Y, o).

Definition 2.7: A function f: (X, 1)— (Y, o) is said to be semi*$-continuous [10] if f~1(V) is semi*5-open in (X, 1)
for every open set V in (Y, o).

Definition 2.8: A function F: X—Y is said to be semi*8-irresolute [10] if f (V) is semi*3-open in X for every
semi*§-opensetVinY.

Definition 2.9: A function f: (X, 1) — (Y, o) is called contra-semi*8-continuous [11] if f*(V) is semi*3- closed in X
for every opensetVin.

Definition 2.10: A function f: (X, t) — (Y, o) is said to be contra-semi*8-irresolute [11] if f (V) is semi*3-closed in
(X, 1) for every semi*3-open set V in (Y, o).

Definition 2.11: A function f: X—Y is said to be pre-semi*8-open [11] if f(V) is semi*&-open in Y for every semi*d-
open set Vin X.

Definition 2.12: A topological space (X, t) is said to be Tg«5- Space [11], if every semi*3-open set of X is open in X
Definition 2.13[12]: A space X is locally indiscrete if every open set in X is closed.

I11. Strongly semi*&-Continuous Function

Definition 3.1: A function f: (X, 1) — (Y, o) is called strongly semi*&-continuous if the inverse image of every
semi*&-open set in (Y, ¢ ) is open in (X, T).

Example 3.2: Let X = Y= {a, b, ¢, d}, t = {$,{a},{b}.{c}{a, b}.{b, c}.{a c}{a b, c}, X} and 6 = {¢, {a}.{b},
{a, b},{a, b, c},Y}. Let f: (X, 1) —(Y, o) be defined by f(a) = b, f(b) = a, f(c) = d, f(d) = c. The function f is strongly
semi*3-continuous.

Theorem 3.3: Amap f: X — Y is strongly semi*&-continuous if and only if the inverse image of every semi*3-closed
setin Y is closed in X.

Proof: Assume that f is strongly semi*3-continuous. Let V be any semi*3- closed set in Y. Then V¢ is semi*§-open in
Y. Since f is strongly semi*3- continuous, f (V°) is open in X. But f (V°) = X/ f}(V) and so f*(V) is closed in X.
Conversely, assume that the inverse image of every semi*3- closed set in Y is closed in X. Let V be any semi*&-
openset in Y. Hence V° is semi*3-closed in Y. By assumption, f *(V°) is closed in X, but f (V) = X/ f}(V) and so
f (V) is open in X. Therefore, f is strongly semi*3- continuous.

Theorem 3.4: If a map f: X — Y is strongly semi*&-continuous and a map g: Y — Z is semi*§-continuous then
g° f: X — Zis continuous.

Proof: Let V be any open set in Z. Since g is semi*3- continuous, g (V) is semi*&- open in Y. Since f is strongly
semi*3-continuous f (g™ (V)) is open in X. That is (g °f)™ (V) = f *(g"(V)) is open in X. Therefore, g *f is continuous.

Theorem 3.5: If a map f: X — Y is strongly semi*3- continuous and a map g: Y — Z is semi*3- irresolute, then
g° f: X — Z is strongly semi*3- continuous.

Proof: Let V be any semi*3-open set in Z. Since g is semi*3- irresolute, g (V) is semi*3- open in Y. Also since f is
strongly semi*3-continuous, f (g (V)) is open in X. Hence (g<f)™ (V) = f (g (V)) is open in X. Hence,
g ° f: X — Z is strongly semi*3- continuous.

Theorem 3.6: If . X— Y is strongly semi*3-continuous and g: Y — Z is contra semi*3-continuous, then their
composition g ° f: X —Z is contra continuous.

Proof: Let V be any open set in Z. Since, g is contra semi*3-continuous, then g(V) is semi*3-closed in Y and since f
is strongly semi*3-continuous, by theorem 3.2 f *( g (V)) is closed in X. Therefore, g ° f is contra continuous.

Theorem 3.7: If a map f: X — Y is semi*§-continuous and a map g: Y — Z is strongly semi*3-continuous, then
ge f: X — Z is semi*3- irresolute.
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Proof: Let V be any semi*8-open set in Z. Since g is strongly semi*3- continuous, g (V) is open in Y. Also since f is
semi*3-continuous, f*(g™(V)) is semi*3-open in X. Hence (g°f)™ (V) = f (g *(V)) is semi*5-open in X. Hence,
ge° f: X — Z is semi*3- irresolute.

Theorem 3.8: If a map f: X —Y is contra semi*s- continuous and a map g: Y — Z is strongly semi*§-continuous,
then g ° f: X — Z is contra-semi*&- irresolute.

Proof: Let V be any semi*3-open set in Z. Since g is strongly semi*8- continuous, g (V) is open in Y. Also since f is
contra-semi*&-continuous, £1(g™(V)) is semi*8-closed in X. Hence (gf) ™ (V) = f (g (V)) is semi*5-closed in X.
Hence, g ° f: X — Z is contra-semi*&- irresolute.

Theorem 3.9: If f : X— Y is continuous and g: Y — Z strongly semi*3- continuous then their composition
gef: X — Z is strongly semi*3- continuous.

Proof: Let V be any semi*3- open set in Z. Since g is strongly semi*8- continuous, g (V) is open in Y. Since f is
continuous, f *(g™(V)) = (g ° H)™ (V) is open in X. Hence, (g ° f) is strongly semi*&- continuous.

Theorem 3.10: Let f: X— Y be a continuous function and Y be a Tg:5- space. Then f is strongly semi*3- continuous.

Proof: Let V be any semi*8- open set in Y. Since Y is Tg«s- space, V is open in Y. Also since f is continuous, f (V) is
open in X. Hence, f is strongly semi*3-continuous.

Theorem 3.11: Let f: X —Y be semi*6-irresolute and Y be Tg«s- space. Then f is strongly semi*3-continuous.

Proof: Let V be any semi*$-open set in Y. Since f is semi*3-irresolute, f (V) is semi*&-open in X. Also since X is
Ts+- space, f (V) is open in X. Hence f is strongly semi*&-continuous.

Theorem 3.12: If g: Y —Z is strongly semi*3-continuous and injective, and gof : X — Z is semi*§-closed then
f: X — Y is semi*3-closed.

Proof: Let F be any closed set in X. Since, ge f is semi*3-closed which implies, gof ( F) is semi*3-closed in Z. Also
since g is strongly semi*3-continuous, g (g °f (F)) is closed in Y. Since g is injective, f(F) is closed in Y. Hence f is
semi*3-closed.

1V. Perfectly semi*8-Continuous Function

Definition 4.1: A map f: (X, t©) — (Y, o) is said to be perfectly semi*a- continuous if the inverse image of every
semi*3-open set in (Y, ¢ ) is both open and closed in (X, 1) .

Theorem 4.2: If a map f: X— Y is perfectly semi*3- continuous then it is strongly semi*3- continuous.

Proof: Assume that f is perfectly semi*8-continuous. Let V be any semi*3-open set in Y. Since f is perfectly semi*3-
continuous, f (V) is open in X. Therefore, f is strongly semi*3- continuous.

Remark 4.3: The converse of the above theorem need not be true.

Example 4.4: Let X = Y= {a, b, ¢, d}, t = {d,{a},{b},{c}.{a, b},{b, c}.{a, c}{a, b, ¢}, X} and o = {P, {a}.{b},
{a, b},{a, b, c},Y}. Let f: (X, 1) —(Y, o) be defined by f(a) = b, f(b) = a, f(c) = d, f(d) = c. Clearly, f is strongly
semi*3-continuous. But f *({a}) = {b} is open in X, but not closed in X. Therefore f is not perfectly semi*s-
continuous.

Theorem 4.5: A map f: X — Y is perfectly semi*3- continuous if and only if f (V) is both open and closed in X for
every semi*3-closed set Vin'Y.

Proof: Let V be any semi*5-closed set in Y. Then V¢ is semi*&-open in Y. Since, f is perfectly semi*3-continuous,
f 2(V°) is both open and closed in X. But f *(V¢) = X/ f (V) and so f *(V) is both open and closed in (X, 7).
Conversely, assume that the inverse image of every semi*3-closed set in Y is both open and closed in X. Let V be any
semi*3-open in Y. Then V° is semi*s-closed in Y. By assumption f'(V°) is both open and closed in X. But
£1(v®) = X/ f (V) and so f (V) is both open and closed in X. Therefore, f is perfectly semi*3- continuous.
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Theorem 4.6: Let f: X —Y be a mapping from a discrete topological space X into any topological space Y, then the
following statements are equivalent.

1) fis strongly semi*3-continuous

2) fis perfectly semi*3-continuous
Proof:
(1) = (2): Let V be any semi*&-open set in Y. By hypothesis, f (V) is open in X. Since X is a discrete space, f (V) is
closed in X. f (V) is both open and closed in X. Hence, f is perfectly semi*8- continuous.

(2) = (1): Let V be any semi*3-open set in Y. Then, f (V) is both open and closed in X. Hence, f is strongly semi*3-
continuous.

Theorem 4.7: If f: X — Y is continuous and g: Y—Z is perfectly semi*3- continuous then their composition
ge f: X — Zis strongly semi*8- continuous.

Proof: Let V be any semi*3-open set in Z. Since g is perfectly semi*3- continuous, g™(V) is open and closed in Y.
Since f is continuous, f (g *(V)) = (g ° ) (V) is open in X. Hence, g ° fis strongly semi*&-continuous.

V. Totally semi*§-continuous functions

Definition 5.1: A function f: (X, 1) —(Y, o) is called totally semi*&-continuous function if the inverse image of
every open set in (Y, o) is both semi*3-open and semi*3-closed subset in (X, 1).

Theorem 5.2: Every totally semi*3-continuous function is semi*§-continuous.

Proof: Let V be any open set in Y. Since, f is totally semi*3-continuous function, f*(V) is both semi*3-open and
semi*3-closed in X. Therefore, f is semi*3-continuous.

Remark 5.3: The converse of above theorem need not be true.
Example 5.4: Let X =Y ={a, b, ¢, d}, t = {, {a},{b},{a, b},{a, b, ¢}, X}, o ={d.,{a}.{a, b}, Y} Letf: (X, 1) —(Y, 6)
be defined by f (a) = c, f(b) = a, f(c) = d, f(d) =b. S*60(X, 1) = {, {a},{b}.{a, b}.{a, d}.{b, d}{a, b, d},X} and S*5

C(X, 0)={¢p.{c}.{a, c}.{b, c}.{c, d}{a, c, d}.{b, c, d}, X}. Clearly f is semi*s-continuous. But, since f*({a}) = {b} is
semi*3-open in X but not semi*3-closed in X, f'is not totally semi*&-continuous.

Theorem 5.5: If f: X — Y is semi*3-irresolute and g: Y — Z is totally semi*8-continuous then g o f: X — Z is totally
semi*3-continuous.

Proof: Let V be any open set in Z. Since g is totally semi*8-continuous, g (V) is semi*8-open and semi*8-closed in
Y. Since f is semi*s-irresolute, f (g™ (V)) is semi*3-open and semi*3-closed in X. Since (g o f) ™ (V) = f (g "(V)),

gef is totally semi*3-continuous.

Theorem 5.6: If f: X — Y is totally semi*§-continuous and g: Y — Z is continuous then go f: X — Z is totally semi*5-
continuous.

Proof: Let V be any open set in Z. Since g is continuous, g (V) is open in Y. Since, f is totally semi*3-continuous,
f (g™ (V)) is semi*3-clopen in X. Hence, g o f is totally semi*3-continuous.

Theorem 5.7: Every totally semi*3-continuous function is totally semi-continuous.

Proof: Suppose f: X—Y is totally semi*3-continuous. Let V be an open set in Y. Since f is totally semi*§-continuous,
f (V) is semi*3-regular in X and hence semi-regular in X. Therefore f is totally semi-continuous.

Theorem 5.8: Every totally semi*3-continuous function is totally semi*-continuous.

Proof: Suppose f: X—Y is totally semi*3-continuous. Let V be an open set in Y. Since f is totally semi*§-continuous,
f (V) is semi*5-regular in X and hence semi*-regular in X. Therefore f is totally semi*-continuous.
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Theorem 5.9: Every totally semi*3-continuous function is totally semi*a-continuous.

Proof: Suppose f: X—Y is totally semi*3-continuous. Let V be an open set in Y. Since f is totally semi*§-continuous,
f (V) is semi*8-regular in X and hence semi*a-regular in X. Therefore f is totally semi*a-continuous.

Theorem 5.10: A function f: X—Y is totally semi*3-continuous if and only if f is both semi*§-continuous and contra-
semi*§-continuous.

Proof: Let V be any open set in Y. Since f is totally semi*3-continuous, f*(V) is both semi*&-open and semi*3-closed
in X. Hence f is both semi*3-continuous and contra-semi*3-continuous.

Conversely, Let V be any open set in Y. Since f is both semi*&-continuous and contra-semi*&-continuous, f*(V) is both
semi*3-open and semi*3-closed in X. Hence f is totally semi*3-continuous.

V1. Slightly semi*a-continuous functions

Definition 6.1: A function (X, 1) —(Y, o) is called slightly semi*§-continuous at a point xeX if for each clopen
subset V of Y containing f(x), there exists a semi*3-open subset U in X containing x such that f(U)cV. The function f
is said to be slightly semi*3-continuous if f is slightly semi*3-continuous at each of its points.

Definition 6.2: A function (X, 1) —(Y, o) is said to be slightly semi*&-continuous if the inverse image of every
clopen setin Y is semi*3-open in X.

Example 6.3: Let X = Y={ a, b, ¢, d} and © = {¢, {a},{b},{c},{a, b}, {a, c}, {b, ¢}, {a, b, ¢}, X} , 0 = {d, {a},

{b, ¢, d},Y} and S*60(X, 1) = {¢, {a}.{b}, {c}.{a b}.{a c}, {a, dH{b, c}.{b, d}, {c, d}, {a b, c}, {a b, d},
{a, ¢, d}.{b, c, d},X}. Let g: (X, 1) —(Y, o) be defined by g(a)=d , g(b)=c g(c)=a, g(d)=b. The function f is slightly
semi*3-continuous.

Theorem 6.4: The definition 6.1 and 6.2 are equivalent.

Proof: Suppose the definition 6.1 holds. Let V be any clopen set in Y and x e f ™ (V). Then f(x) € V and thus there
exists a semi*3-open set U, such that x e Uy and f(U,) < V. Now x € U,cf ™ (V). And f ™ (V) =U 'y U x. Since,
arbitrary union of semi*&-open set is semi*8-open, f * (V) is semi*3-open in X and therefore, f is slightly semi*3-
continuous.

Suppose, the definition 6.2 holds. Let f(x) € V where, V is any clopen set in Y. Since, f is slightly semi*&-continuous,
x € (V) where f * (V) is semi*&-open in X. Let U = £ (V). Then U is semi*3-open in X, x €U and f(U) c V.
Theorem 6.5: For a function f: (X, 1) —(Y, o), the following statements are equivalent.

(i) fis slightly semi*3-continuous.

(if) The inverse image of every clopen set V of Y is semi*3-open in X.

(iif) The inverse image of every clopen set V of Y is semi*§-closed in X.

(iv) The inverse image of every clopen set V of Y is semi*3-regular in X.

Proof:
(i)= (ii): Follows from the theorem 6.4

(ii)= (iii): Let V be a clopen set in Y which implies V¢ is clopen in Y. By (ii), f (V) = (f *( V ))® is semi*5-open in
X. Therefore, f ™ (V) is semi*3-closed in X.

(iii) = (iv): By (ii) and (iii), f * (V) is semi*3-regularin X.

(iv) = (i): Let V be any clopen set in Y containing f(x), by (iv) f * (V) is semi*5-regular in X. Take U = f * (V), then
f(U) < V. Hence, f is slightly semi*3-continuous.

Theorem 6.6: Every semi*d-continuous function is slightly semi*3-continuous.

Proof: Let f: X —Y be a semi*3-continuous function. Let V be any clopen set in Y. Since f is semi*3-continuous,
£ (V) is semi*3-open in X and semi*-closed in X. Hence by theorem 6.5, f is slightly semi*&-continuous.

Remark 6.7: The converse of the above theorem need not be true as can be seen from the following example.
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Example 6.8: Let X =Y={a, b, c}, = = {d,{a},{b}.{a, b}. X}, o = {&, {a}.{c}.{a, b}, {a, c}, Y}, and c° = {o,
{b}.{c}.{a b}, {b, c}, Y}, then S*30(X, 1) = {P, {a},{b}.{a b}.{b, c}.{a, c}, X}. Let f: (X, 1) —(Y, o) be defined by
f(a)= b , f(b)=c and f(c)=a .The function f is slightly semi*3-continuous. But f'({a}) = {c} is not semi*3-open in X.
Hence f is not semi*3-continuous.

Theorem 6.9: Every contra semi*§-continuous function is slightly semi*8-continuous.

Proof: Let f: (X, 1) —(Y, o) be a contra semi*&-continuous function. Let V be any clopen set in Y. Then by the
definition of contra semi*8-continuous and by theorem 3.11[11], f * (V) is semi*&-regular in X. Hence by theorem 6.5,
f is slightly semi*3-continuous.

Remark 6.10: The converse of the above theorem need not be true as can be seen from the following example.

Example 6.11: Let X=Y={a, b, ¢}, © = {¢p, {a}.{b}.{a, b}, X}, o = {¢p, {a}.{c}.{a, b}, {a c}, Y}, and ¢° = {P,
{b},{c},{a, b}, {b, c}, Y}, then S*30(X, 1) = {d, {a}.{b}.{a, b}{b, c}, {a, c}, X}. Letf: (X, 1) —(Y, o) be defined
by f(a)= c, f(b)= a, f(c)=b. The function f is slightly semi*3-continuous. But f* ({a, c}) = {a, b} is not semi*&-closed in
X. Hence f'is not contra semi*3-continuous.

Theorem 6.12: If f: X — Y is semi*3-irresolute and g: Y — Z is slightly semi*3-continuous then gof : X — Z is
slightly semi*&-continuous.

Proof: Let V be any clopen set in Z. Since g is slightly semi*8-continuous, g (V) is semi*3-open in Y. Since f is
semi*s-irresolute, F(g™(V)) is semi*8-open in X. Since (g ° H)™ (V) = f1(g™ (V)), g © f is slightly semi*3-continuous.

Theorem 6.13: If f: X — Y is semi*é-irresolute and g: Y — Z is semi*3-continuous then gof: X — Z is slightly
semi*§-continuous.

Proof: Let V be any clopen set in Z. Since g is semi*&-continuous, g (V) is semi*3-open in Y. Since f is semi*s-
irresolute,f*(g™(V)) is semi*8-open in X. Since (g ° H)™(V) = f(g™ (V)), g  f s slightly semi*3-continuous.

Theorem 6.14: If f: X — Y is semi*3-continuous and g: Y — Z is slightly-continuous then gef: X — Z is slightly
semi*3-continuous.

Proof: Let V be any clopen set in Z. Since, g is slightly-continuous, g (V) is open in Y. Since, f is semi*§-continuous,
f (g (V) is semi*3-open in X. Since (g ° (V) = F (g™ (V)), g - fis slightly semi*3-continuous.

Theorem 6.15: If f: X — Y is strongly semi*3-continuous and g: Y — Z is slightly semi*3- continuous then
g of: X — Z is slightly-continuous.

Proof: Let V be any clopen set in Z. Since g is slightly semi*8-continuous, g (V) is semi*3-open in Y. Since f is
strongly semi*&-continuous, f (g *(V)) is open in X. Therefore, g ° fis slightly continuous.

Theorem 6.16: If f: X — Y is slightly semi*3-continuous and g: Y — Z is perfectly semi*3- continuous then
g of: X — Z is semi*3-irresolute.

Proof: Let V be any semi*3-open set in Z. Since g is perfectly semi*3-continuous, g (V) is both open and closed in Y.
Since f is slightly semi*&-continuous, f (g (V)) is semi*3-open in X. Hence, g ° f is semi*&-irresolute.

Theorem 6.17: If f: X — Y s slightly semi*3-continuous and g: Y — Z is contra continuous then gef: X — Z is
slightly semi*&- continuous.

Proof: Let V be any clopen set in Z. Since g is contra continuous, g (V) is open and closed in Y. Since, f is slightly
semi*3-continuous, f *(g™*(V)) is semi*&-open in X. Hence g © f is slightly semi*&-continuous.

Theorem 6.18: If f: X — Y is semi*3- irresolute and g: Y — Z is contra semi*3-continuous then gof: X — Z is slightly
semi*§- continuous.

Proof: Let V be any clopen set in Z. Since g is contra semi*3-continuous, g (V) is semi*3-open and semi*3-closed in

Y. Since f is semi*s-irresolute, f (g (V)) is semi*3-open and semi*3-closed in X. Hence g f is slightly ~semi*s-
continuous.
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Theorem 6.19: If the function f: X —Y is slightly semi*8-continuous and (X, t) is Tg«- space, then f is slightly
continuous.

Proof: Let V be any clopen set in Y. Since g is slightly semi*3-continuous, f *(V) is semi*3-open in X. Since X is
Ts+s- space, (V) is open in X. Hence f is slightly continuous.

Theorem 6.20: Let f: X —Y and g: Y —Z be functions. If f is surjective and pre-semi*s-open and ge f: X — Z is
slightly semi*3-continuous, then g is slightly semi*&-continuous.

Proof: Let V be any clopen set in Z. Since g ° f: X — Z is slightly semi*3-continuous, f *(g™*(V)) is semi*8-open in X.
Since f is surjective and pre-semi*s-open f(f (g *(V))) = g (V) is semi*s-open in Y. Hence, g is slightly semi*s-
continuous.

Theorem 6.21: If f: X—=Y is a slightly semi*3-continuous and Y is a locally indiscrete space then f is semi*o-
continuous.

Proof: Let V be any open subset in Y. Since Y is a locally indiscrete space, V is closed in Y. Since f is slightly semi*3-
continuous, f (V) is semi*8-open in X. Hence, f is semi*8-continuous.
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