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ABSTRACT

In 1982, zdzislaw Pawlak [2] introduced the theory of Rough sets to deal with the problems involving imperfect
knowledge. This present research article studies some interesting properties of Rough approximations of subsets of the
universe set. The properties of Rough membership function or also presented.
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1. INTRODUCTION

The problem of imperfect knowledge has been tackled for a long time by philosophers, logicians and mathematicians.
Recently it became also a crucial issue for computer scientists, particularly in the area of Artificial Intelligence.

There are many approaches to the problem of how to understand and manipulate imperfect knowledge. The most
successful approaches to tackle this problem are the Fuzzy set theory and the Rough set theory. Theories of Fuzzy sets
and Rough sets are powerful mathematical tools for modeling various types of uncertainties. Fuzzy set theory was
introduced by L. A. Zadeh in his classical paper [5] of 1965.

A polish applied mathematician and computer scientist Zdzislaw Pawlak introduced Rough set theory in his classical
paper [2] of 1982. Rough set theory is a new mathematical approach to imperfect knowledge. This theory presents still
another attempt to deal with uncertainty or vagueness.

The Rough set theory has attracted the attention of many researchers and practitioners who contributed essentially to its
development and application. Rough sets have been proposed for a very wide variety of applications.

In particular, the Rough set approach seems to be important for Artificial Intelligence and cognitive sciences, especially
for machine learning, knowledge discovery, data mining, pattern recognition and approximate reasoning.

Let % be a finite or infinite universe set. If A is any subset of the universe set % , we present a few properties of
lower and upper Rough approximations of A. The lower and upper Rough approximations or obtained by using
Rough membership function also.

Throughout this article, ¢ and % stand for the empty set and the universe set Respectively.
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2. PRELIMINARIES

This section is devoted to some basic definitions which are needed for the further study of this paper.

Definition 2.1: Arelation R on 2 is said to be an equivalence relation on % if
(@) (X, X) eR forevery x e & (reflexivity)

(b) (X, y) eR< (y, X) e Rforevery x,y e % (symmetry)
() (X, y) e R and (y, Z) eR=> (X, Z) € Rforevery x,y,z €% (transitivity)

Definition 2.2: If R is an equivalence relation on % then the equivalence class of an element x € % is denoted by
the symbol [ x| and itis defined by [x], = {y € % : yRx}.

Definition 2.3: An information system is a pair (%, ﬂ)where A is a set of attributes. Each attribute f € 4 isa
mapping f : 4 — Vf where Vf is the range set of the attribute f € A.

Each attribute f € .4 generates an equivalence relation on % . Corresponding to each attribute f € 4, a relation

R, is defined on % such that(x,y) € R, < f(x)=f(y). Itis easy to verify that R, is an equivalence
relation on % and R is called an indiscernability relation. If x& % then [x], ={y e % : f(x)= f(y)}.

Ry

Definition 2.4: Let (%,ﬂ) be an information system and R, an indiscernible relation on % for some f € 4.

If X isany subset of % then
a) The lower Rough approximation of X is defined to be the set

R¢(X)= {xe‘Z[: [x] gX}

b) The upper Rough approximation of X is defined to be the set
R' (X) = {x eU: [X]Rf Nnx ¢¢}

¢) The boundary region of X with respect to Rf is defined to be the set
B, (X) = R'(X)- R'(X).

Definition 2.5: A subset X of 2 is said to be a Rough set, if the boundary region ‘BRf (X)= R' (X) - RL(X) is

non- empty. Sometimes, a Rough set X can also be represented as a pair (R¢ (X),RT (X))using Rough

approximations.

Definition 2.6: A subset X of 2 is said to be a Crisp set ifRi(X) =X = RT(X).

It is easy to observe that a subset X of % is a Crisp set if and only if it is not a Rough set.

3. PROPERTIES OF ROUGH APPROXIMATIONS

In this section, various properties of the lower and upper Rough approximations are established.

Theorem 3.1:
AR (¢) =R (¢)=¢
b) R" (%) =R* (%) =%

Proof: Since R¢(¢) cd, Uc RT("Z[) it follows that R¢(¢) =¢ and RT(%) =%.
Assume that R’ EXS
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Then there exists a point x in % suchthat x € RT(¢) = [x], N ¢ #¢ whichis a contradiction.
f

Hence R’ (@) = ¢.

Since Rf is an equivalence relation on %, [x]R c % forevery X € % . This implies that R* (%) =%.

f

This results establishes the fact that the empty set ¢ and the universe set % are Crisp sets.

Theorem 3.2: If A and B are any two subsets of %, then
a) AcB = R'(A)c R'(B)
b) R'((R")(4)=R"(A)
o R'(AUB)=R'(A)UR" (B)
d R'(ANB) c R'(A)NR' (B)
Proof:
a) Suppose that A < B.Let x erR' (A)
= [xlg, NA=¢
=> there exists a point Y in % suchthat Yy € [x]Rf NA
= ye [x]Rf andy € A
= ye [x]Rf andy € B
= ye[xl, N B
= [x],, NB#¢
= xeR'(B)
Hence RT(A) c RT(B).

b

~

since A< R'(A), R'(A)c R'(R"(4))

Let x e R"(R"(A)). Then [x], NR'(A)# ¢

= there exists apoint Y in % such that y € [x], N R'(A)
= ye[x], andy € R'(A)

= [Ylg, =[xz, and[yls, N(A) = ¢

= [xlg, N(A) = ¢

= xeR'(A)

Hence R’ (RT(A)) cR' (A)
From (1) and (2), R’ ((RT)(A)): R’ (A)
¢) since Ac AUB, R"(A)c R’ (AUB)

similaly, B AUB = R'(B)cR'(AUB)
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From (3)and (4), R'(A)UR'(B)c R'(AUB) (5)
0
Let xe R (AUB). Then (x)Rf N(AUB) = ¢
=([x], N4)U([x], NB)=¢
= [x]Rf NA ;tq)or[x]Rf NB#¢
= xeR"(A)orx e R"(B)
= xeR (A)UR"(B)
This shows that R' (AU B) < R" (A)UR' (B) (6)
From (5)and (6), R'(AUB) = R'(A) U R" (B).

d) Since ANBc A, wehave R (ANB)c R'(A) )
Similarly, ANB< B= R'(ANB)c R'(B) (8)
From (7)and (8), R'(ANB) < R'(A) N R" (B).

Theorem 3.3: If A and B are any two subsets of %, then

a) AcB = R'(A)c R'(B)

b) R"((R")(4)= R (A)

o R(ANB) = R'(A)N R (B)

d R'(A)UR'(B)cR'(AUB)

Proof:
a) Suppose that A < B. Let x eR' (A)

= [x]Rf cA

= [x]s, cAC B

= xeR'(B).

Hence R (A) c R (B)

b) Since R* (A) C A, R*( )cRL A) )
en [

Let xeRi( ). Then [x], <
If y e[ x],, then [y], =[x], .whichimplies that [y], < A

=y eRl (A).

This shows that [x], < R”(A)

= xeR'(R'(A))

Hence R*(A)c R'(R*(A)) @

From (1) and (2) R* ((Ri)(A)): R (A).
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c) Since ANBcC A, Ri(AﬂB)gRi(A) (3)
similarly, ANB c B = R'(ANB)cR"'(B) @
From (3)and (4), R’ (A N B) cR* (A) NR* (B) (5)

Let x eR* (A)NR'(B).

= xeR"(A)andx eR"(B)

= [x]Rf c Aand [x]Rf cB

= [x],, cANB

= xeR'(ANB)

Hence R*(A)n R*(B)cR*(ANB) (6)

From (5) and (6), R"(ANB) = R*(A)N R" (B).
d AcAUB and Bc AUB

= R'(A)cR"(AUB)and R*(B)cR'(AUB)
= R'(A)UR*(B)cR'(AUB).

Theorem 3.4: Forany x € %, R’ ([X]R,) = R ([x]R ):[x]R .

Proof: Clearly, R ([x]Rf) c [x]Rf . 1)
Let ye[x]Rf. Then [y]Rf = [x]Rf.

= yeR' ([x]Rf ) Hence [x], R' ([x]R/ ) @

From (1) and (2), R* ([x]Rf ) = [x]Rf )

We have [x], < R' ([x]Rf ) 3)

ety eR'([x],, ). Then [y], N[x],, =¢.

=> There exists a point z in % such that ze[y]Rf ﬂ[x]Rf

= ze[y]Rf and z e[x]Rf

= (z,y) eR,and(z,x) R,
= (y,x) eR,

:>ye[x]Rf

This proves that R' ([x]R[ )g [x]Rf . (4)

From (3) and (4), R ([x]Rf):[x]R .

'

This result shows that [x]R isa Crispsetforany x € % .
f
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Theorem 3.5: Forany A € %,
2 R'(R"(A))=R*(A)
b) R"(R"(A))=R"(A)
Proof: suppose that A < % .
a) Clearly, R (A) cR' (R¢ (A)) 1
Let x e R' (Ri (A)) Then [x]Rf NR* (A);t ¢

since R (A)e 4, [x], N R*(A)e [x], N A

= [x]Rf NA #¢

= x eR"(A)

Hence R’ (R*(A)) < R*(A) ©)

From (1) and (2), R' (R¢ (A)) -R'(A).
b) Clearly, R (RT (A))gRT (A) @A)
xeR'(A) = [x], NA=g
=[x, =[yls, NA# gforany y e[x],
=[x, CRT( )
= xeRi (R"(4))
Then R'(A)cR'(R'(4)) ¢

From (3) and (4), R* (RT (A)) =R’ (A).

4. ROUGH MEMBERSHIP FUNCTION
In most of the cases, the universe set is finite. The Rough membership function seems to be a very useful tool to deal

with such conditions. The lower and upper Rough approximations can be obtained by using a rough membership
function when the universe set is finite. Throughout this section, the universe set % is a non-empty finite set.

Definition 4.1: Let (%,ﬂ) be a finite information system. Fix an indiscernible relation Rf corresponding to an

attribute f € 4. If Ais any subset of % then the Rough membership function A, U > [0,1] is defined as
follows.

x]Rf N A‘
[],,

The Rough membership function expresses conditional probability that x € A given Rf and can be interpreted as a

ﬂA(x):‘ Vxe¥.

degree that x € A inview of information about x expressed by Rf .
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Theorem 4.2: If A C % ,then
a R'(A)={xeu:4,(x)>0}
b) R (A)={xe%:2,(x)=1}
) B (A)={xe%:0<2,(x)<1f
Proof: suppose that A C % and Rf is an indiscernible relation on % .

) xe{xe¥:2,(x)>0}=1,(x)>0
[x], N4
S —F— >0
1.,
= ‘[x]Rf ﬂA‘>O
@[x]RfﬂA¢¢
< xeR'(A)
Thus R'(A) ={x e % :4,(x)>0}.
b xe{xeu:i,(x)=1} = 1,(x)=1
_ [, 04
[,

=1
&[], N4 = [«
& [x], N4 = [x]

<:>[x]R c A

f

Ry

< xe R (A)
Thus R*(A)={xe%:2,(x)=1}.
0 Clearly, B, (A)=R'(A)-R"(A)
={xew:2,(x)>0}-{xeu:2,(x)=1}
={xex:0<4,(x)<1}.

Remark 4.3: Suppose that A < % and Rf is an indiscernible relation on 2 . We write A instead of writing A4,

for simplicity. If we define another indiscernible relation R, on % corresponding to the Rough membership function
A such that

(x,y)eR, & A(x)=4(y)
Then we can observe the following.
(x’y) € Rf < [X]Rf :[y]Rf

b, 04, 04
[1,, [y,

& 4(x) =A(y)
& (x,y) €R,

Hence Rf = R,. Thus the process of generating indiscernible relation using a Rough membership function
terminates at the first stage itself.
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Theorem 4.4: If A and B are any two subsets of 2, then

a 4, =
b 4,=1
©) Aws = M+ Ag— A
d) Ay = A4 + A5 providked A(NB=¢
e) A.=1-4,
x|, N¢
Proof: Clearly, 2, (x) :|[ ]’ | = 4 =0 and
[, | [x],
x|, N« x
l%(x):|[ ]Rf |:|[ ]Rf -1,
),
Now we prove (c).
(<], N(aUB) (<, na)u(l], n5)
ﬂ'AUB (x) = =
[x],, [],
<], n4)+[ix], nB|-[ix], nans
(],
=2, (%) + 25 (%)= App (X)) ¥V X €%
= Aagp = Aa+ A~ Aanp-
Now, suppose that A(1B =¢. Then A, 5 = A, + Az —A,5.
= At Ag—4,
= A, + 5
Since AUA® = %Zand AN A® = ¢, ),AUAC =4+ A,

=> A, =4+ A,

=>1=2,+4,

= A, =1-4,.
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