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ABSTRACT

A set S of vertices in a graph G is a neighborhood set of G if G = U,es(N[v]), where is the (N[v]) subgraph of G
induced by v and all vertices adjacent to. The neighborhood number n,(G) of G is the minimum number of vertices in
a neighborhood of G [3]. Let P, be the family of neighborhood sets of a Path P, with cardinality i. In this paper we
construct family of neighborhood sets of Paths P, and its polynomial of a path.
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1. INTRODUCTION

Let G be a simple graph with vertex set V = {v;, v,,vs,..,v,} and the Edge set E = {v,v,, V,V3, V3V, oo\, Vo1 Un )
A neighborhood set S C V(G) is a neighborhood set of G if G = U,es(N[v]) where (N[v]) is induced subgraph of G.
The neighborhood number n,(G). Let P! be the family of neighborhood sets of a Paths P! with cardinality i and
ny(P,, i) = |Pi| and the Polynomials are No(P,, x) = X7, n(P,, i)x" the polynomial of the path.

2. NEIGHBORHOOD SETS OF PATHS

Let P,,n > 4 be the path with n vertices V(P,) = {1,2,3...n} and E(P,) = {(1,2),(2,3) ...(n — 1,n)}. Let P! be the
family of neighborhood sets of B,with cardinality i. Every path P, consist a simple path. The following lemmas and
theorems are needed for the construction of family Neighborhood sets with different cardinality.

Lemma 2.1: For a graph = B, , n = 3 The following Properties are true
Pi= @ifandonlyifi >nori< EJ

Theorem 2.2: If X € P~} and there exists x € [n] such that X U {x} € P} then X € P.Z3.

Proof: Suppose that X & Pi% since X € PiZ}, X contains at least one vertex labeln —4orn—3. If n—4 €X,

then X € PiZ% a contradiction. Hence, n — 4 € X, but in this case, X U {x} & P! for any x € [n] also a contradiction.
This X € Pi73.

Lemma 2.3: Let B,,n = 2 be a path. Then
() XePZi =0 then PiZ} = 0.
(i) PL2t =Pz} = @ then Bl = 0.
Proof:
(i) Let PP-l=0=i—-1<n-2=i—1<n-—1 therefore P.Z} # @ which is a contradiction. Since, By
lemma2.1. PiZ} = @ then PiZ1 = 0.
(i) Bytheresult(i),i —1 <n—2=>i—1 < n, therefore P\=* # @ which is a contradiction. Hence
Pii =Py =0 then Bl = 0.

Corresponding Author: I. Paulraj Jayasimman?*1,
1AMET University, Kanathur, Chennai, India.
International Journal of Mathematical Archive- 8(12), Dec. — 2017 184


http://www.ijma.info/�

1. Paulraj Jayasimman *1, J. Joseline manora® /
Neighborhood sets and Neighborhood Polynomial of a Path / IIMA- 8(12), Dec.-2017.

Lemma 2.4: If B! # @ then the following properties are true
() Pii=oandPiZy =0 ifandonlyif n=2k+1andi=k=|3]
(ii) P,é:% =@ and P_,i:ﬁ + @ ifandonly if i = n.
(iii) Pi23 #+ @ and PLZ3 # @ ifand only if n = 2k, k = i.

Proof:
() LetPiZi=p=>i—-1>n—-1ori—-1< [nT_l] Ifi—1>n—1theni>nbylemma2.1, P} = @ which is
a contradiction. Therefore —1 < [nT_l +1 . Since Pl # ¢ and BJ <i< [nT_l] +1, we get n=2k+1
andi=k = EJ Suppose n = 2k + land i = k = EJ for some € N . Then by lemma 2.1, if Pi=1 = @ then
10
_2 .
(i) Let PiZi =9 .Bylemma 21, i—-1>n—-2 or i—-1<|[—|.Ifi—-1< [— then —1 < [n—l
Therefore PLZ1 = @ which is a contradiction Hence, i > n - 1. Since PiZ} = @, —1 < n — 1. Therefore
=n. Supposel =n then by lemma2.1if P.Z} = (2) and PiZ} # 0.
(iii) Let Pi=} =@ . Then —1>n—1:>l—1<[ . Ifz—1>n—1theni—1>n—2 Hence by lemma

2.1, PiZ3 = PiZ1 = @, which is a contradiction. Therefore i — 1 < [—] + 1 and P.Z3 # @. Hence

[T] +1<i< [T] Therefore,n = 2k = i. For some k € N then by lemma 2.1 P.=} = PX # @ for some
keN.

3. CONSTRUCTION OF FAMILIES OF NEIGHBORHOOD SETS OF PATHS

Theorem 3.1: For any path P}, n > 4 and i > EJ the following result are true.
(i) If P2l =0andPiz3 #¢ thenP! ={24,..,n—5n-3,n—1}.
(i) If Pl =@and P2} # @ then P! = {[n]}.
(iii) If PLZ3 # @ and P23 # @ then B! = P! = {[n] — {x}/x € [n]}.
(iv) If Pi=L = @and PiZ} # @ then P! = {X, U{n}/X, € Pi21}, Pi = (X, u{n—1}/1 € X, € P\73},
Pl={X,uU{n—1}/X, € Pi=3}and P! = (X, U{n}/1¢X, € P\_L}.

Proof:
(i) Let PiZi =@and Pz} # @ .Bylemma 2.4 (i),n =2k +1 and i = k for some k = EJ € N. This imply that

. n
pi=pl"2l = (2,468,..,n— 1.
(i) LetPiZl=g@and Pz} # @ . By lemma 2.4 (ii)i = n. Hence P} = P! = {[n]}.
(iii) 1fi =n—1inlemma 2.4 (iii), then we get P! = P* ' = {[n] — {x}/x € [n]}.
(iv) PiZi#@ andPiZ # 0. Let X; € PLZL then there exists at least one vertex labled in n — 3 orn— 2 isin X;.
Ifn—30rn—2€X,then X; U{n—1} € B Let X, € P\ then there exists one vertex labled as n — 1 is

inX,. 1fn—1€X, thenX, U{n}€P:.
3.1 NEIGHBORHOOD POLYNOMIAL OF PATHS

Definition 3.1.1: Let B! be the family of neighborhood sets of a path B, with cardinality i and let no(B) = |B|. Then
the neighborhood polynomial of B, is defined as
n

N(P,x) = Z n(P,, x)x*
T
We obtain a neighborhood polynomial of P, . N(P;,x) = x3 + 10x* + 15x5 + 7x° + x7.

Theorem 3.1.2: Let = P, ,n = 3 be a path. Then the following properties are true.
(i) If B is the family of neighborhood sets with cardinality i of B, then |BI| = |Pi7% | + |PiZ% |.
(ii) Foreveryn =4, N(B,, x) = x[N(P,_41,x) + N(P,_,, x)] with the initial values,
N(Py,x) = x,N(Py,x) = x? + 2x,N(P3,x) = x> + 3x? + 3x

4. COEFFICIENTS OF NEIGHBORHOOD POLYNOMIAL OF PATHS
The coefficients of N(B,, x) is determined for 1 < n < 12. Let n (B,, i) = |B!|. Also there are some relationship exist

between the coefficients n(B,,i) where g <isn
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Theorem 4.1: Let = B,, n = 3 be a path and Let N (B,, n) be the total number of neighborhood sets with size n. Then
The following properties hold for coefficients of N(B,, x).

(i) Foreveryn €N, n(Pyy,n) =1

(ii) Forevery n > 4i > 3], n(Byi) =n (Poeyyi = 1) + 1 (Pygi— 1)

(ili) For every n. € N, n (Pyyyq,n + 1) = 242

(iv) Foreveryn € N,n (Pypipn+1) = (n+2)
(v) Foreveryn € N,n(P,n) =1

(vi) Foreveryn € N,n(B,n—1) =n
(vii)Foreveryn € N, n (Py,,n+ 1) =
(viii) Foreveryn € N,n(P,,,n) =1+nn=2

(ix) Foreveryn € N,n (B, n —2) = (n_l)zﬂ

x) If s, = Z’;H n(B,, i) thenforeveryn >4,S, =S,_; + Sp_5.

2

nn+1)(n+2)

(xi) Foreveryn € N and k = 0,1,2,...,2n — 1, then
NPyt +1)—n(B,i+1) =n(B,i) — n(Py_y,0).

Proof:

(i) Since,Pl, . ={{2468,..,n—1}}, |PXsl =1, P}, ={2,468,..,n— 1} therefore P}, =1,
n=123,..

(i) From the theorem (3.8.2) |Bi| = |PiZh | + |Pizh | n(By ) =n (Pooy,i— 1) + 0 (Py_p i — 1).

(iii) This property is proved for P,, by induction on . The result is true for n = 1 and i = 1 Similarly forn =3
and i = 2, we get n(Ps,2) = n(P,, 1) + n(P;, 1) = 2 + 1 = 3, therefore P? = {{1,2},{1,3},{2,3}}. Forn = 2
in P,,,1 = Ps and i = 2 the Neighborhood sets are
n(Ps,3) = {{1,2,4},{1,3,4},{1,3,5},{2,3,4},{2,3,5},{2/4,5}} = 6 For n = 34,5, ...,n — 1 this result is true.
Then by (i) and (ii), it is true for n in Py, 4.

By property (ii),
n(Papypn+1) =n(Pyp,n) + n (Pyp_y,n)
=n+1+ nntl)

n(P2n+1,Tl+ 1) :(n-‘—l)zﬂ

(iv) By inductiononn. Whenn =1 P,,,, and i = 2 the neighborhood sets are
n(P,,2) = n(Ps3, 1) + n(P,, 1) =2+ 1 = 3 P? = {{1,3},{2,3}, {2,4}}, therefore n(P,, 2) = 3. This result is
true for n = 2,3,4, ...,n — 1. Then by the results (i), (ii) & (iii), this result is true for n
n (Ppyzn+ 1) =n (Pypi,n) + 1 (Pop,n)
=n+1D+1
n(Pypipn+1)=n+2.
(v) For any Path B, with n vertices the number of neighborhood sets of B, of size i = nisn(B,,n) = 1.

(vi) For any Path B, with n vertices the number of neighborhood sets of B, ofsizei =n—1is (P,n—1) =n.
(vii) By induction on n, the result is true forn = 1in P,,, and i = 2 ie). n(P,,2) = 3. Then the result is true for all
n=23,..,n—1inand = n + 1. Therefore it is true for n. By the results (iii) and (iv) and the induction

hypothesis, the number of neighborhood sets of P,,, andi =n + 1 s

n(Papn+1) =n(Pypy,n) +n(Prp_pn)
_nn+1) | (n-Dn(n+1)

Tl(PzH,Tl + 1) _ n(n+16)(n+2)

(viii) It is proved by induction on = 2 . The result is true for n = 2. Then (P,, 2) = 3. The result is true for all
n =3,..,n— 1. and itis true for n by the result (v) and (vi), forn in P,,
n(PZn' Tl) = n(PZn—l'n - 1) + n(PZn—Z'n - 1)
n(Py,,n) =1+n
(ix) Itis proved by induction on n = 4. The result is true n = 4 then (P,, 2) = 3. The result is true for all
n=4,5,..,n—1.
InPB, withi =n—2. Thenitistrue fornin B, withi=n—2
n(B,n—2) =n(P,_;,n—3) +n(P,_,,n—3)
_emey

n(Pn‘n — 2) = (n_l)z&
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(x) Itis proved from the result theorem 3.1.2 (i)
n

Su= ) n(Pui)

=

n(P‘n.—l'i - 1) + n(Pn—Z'i - 1)

=

n-1 n-2
= P+ Y n(Ppi=1)
i A

Sp = Sp—1 + Sp-2-

(xi) From the result theorem 3.1.2 (i) foreveryn € N and k = 0,1,2, ..., 2n — 1 then

(Pras,i+ 1) = (B i + 1) = (0B, 1) +1(Paoy, D)) = ((1(Paey, D) + n(Pasy D))
NPy, i +1) +n(B, i +1) =n(B, i) —n(Pp_y i)
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