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ABSTRACT

A new class of generalized open sets in a topological space, called v-open sets, is introduced and studied. This class
contains all semi*-open sets and all pre*open sets. Also a new class of sets, namely = v-open sets and v*-open sets are
introduced in topological spaces. Also we find some basic properties and characterizations of v-open, *v-open sets
and v*-open sets.

Mathematics Subject Classification: 54A05.

Keywords: v- open sets,v- neighbourhood, *v - open sets, v* -open sets.

1. INTRODUCTION

Generalized closed sets in a topological space is introduced by Levine[4] in 1970. In 1963 Levine [3] introduced semi-
open sets in topological spaces. After Levine's work, many mathematicians turned their attention to generalizing
various concepts in topology by considering semi-open sets instead of open sets. Dunham [1] introduced the concept of
generalized closure using Levine's generalized closed sets and defined a new topology t* and studied some of their
properties. Robert. A[6] et al., and selvi. T [7] introduced semi*-open sets and pre*-open sets respectively, using the
generalized closure operator CI* due to Dunham. In this paper we define v-open sets, * v-open sets and v*-open sets
and investigate fundamental properties of these sets.

2. PRELIMINARIES

Throughout this paper, spaces (X, t) (or simply X) always mean non empty topological spaces on which no separation
axioms are assumed unless explicity stated. For a subset A of a space (X, 1), cl(A4), int(A) and X/A denote the closure
of A, the interior of A and the complement of A respectively. Also sint(A), scl(A), pint(A) and pcl(A) denote the
semi interior of A, semi closure of A, pre interior of A and pre closure of A respectively. The following definitions and
results are very useful in the subsequent sections.

Definition 2.1: A subset A of a topological space(X, t) is called
(i) Pre-opensetif A € int(cl(A))
(if) Semi*open set if A < cl*(int(A4))
(iii) Pre* open set if A € int*(cl(4))
(iv) a*-opensetif A C int*(cl(int*(A)))
(v) regular open setif A = int(cl(A)).

3. v-open sets
Now we consider a new class of generalized open sets.

Definition 3.1: A subset A of a topological space (X, 7) is said to be a v-open set if A € int*(cl(A)) U cl*(int(A)).
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Theorem 3.2: Every open set is v-open.

Proof: Let A be an open set of a topological space (X,7). Then A = int(A) € cl*(int(4)). Also int*(4) <
int*(cl(A)). Therefore A € int*(cl(A)) U cl*(int(A)) and hence A is v-open.

Remark 3.3: The converse of the above theorem need not be true which is shown in the following example.
Example 3.4: Let X= {a, b, c} with ={¢, {b}, {a, b}, X}. The sets {a} and {b, c} are v-open but not an open sets.
Theorem 3.5: Every pre-open set is v-open.

Proof: Let A be a pre-open set of a topological space (X,t). Then A € int(cl(A)) € int*(cl(A)). Also int(A) <
cl*(int(A)).Therefore A C int*(cl(A)) U cl*(int(A)) and hence A is v-open.

Remark 3.6: The converse of the above theorem need not be true which is shown in the following example.
Example 3.7: Let X={a, b, c} with = = {¢, {b}, {a, b}, X}. The sets {a} is v-open but not a pre-open set.
Theorem 3.8: Every semi*-open set is v-open.

Proof: Let A be a semi*-open set of a topological space (X, t). Then A < cl*(int(A4)). Also int*(A) € int*(cl(4)).
Therefore A < int*(cl(A4)) U cl*(int(A)) and hence A is v-open.

Remark 3.9: The converse of the above theorem need not be true which is shown in the following example.

Example 3.10: Let X= {a, b, c, d} with 7={¢, {a}, {a, b}, {c, d}, {a, ¢, d}, X}. The sets {c} and {a, d} are v-open but
not a semi*-open sets.

Theorem 3.11: Every pre*-open set is v-open.

Proof: Let A be a pre*-open set of a topological space (X, 7). Then A € int*(cl(A)). Also int(A) C cl*(int(A)).
Therefore A < int*(cl(A)) U cl*(int(A)) and hence A is v-open.

Remark 3.12: The converse of the above theorem need not be true which is shown in the following example.

Example 3.13: Let X= {a, b, c} with 7={¢, {a}, {c}, {a, ¢}, X}. The sets {a, b} and {b, c} are v-open but not a pre*-
open sets.

Theorem 3.14: Every a*-open set is v-open.

Proof: Let A be a a*-open set of a topological space (X, 7). Then A € int*(cl(int*(A))). Now, int*(cl(int*(A4))) <
int*(cl(A)). Therefore A € int*(cl(A)). Also int(A) € cl*(int(A)). Therefore A € int*(cl(A)) U cl*(int(A)) and
hence A is v-open.

Remark 3.15: The converse of the above theorem need not be true which is shown in the following example.

Example 3.16: Let X= {a, b, c, d} with 7={¢, {b}, {a, b}, {b, c, d}, X}. The sets {c} and {b, c} are v-open but not a
a*-open sets.

Theorem 3.17: The union of two v-open sets is v-open.

Proof: Let A and B be two v-open sets in a topological spaces (X, 7). Then A € int*(cl(A)) U cl*(int(A)) and B ©
int*(cl(B)) U cl*(int(B)).

Now, A U B € [int*(cl(A)) U cl*(int(A))] VU [int*(cl(B)) U cl*(int(B))] = [int*(cl(A)) U int*(cl(B))] V
[cl*(int(A)) U cl*(int(B))] € [int*(cl(A) VU cl(B))] U [cl*(int(A) U int(B))] € int*(cl(A U B) U cl*(int(A U
B). Thatis, AU B € int*(cl(A U B) U cl*(int(A U B) and hence A U B is v-open.

Remark 3.18: Let {A4,} be a collection of v-open sets. Then U,¢; A, is also a v-open set.

Remark 3.19: The finite intersection of v-open sets need not be a v-open set.
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Example 3.20: Let X= {a, b, c} with 7={¢, {b}, {c}, {b, c}, X}. Here v-O(X, t)={¢, {b}.{c}.{a, b}.{a c}, {b, c}, X}.
The sets {a, b} and {a, c} are v-open but their intersection need not be a v-open set.

Theorem 3.21: If a topological space (X, 1), let 7, = {U € v-O(X,t)/ U N A € v-O(X, 1) for all A € v-O(X, 7)}. Then
T, is a topology on X.

Proof: Clearly ¢, X € 7. Let Ug € 7, and U=U Ug. Since each Uz € 7, then by Remark 3.18, U € v-O(X, 7). Let
A € v-O(X, 7). Then Ug N A € v-O(X, 7) for each .

Hence UNnA = (UUg) NA=U (UgNnA) €v-0(X,7). Therefore U € t,,.. Let U;, U, € 1,,. Then U, U, € v-O(X, 1)
and from definition of 7,, , U; n U,ev-0(X, 7). If A € v-O(X, 1), and from definition of 7,,, Uy N U, N A € v-O(X, 7).
Hence U, n U, € 1,,. This shows that t,, is closed under finite intersection. Hence t,, is a topology on X.

4. v-Closed Sets

Definition 4.1: A subset A of a topological space (X, 1) is called a v-closed set if X\A is v-open. The collection of all
v-closed sets in (X, 7) is denoted by v-C(X, 7).

Theorem 4.2: A subset A of (X, 7) is v-closed if and only if int*(cl(A)) N cl*(int(A4)) € A.

Proof: Let A be a v-closed set. Then X\A is v-open set. By definition, X\A € int*(cl(X\A)) U cl*(int(X\A4)) =
(X\cl*(int(A))) U (X\int*(cl(A))) = X\(cl*(int(A)) n int*(cl(A))). Therefore int*(cl(A)) n cl*(int(4)) € A.
Conversely, assume that int*(cl(A)) ncl*(int(A)) € A. Then X\A < X\(cl*(int(4)) nint*(cl(4))) =
(X\cl*(int(A))) U (X\int*(cl(4))) = int*(cl(X\A)) U cl*(int(X\A)). Hence X\A is v-open and so A is v-closed.

Theorem 4.3: Arbitrary intersection of v-closed sets is v-closed.

Proof: Let {A,} be a family of v-closed sets in a topological space (X, 7). Then int*(cl(4y)) N cl*(int(4y)) € A,
for every a. Since {4,°} is an arbitrary collection of v-open sets, hence U AS is a v-open set. But U 45 = (N A4,)°¢,
is v-open set and hence N 4, is v-closed.

Theorem 4.4: For a topological space (X, 1),
(i) Every closed set is v-closed.
(ii) Every pre-closed set is v-closed.
(iii) Every semi*-closed set is v-closed.
(iv) Every pre*-closed set is v-closed.
(v) Every a*-closed set is v-closed.

Theorem 4.5: Let A be v-closed in X. Then
(i) sint(A) is v-closed.
(i) If A'is regular open, then pint(A) and scl(A) are also v-closed.
(iii) If A is regular closed, then pcl(A) is also v-closed.

Proof: Let A be a v-closed set of X.
(i) Since cl(int(A)) is closed, then by theorem 4.4(i), cl(int(A)) is v-closed. By theorem 4.3, sint(A) is v-
closed.
(ii) Suppose A is regular open, then int(cl(A)) = A. Implies that, scl(A) = A. Since A is v-closed, then scl(A4)
is v-closed. Similarly pint(A) is v-closed.
(iii) Suppose A is regular closed, cl(int(A)) = A. Then by pcl(A) = A, and hence v-closed.

Theorem 4.6: A subset A of a topological space (X, t) is v-open if and only if every closed set F containing A, there
exists the union of maximal g-open set M contained in cI(A) and the minimal g-closed set N containing int(A) such
that AC M UN.

Proof: Let A be a v-open set in a topological space (X, 7). Then A € int*(cl(A)) U cl*(int(A)). Let A S F and F is
closed so that cl(A) € F. Let M = int*(cl(A)), then M is the maximal g-open set contained in cl(A). Let N =
cl*(int(A)), then N is the minimal g-closed set containing int(4). Now, int*(cl(A)) € cl(A) € F and
cl*(int(A)) <€ cl(int(A)) € cl(A) < F. Therefore cl*(int(A)) VU int*(cl(A)) € F. Hence, A < cl*(int(4)) U
int*(cl(A)) € F. Thatis, AS M UN < F. Conversely, assume that A € M U N, where A is a subset of a topological
space, F is closed set containing A, M is the maximal g-open set contained in cl(A4) and N is the minimal g-closed set
containing int(A). Therefore, M = int*(cl(A)) and N = cl*(int(A)). Thus, A € cl*(int(A)) U int*(cl(A)) € F and
hence A is v-open.
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5. v-NEIGHBOURHOOD

Definition 5.1: Let X be a topological space and let x € X. A subset N of X is said to be a v-neighbourhood (shortly, v-
nbhd) of x if there exsits a v-open set U such that x € U € N.

Definition 5.2: A subset N of a space X, is called a v-nbhd of A € X if there exists a v-open set U such that
ACUCN.

Theorem 5.3: Every nbhd N of x € X is a v-nbhd of x.

Proof: Let N be a nbhd of point x € X. Then there exists an open set U such that x € U S N. Since every open set is
v-open, U is a v-open set such that x € U < N. This implies, N is a v-nbhd of x.

Remark 5.4: The converse of the above theorem need not be true which is shown in the following example.

Example 5.5: Let X = {a, b, ¢, d} with topology 7 = {¢, {a}, {a, b}, {c, d}, {a, ¢, d}, X}. In this topological space
X, 1), v-O0(X) = {X, ¢, {a}, {c}, {d}, {a, b}, {a, c}, {a d}, {c,d}, {a b,c} {a b, d}, {a c, d}}. Theset {c, d}is
the v-nbhd of d, since {c, d} is v-open set such that d € {c,d }< {c, d}. However, the set {c, d} is not a nbhd of the
point d.

Remark 5.6: Every v-open set is a v-nbhd of each of its points.
Remark 5.7: The converse of the above theorem need not be true in general as seen from the following example.

Example 5.8: Let X = {a, b, c, d} with the topology 7 ={¢, {a}, {a, b}, {c, d}, {a, c, d}, X}. In this topological spaces
v-0O(X) ={X, ¢, {a}, {c}, {d}, {a, b}, {a c}, {a d}, {c, d}, {a b, c} {a b, d}, {a, c, d}}. The set {b, c} is a v-nbhd of
a point ¢, since ¢ e{c}<{b, c} . However {b, c} is not a v-open.

Theorem 5.9: If F is a v-closed subset of X and x € X\F, then there exists a v-nbhd N of x suchthat N n F = ¢.

Proof: Let F be v-closed subset of X and x € X\F. Then X\F is a v-open set of X. By Theorem 4.6, X\ F contains a
v-nbhd of each of its points. Hence there exists a v-nbhd N of x such that N € X\F.Hence N N F = ¢.

Definition 5.10: The collection of all v-neighborhoods of x € X is called the v-neighborhood system of x and is
denoted by v-N(x).

Theorem 5.11: Let (X, 7) be a topological space and x € X. Then
(i) v-N(x) # ¢ and x €each member of v-N(x)
(i)IfN € v-N(x)and N © M,then M € v-N(x).
(iif) Each member N € v-N(x) is a superset of a member G € v-N(x) where G is a v-open set.

Proof:

(i) Since X is a v-open set containing x, it is a v-nbhd of every x € X. Thus for each x € X, there exists atleast
one v-nbhd, namely X. Therefore, v-N(x) # ¢. Let N € v-N(x). Then N is a v-nbhd of x. Hence there exists
av-opensetGsuchthatx € G € N,sox € N. Therefore x € every member N of v-N(x).

(ii) If N € v-N(x), then there is a v-open set G such that x € G € N. Since N € M, M is v-nbhd of x. Hence
M € v-N(x).

(iii) Let N € v-N(x). Then there is a v-open set G, such that x € G S N. Since G is v-open and x € G, G is a
v-nbhd of x. Therefore G € v-N(x) and also G S N.

6. *v-OPEN SETS AND v*#-OPEN SETS

Definition 6.1: A subset A of a topological space (X, 7) is said to be a *v-open set if A € int*(cl(A)) N cl*(int(A)).
Definition 6.2: A subset A of a topological space (X, 7) is said to be a v¥#-open set if A = int*(cl(A)) U cl*(int(4)).
It is note worthy to see that every v¥-open set is a v-open set. However the converse is not true as shown in the

following example.

Example 6.3: Let X= {a, b, c} with t={¢, {a}, {c}, {a, ¢}, X}. The sets {a}, {c} and {a, c} are v-open but not a v¥*-
open sets.
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Theorem 6.4: Every *v-open set is v-open.

Proof: Let A be a *v-open. Then A < int*(cl(A)) N cl*(int(A)). This implies, A < int*(cl(A)) U cl*(int(4)).
Hence A is v-open.

Theorem 6.5: Every v¥-open set is *v-closed.

Proof: Let A be a v*-open. Then A = int*(cl(A)) U cl*(int(A)). This implies, int*(cl(A)) U cl*(int(A)) S A.
Hence A is v-closed.

Theorem 6.6:
(i) Every open set is *v-open.
(if) Every *v-open set is pre*open.
(i) Every *v-open set is semi*open.
(iv) Every *v-open set is semi-open.
(v) Every v*-open set is semi*-closed.
(vi) Every v¥-open set is pre*-closed

Proof: Straight Forward.
Remark 6.7: The converse of the above theorem need not be true in general as seen from the following examples.

Example 6.8: Let X={a, b, c} with 7={¢, {a}, {c}, {a, c}, X}.
(i) The sets {a, b} and {a, c} are v-open but not a *v-open sets.
(i) The set {b} is v-closed but not a v¥*-open set.
(iii) The sets {a, b} and {b, c} are semi*-open but not a v*-open sets.
(iv) The sets {a, b} and {b, c} are semi-open but not a v*-open sets.

Example 6.9: Let X={a, b, c} with t={¢, {b}, {a, b}, X}.
(i) The set {b, c} are *v-closed but not open.
(ii) The set {a} is pre*-open but not *v-open.
(iii) The sets {c}, {a, c} are semi*-closed but not v*-open.
(iv) The sets {c}, {a, c}, {b, c} are pre*-closed but not v*-open.
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