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ABSTRACT

LetG = (V(G),E(G)) be a simple graph. A set S € V(G) is called a secure dominating set of a graph G if for every
vertex u € V(G)\ S, there exists v € SN N;(w) such that (S\ {v}) U {u} is dominating. It is a super secure
dominating set if N;(v) n (V(G) \ S) = {u}. The minimum cardinality of a super secure dominating set in G, denoted
bY Vsups(G), is called the super secure domination number of G. In this paper, we initiate the study of the concept and
give some important results.
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1. INTRODUCTION

Graph Theory was born in 1736 with Euler's paper in which he solved the Konigsberg bridge problem [11].
Domination in graph was introduced by Claude Berge in 1958 and Oystein Ore in 1962 [16]. However, it was not until
following an article by Ernie Cockayne and Stephen Hedetniemi [2], that domination became an area of study by many.
One type of domination parameter is the secure domination in graphs. This parameter is used to study the problem of
using guards to defend the vertices of a graph G against an attacker. Several variations of this graph protection problem
have been studied, including k-secure sets [1], and eternal m-secure sets [17], secure convex dominating sets [3]. Other
variation of domination in graphs can be read in [4, 5, 6, 7, 8, 10, 13]. The super dominating sets in graphs was initiated
by Lemanska et al. [12]. Motivated by these parameters, we initiate the study of super secure domination in graphs.

Let G = (V(G),E(G)) be a connected simple graph and v € V(G). The neighborhood of v is the set
Ne(W)N@w) ={u€eV(G):uve E(G)}.If S< V(G), then the open neighborhood of S is the set N;(S) = N(S) =
UyesNg(v). The closed neighborhood of S is N;[S] = N[S] = SU N(S). A subset S of V(G) is a dominating set of
G if for every v € (V(G)\ S), there exists x € S such that xv € E(G), i.e.,, N[S] = V(G). The domination number
y(G) of G is the smallest cardinality of a dominating set of G.

Aset S € V(G) is called a secure dominating set of a graph G if for every vertex u € V(G)\S, there exists v\in S N
Ng (w) such that (S \ {v}) U {u} is dominating. The minimum cardinality of a secure dominating set of G, denoted by
¥s(G), is called the secure domination number of G.

A set D c V(G) is called a super dominating set if for every vertex u € V(G) \ D, there exists v € D such that
N;(w)n (V(G)\ D) = {u}. The super domination number of G is the minimum cardinality among all super
dominating setin G. A set S € V(G) is called a secure dominating set of a graph G if for every vertex u € V(G) \ S,
there exists v € S N Ng (u) such that (S \ {v}) U {u} is dominating.

A secure dominating set S is called a super secure dominating set of a graph G if for every vertex u € V(G) \ S, there
exists v € S such that N;(v) n (V(G) \ S) = {u}. The minimum cardinality of a super secure dominating set of G,
denoted by y,,s(G), is called the super secure domination number of G. For general concepts we refer the reader to

[9].
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2. RESULTS
From the definitions, the following remarks are immediate.

Remark 2.1: Let G be a nontrivial connected graph of order n > 2. Then
(1) 1 < ¥Ysups(G) < n—1,and

(i) Y(G) < v5(G) < Ysups(G).

Remark 2.2: The super secure dominating set is a super dominating set and a secure dominating set.
It is worth mentioning that the upper bound in Remark 2.1(i) is sharp. For example, ys,,s(K,) =n — 1 for alln > 2.
The lower bound is also attainable as the following result shows.

Remark 2.3: The yg,;,s(G) = 1ifand only if ¢ = K,.
The next result says that the value of the parameter y,,,,;(G) ranges over all positive integers.

Theorem 2.4 (Realization Problem 1): Given positive integers k and n such thatn = 2,1 < k < n — 1, there exists
a connected graph G with [V (G)| = n and yg,,s(G) = k.

Proof: Consider the following cases:
Case-1: Suppose k = 1.
Let G = K,. Clearly, [V(G)] =2 = nand ye,,s(G) = 1.
Case-2: Suppose 2 < k<n-—1.
Let G = H o P, where H is a nontrivial connected graph. Let V(H) = {a,,a,,...,a;} and n = 2k. Then V(H) is a
Ysups-Set in G (with 2 < [V(H)| = k and k < n — 1). Thus, ¥5,;s(G) = k and
V(@) =V(He P)| = |[VH) U UreranV P = IVIE)] + [UxevanV (PO = k +k = 2k = n.
Case-3: Suppose k =n — 1.

Let G = K. Then ys,»s(G) =n—1 =k and |V(G)| = n. This proves the assertion.

Theorem 2.5 (Realization Problem 2): Given positive integers k,m and n > 6 suchthat 1 < k <m < n — 1, there
exists a connected graph G with |V (G)| = n, Ysyups(G) = m, and y(G) = k.

Proof: Consider the following cases:
Case-1: Suppose m =n — 1.

Let k = 1 and consider the graphs G = K,,. Let x € V(G). The set A =V (G) \ {x} is @ ysyps-set and B = {x} isa y-
set in G. Thus, ¥,s(G) =[Al=|V(G)\{x}|=V(G)|-1=n—-1=m and y(G) =|B| =1=k. Further,
V(G)| =n.

Case-2: Suppose m < n — 1.

If Kk =m, then let n = 2m and consider the graph G = H\circ P, where H is a nontrivial connected graph. Let
V(H) = {ay,a,,...,a;,}. Then the set A =V (H) is @ ysyps-set and a y-set in G. Thus, y(G) = k = m =y, (G).
Further, [V(G)| = |[V(H o P)| = [V(H)| + |Uyeran VPO =k +k =2k =2m =n.

If k<m, then let k=m—i, n=2m, m=3i (Vi=12,..)% and consider the graph G = B,, where
V(B) = {v,, vy, ..., v,}. Theset A = {v4]-_1:j = 1,2,...,%} U {v4]-:j = 1,2,...,%} is @ Ygups-set in G, wheneverln—2 is

n+2

an integer, otherwise A = {v4]-_3:j =12,..., "

}u{v4j:j=1,2,...,n7_2} is a Ysps-set in G. The set

n_ n+2  n-2 n__ 2m

Bz{v3j_1:j= 12%} is a y-set in G. This implies that yeps(G) = - +2=""+""-="=="=m and
y(6)=2=2=%=2i=3i—i=m—i=kFurther,|V(G)| =n.

This proves the assertion.
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The following result follows from Theorem 2.4.
Corollary 2.6: The difference yg,,s — ¥ can be made arbitrarily large.

Proof: Let n be a positive integer. By Theorem 2.4, there exists a connected graph G such that y,,,,s(¢) =n + 1 and
Y(G) = 1. Thus, ¥, (G) — ¥(G) = n, showing that y,,,,; — ¥ can be made arbitrarily large.

Remark 2.7: If $* € § and S* is a super secure dominating set in G, then S is a super secure dominating set in G.
We need the following results for the characterization of the super dominating set in the corona of two graphs.

Lemma 2.8: Let G be a nontrivial connected graph and H be a complete graph. Then a proper subset S of V(G o H) is
a super secure dominating setin G o H if S = V(G) U (Uyey)(V(HY) \ {x}) forany x € V(H").

Proof: Suppose that S = V(G) U (Uyey)(V(HY) \ {x}) forany x € V(H"). Then

S =V(6) U UperyVHI\ ) = Upeyey(VH? + ) \ {x)
for any x € V(H"). Since H is a complete graph, H” + v is a complete graph for each v € V(G). Let x € V(H). For
eachv € V(G),V(H" + v) \{x} is a super secure dominating set in H” 4+ v by case3 of Theorem 2.4. This implies that
S = Uyer)(V(HY + v)\ {x}) is a super secure dominating setin G o H.

Lemma 2.9: Let G be a nontrivial connected graph and H be a complete graph. Then a proper subset S of V(G o H) is
a super secure dominating setin G o H if S = U,y ey (V(HY ).

Proof: Suppose that S = U,y () (V (HY). Since H is a complete graph, H” + v is a complete graph for each v € V(G).
This implies that V(H”) = V(H” + v) \ {v} is a super secure dominating set in H” + v. Thus, S = U,ep)(V(HY) is
a super secure dominating setin G o H.

The next result is the characterization of the super secure dominating set in the corona of two graphs.

Theorem 2.10: Let G be a nontrivial connected graph and H be a complete graph. Then a proper subset S of V(G o H)
is a super secure dominating set in G o H if and only if one of the following statements holds:

() S =V(6) U (Uyerone(VHY)) U (Upec (V(HY\{x}) for any € € V(G) and x € V(HY).

(i) S = C U (Uyevenc(VH™)) U (Uyec(V(HY)\{x}) forany € € V(G) and x € V(HY).

Proof: Suppose that a proper subset S of V(G o H) is a super secure dominating set in G o H. Since H is a complete
graph, H” + v is a complete graph for each v € V(G). Let x € V(H). Foreach v € V(G), V(H" + v)\{x} is a super
secure dominating set in H” + v by case3 of Theorem 2.4. This implies that U,ey)(V(H” + v )\{x} is a super secure
dominating setin G o H. Thus, S = Uyeye)(V(H® + v)\{x} = V(G) U (Upey)(V(HY)\{x}) for any x € V(H").

Let C < V(G). Then
S$*=V(G) VU (Upevy(VH") \ {x}))
=V(6) U (Userane VHI\ D)) U (Urec (VHM) \ {xD)
cV(6) U (Userenc(V(HM)) U (Urec(VHD\ (D) = S
for any x € V(H"Y). Thus, $* c S. By Remark 2.7, S is a super secure dominating set in G o H. This proves statement

(i).

To show statement (ii). Similarly, for each v € V(G), V(H® + v) \ {v} is a super secure dominating set in H” + v. Let
C € V(G). Then,

§* = Upeviy(VH" +v) \ {v})
= Upevie (V(H" +v))
S* = (Upevenc(VH)) U (Upec(VH))

Observed that |(UpecV (H”) )| = [(Upec (V(HY + v) \ {x})| withboth (U,ecV (HY)) and (Uyec(V(H” +v) \ {x}))
are super secure dominating set in the subgraph (U,ec(V(H” + v))) induced by U, (V(H” + v)). Thus,

57 = (Uver@nc(VH™)) U (Uyec (V(HY + 1) \ {x}))
= (Upevonc(VHN)) U C U (Upec (V(H) \ {x}))
= C U (Upevanc(VHM)) U (Upec(V(H) \ {x})
Therefore, S** is a super secure dominating set in G o H. This proves statement (ii).
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For the converse, suppose that statement (i) or (ii) holds. Consider first that (i) holds and consider the following cases:

Case-1: Suppose that C =@ . Then S =V (G) U (Uer(G)(V(HV)) = V(G o H) is a super secure dominating set in
Go H.

Case-2: Suppose that € # @. If C = V(G), then S = V(G) U (Upey(e)(V(HY \ {x})) for any x € V(H"). Thus, S is a
super secure dominating set in Geo H by Lemma 2.8. If $C # V(G), then S = V(G) U (Uer(G)\C(V(Hy))) U
(Upec(V(HY) \ {x})) for any nonempty C < V(G) and x € V(H"). Since V(G) c S, S is a dominating set in G o H.
Now, x ¢ S impliesthatx € V(G o H) \ S and there exists v € S such that vx € E(G o H). Let z € V(H" + v). Since
HY + v is complete and x € V(HY + v), zx € E(G » H). Consequently, (S \ {v}) U {x} is a dominating set, that is, S
is a secure dominating setin G o H. To show that S is a super dominating set, let v € C and A = N;(v) n V(G). Since
vEC c V(G), A< V(G) (equality occur if G is complete) and N,z (v) = AU V(HY). Let S, = {x} © V(H") forall
v € C (equality occur if H is trivial). Then V(G o H) S = UyecSy. Since x € V(H”) and x € U,ecS,, it follows that
$x € Ngoy(v) N (V(G o H)\ S). Suppose there exists x' distinct from x such that x’ € Ng.z(v) N (V(G o H)\ S).
Then x" € Ng.u(v) implies that x” € V(G) or x' € V(H"). If x' € V(G), then x' & V(H"). Since S, € V(H"),x' & S,
for all v € C, that is,x" & U,ecS,. If x' € V(HY), then x" ¢ S, for all v € C since x’ # x. Hence, x' & Uy,ecS,. In
either case, x' € Ng.p(v) N (V(G o H) \ S) contrary to our assumption. This implies that x is the only element of
Neoy() N (V(Go H)\ S). Thus, Ng,(v) N (V(G o H) \ S) = {x}. Accordingly, S is a super secure dominating set in
Go H.

Next suppose that (ii) holds. Then consider the following cases:

Case-1: Suppose that C = @. Then S = (Uyey )V (H™) ). Thus, S is a super secure dominating setin G o H by Lemma
2.9.

Case-2: Suppose that C # @. If C = V(G), then S = V(G) U (Uyey)V (HY) \ {x}) for any x € V(H"). Thus, S is a
super secure dominating setin G o H by Lemma 2.8. If C # V(G),then S=C U (UueV(G)\C(V(H“))) U (Upec(V(HY) \
{x}) for any nonempty Ccl(¢) and xeV(Hv). Let welVHnS. Since A is complete, fw} is a dominating set in Zand
hence {w} is a dominating set in H* + z for each z € V(G). This implies that Ny[w] = V(H* + z) for all z € V(G).
Thus, UyeynnsNu[W] = Uzev)V(H? +2) = V(G o H). Since w € S, it follows that N;.,[S] = V(G o H), that is, S is
a dominating set in G o H. Now, consider u € S. Then u € V(G H)\ S and there exists v € S such that uv €
E(Geo H). If ue V(H), then let x =u and let z € V(H" 4+ v) for all v € C. Since H” + v is complete and x €
V(HY + v), zx € E(G » H). Consequently, (S\ {v}) U {x} is a dominating set in U,ecV(H" +v). If u ¢ V(H),
then u € V(G). Since u ¢ S, u¢ C, that is, u € V(G) \ C. Choose v € V(H"). Since H* is complete for all
u€ V(G)\ C, it follows that (S\ {v}) U {u} is a dominating set in UyepncV (H* +u). This implies that
(S\ {v}) U {u} is a dominating set in (UuEV(G)\CV(H“ + u)) U (UyecV(H* +u)) =V (G o H). Therefore, S is a
secure dominating set in G o H. To show that S is a super dominating set, let z € S. Suppose that z € C and
A=N;(z)n V(G).Sincez € C c V(G), A< V(G) (equality occur if G is complete) and N;.,(z) = AU V(H?). Let
S, = {x} € V(H?) for all z € C (equality occur if H is trivial). Then (U,ecS,) € V(G o H) \ S. Since x € V(H?) and
X € UgecS,, it follows that x € Ngoy(2) N (V(Go H)\ S). If z¢&C, then either z€ V(HY)\ {x} for all
veE Corze V(HY) for all ue V(G)\ C. Consider that ze€ V(HY)\ {x} for all ve C. Then B = Ny(z) n
V(G) ={v}, that is, B< C c V(G) and Ngz.z(z) =B U (V(H")\ {z}). Let S, ={x} < V(H") for all ve C
(equality occur if H is trivial). Then (U,ecS,) € V(Go H)\ S. Since x € V(H") and x € UyecS,, it follows that
X € Ngoy(z2)n (V(Go H)\ S). Similarly, if ze V(H*) forallu e V(G)\ C,thenx € N;.uz(z) N (V(Go H)\ S).
In either cases, x € Ng.z(2) N (V(G o H)\S). Suppose there exists x’ distinct from x such that x' € Ng.xz(v) N
(V(G o H)\ S). Using similar arguments used above, N;,z(v) N (V(G o H) \ S) = {x}. Accordingly, S is a super
secure dominating setin G o H.

The following result is an immediate consequence of Theorem 2.10.

Corollary 2.11: Let G be a nontrivial connected graph and H be a complete graph. Then
ysups(G °oH) = |V(G)||V(H)|

Proof: Let S = C U\ (UuEV(G)\CV(H”)) U (Upec (V(H?) \ {x}))forany C € V(G) and x € V(H"). Then by Theorem
2.10(ii), S is a super secure dominating setin G o H. Thus [S| = ¥sys(G © H). Consider the following cases:

Casel. Suppose that € = @. Then S = (Uyey )V (HY)). This implies that |S| = |Uyey)VHY| = VGV (H)| =
Ysups(V(G o H)). Let vE€ § and S* =5\ {v}. Then v € (Uyeye)V(H")) implies that v € V(H*) for some
u€ V(G), thatis,u € V(Go H)\ S.Thus, u,v & S*. If H is trivial, then vz ¢ E(G o H) forany z € S*. This means
that $* is not a dominating set in G o H. If H is nontrivial, then letw € V(H") \ {v} forsome v € V(H") and
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u € V(G). Clearly, Ng.uy(z) = VH")\{z)H)u{u} and V(Go H)\S*=V(G)V {v}. Since ue V(G) and
v € V(HY), it follows that u,v € Ng.z(2) N (V(G o H) \ S*). Thus, S* is not a super secure dominating setin G o H.
This implies that |S| = g5 (G o H). Therefore, ye,s(G © H) = [V (G)||V(H).

Case2. Suppose that C # @. If C =V (G), then S =V(G) U (Uyepy (V(HY) \ {x})) forany C c V(G) and x € V(HY).

Thus, 151 = V() U (Uueriy VEHD\ GD)| = IVO1+ V@AV ED] = 1) = VIV H)| 2 Veus (G © H):
Similarly, if ve Sand S* =S\ {v},then S*is not a super secure dominating set in Geo H and hence
Ysups(G o H) = |V(G)||V(H)|. If the nonempty set C # V(G), then for any C c V(G) and x € V(H"),S=CU

(UuevioncV H¥)) U (Upec(VH?) \ {(x])). Thus,
151 = 1€ U (UuevioncV(H)) U Upec(VH?) \ )]

ICl + |(Uuevene VAE DI + [(Upec (VH") \ {x}1)]
ICl + V(G \ ClIIVED)| + |CI(VH)| = 1)
= V(OIVHE)] 2 Voups (G o H).

Similarly, if v € Sand S” = S \ {v}, then $ is not a super secure dominating set in G o H and hence
ysups(G o H) =V (G)||V(H)I.

Finally, if S=V(G)U (Uyev(g)\CV(Hy)) U (Upec(V(HY) \ {x})) for any C € V(G) and x € V(H"). Then by
Theorem 2.10(i), S is a super secure dominating set in G o H. Thus [S| = ¥syps(G © H). It can be shown similarly that
ysups(G o H) =V (G)||V(H)I.
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