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CONVERGENCE OF LAGRANGE-HERMITE INTERPOLATION ON UNIT CIRCLE
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ABSTRACT
The aim of this paper is to study a Lagrange-Hermite interpolation on the nodes, which are obtained by projecting
vertically the zeroes of the (1 — x?)P,(x) on the unit circle, where P,(x) stands for nt" Legendre polynomial. We
prove the regularity of the problem, give explicit forms and establish a convergence theorem for the same.
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1. INTRODUCTION

In 1991 Zi Yu Wang and Shan Ji Tian [6] considered the zeroes of (1 — x2)P,,_; '(x), where P,_; '(x) is the derivative
of (n — 1)*" Legendre polynomial and obtained the estimate for the same.

Later in 1994, Siging Xie [5] showed regularity of (0, 1,...r-2,r) interpolation on the set obtained by projecting

vertically the zeroes of (1 — xz)Pn(“'B)(x) onto the unit circle, where Pn(“'ﬁ)(x) stands for the nt* Jacobi polynomial. In
2011, Author’ [1] presented a method for computing the convergence of (0; 0, 1) interpolation on unit circle.

In 2012, Giuseppe Mastroianni, Gradimir V. Milovanovic and Incoronata Notarangelo [4] considered a Lagrange—
Hermite polynomial, interpolating a function at the Jacobi zeroes with its first (r — 1) derivatives at the points at +1
and gave necessary and sufficient conditions on the weights for the uniform boundedness of the related operator.

In 2014, Author* (with M.Shukla) [2] considered a Lagrange-Hermite Interpolation on the nodes, which are obtained by

vertically projected zeroes of the (1 — xz)P,f“’m(x) on the unit circle, where Pn(“‘ﬁ) (x) stands for the Jacobi polynomial
and studied explicit forms and established a convergence theorem for the same.

These have motivated us to consider the Lagrange-Hermite interpolation on the set of nodes on unit circle different
from above.

In this paper, we considered a Lagrange Hermite interpolation on the nodes, which are obtained by projecting vertically
the zeroes of the (1 — x2)P,(x) on the unit circle where P,(x) stands for n‘*Legendre polynomial. Here the functions
are prescribed at all points, whereas the derivatives only at +1 .

In section 2, we give some preliminaries and in section 3, we describe the problem and give the existence theorem of
the interpolatory polynomials, whereas in section 4, we give the explicit formulae of the interpolatory polynomials.
Lastly in section 5 and 6, we give estimates and convergence of interpolatory polynomials respectively.

2. PRELIMINARIES

In this section we shall give some well known results, which we shall use.

(2.1) {zo= 1,Zyp41 = —1,2;, = cos O, + isinby,z, ., = —2z, k = 1(1)n}

be the vertical projections on unit circle of the zeroes of (1 —x?)P,(x), where P,(x)stands for n*"Legendre
polynomial having zeroes x;, = cos8;, k = 1(1)n suchthat 1>x; >x, > >x, > —1.
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(2.2) W@)=TT22( — z0) = Koy () 27
(2.3) n = (;"_nl‘))”
(2.4) R(z) = (22— D)W (2)

The differential equation satisfied by B,(x) is
(2.5) (1 —=x?)P,(x) — 2xP,(x) + n(n + 1P, (x) =0

Fundamentals polynomials of Lagrange Interpolation based on the nodes as the zeroes of W (z) and R(z) respectively

are given by
R(z)

(2.6) L,(z) = WR('()Z}(), k=0(1)2n+1
_ w(z —
2.7) Lu() = o k = 1(1)2n
For —1 < x < 1 we have,
(2.8) |22 — 1| = 2V1 — x2
. 2Y: 2
29) (-inwl < [
Let x, s be the zeroes of P, (x), then
2y - K\ 2
(2.10) (1-x2)"~ (;)
(2.11) |P(x1)| = ckzn?

3. THE PROBLEM AND THE REGULARITY
Let Z, = {z; k = 0(1)2n + 1} satisfying (2.1)
Here we are interested in determining the interpolatory polynomial L, (z) of degree< 2n+3 satisfying the following
conditions.
Ln(f;Zk) Zf(Zk) lk = 0(1)2n+1
(3.1) , ;
Ln (fl i]-) = ail
where f(z,) and a, are arbitrary complex constants.
We establish convergence theorem for the same.
Theorem 3.1: L,(z) is regularon Z,.
Proof: It is sufficient if we show the unique solution of (3.1) is L,,(z) = 0
In this case, consider L, (z) = R(z)q(z), where q(z) is a polynomial of degree < 1
Obviously, L,(z) =0fork =0(1)2n + 1.
By L,(+1) = 0, we get g(+1) = 0.

Therefore, we have
(3.2) q(z) =az+b

Now forz=1and —1,weget a=b=0

Hence the theorem follows.

4. EXPLICIT REPRESENTATION OF INTERPOLATORY POLYNOMIALS
We shall write,

(4.1) L,(2z) = Zi’falf(zk)Ak(Z) + 20,2n+1 a11B(2)

where A4, (z) and By (z) are unique polynomial , each of degree at most 2n + 3 satisfying the conditions
42) { A(z) =6y Jk=01)2n+1
' A(z) =0 k=01)2n+1, j=0.2n+1

© 2017, IJMA. All Rights Reserved 168



Swarnima Bahadur*’, Varun® / Convergence of Lagrange-Hermite Interpolation on Unit Circle / IIMA- 8(11), Nov.-2017.

(4.3) { Bi(z)=0, j=01)2n+1,k=02n+1

B.(z) =6, Jjk=02n+1

Theorem 4.1: For k = 0,2n + 1 we have

_ R@)(z+zp)
(4.4) By(z) = —4Kn

Proof: LetB,(z) = (z2 — 1)W(2)t(z), where t(z) is a polynomial of degree one and B, (z) satisfying conditions
givenin (4.3)

Using (2.2) and (2.4), we have the theorem.

Theorem 4.2: For k = 1(1)2n
(45) A(2) = (@) + 5200

zi—l)R(zk)
Fork=02n+1

(4.6) @) = @+ 2L D~ G + 52 (2 - 7))

2z

Proof-: For k = 1(1)2n

Let Ay (2) = Ly (2) + cx(z + z)R(2)

where ¢y, is a constant.Using conditions in (4.2), we have ¢, = !

(zk-1)R'(zi0)
Therefore, we have (4.5)
Now for k = 0,2n + 1

Let A (2) = (z + z,) L (2)t, (2), where t,(z) is a polynomial of degree one .Using conditions in (4.2), we have

Ly,

te(z) = ——(— +
k(Z) 2Zk 4Z]3 ZZk

We have the desired result (4.6). Hence the theorem follows.
5. ESTIMATION OF FUNDAMENTAL POLYNOMIALS

Lemma 5.1 [5]: LetL, (z) be given by (2.6)

2n+1

Il\élla)i Yk=o ILk(2)| < clogn
Lemma 5.2: LetB, (z) be given by (4.4), thenfor k = 0,2n + 1
2
|Bi(2)| < p—
Proof: From (4.4) we have
1
|Bx(2)| < ﬁ“’n(@”z + 7|

Using (2.2), (2.6) and (2.9),
We have lemma.

Lemma 5.3: Let A, (z)be given in theorem (4.2), then
1
nt114x(2)| < cnzlogn , where c is a constant independent of z and .

Proof-: Using (4.5) we have
1
(5.1) Y 14k (2)| < cnzlogn ,
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Using (2.8), (2.10) and lemma 5.1
Fork =02n+1,

1A @) < 2L (@)] + L (@)L @)
(5.2) |4, (2)| < cn%

Combining (5.1) and (5.2) we have the theorem.
6. CONVERGENCE

Theorem 6.1-: Letf (z) be continuous for |z| < 1 and analytic for |z| < 1. Let the arbitrary numbers a.,’s be such
that

(6.1) las, | =0 (nwz (f,%))
Then {L, (2)} defined by
(6.2) Ly (2) = T2 f(z1) Ak (2) + Y0,2n+1 A+1 B (2)

satisfies the relation,
1
(6.3) |L,(2) — f(2) | = O(w,(f,n"Ynzlogn), where w,( f,n~1) be the second modulus of continuity of f(z).

Remark 6.1: Let f(z) be continuous for |z| < 1 and analytic for |z| < 1 and f € Lipa, a > 0, then the sequence
{L,,(2)} converges uniformly to f(z) in |z| < 1, which follows from (6.3) as
(64) wZ (f' n_l) S Tl_l(l)l(f', n_l) = O(n_l_a) 1

To prove the theorem (6.1), we shall need following

Let f(z) be continuous for |z| < 1 and analytic for |z| < 1, Then there exists a polynomial F,(z)) degree < 2n +
3 satisfying Jackson’s inequality.
(6.5) |f (2) — E,(2)] <cw,(f,n™), z=1¢e"%0<6 <2

Also an inequality due to O.Kis§ [3]
(6.6) | Fn(m) (2)| < cn™w,(f,n™Y), m T, where c is a constant.

Proof: Since L, (z) be the uniquely determined of degree < 2n + 3 and the polynomial F, (z) satisfying (6.5) and (6.6)
can be expressed as

Fo(2) = YR85 Fu(2i) Ak (2) + Tico2n+1 Fy(z)By(2)

ILn(2) = f(2)] < |Lp(2) — B,(2)| + |Fa(2) — f(2)] ,
< Zl%%”f(zk) - FE,@)|A(2)] + Zk:0,2n+1( |ail| + |Fn(zk)| ) B (2)]
+|Fo(2) — f(2) |
Using (6.1), (6.4), (6.5) lemma 5.2 and lemma 5.3, we have the theorem 6.1.
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