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ABSTRACT
The objective of this paper is to construct the dual of the fuzzy measure. For this purpose conjugate of the fuzzy
measure is formulated and checked for duality. Self dual fuzzy measures exist. Example of self dual is given. The
properties of the fuzzy measure are formulated. The same properties hold good for the conjugate fuzzy measure also.
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1. INTRODUCTION

This paper gives a notion of the conjugate of the fuzzy measure and paves way to get the dual of the fuzzy measure.
This paper is actually a continuation of [4] where the fuzzy measure is redefined.

This concept is an extension of the measure in the sense that the additivity in the normal measure is replaced by
monotonicity. The new idea in [4] is that there exists a membership(function) grade for the fuzzy measure associated
with every member of the family of sets. This membership function enhances the notion of fuzzy measure.

Consequently, we formulate the conjugate of the fuzzy measure. If this conjugate is normalised and monotone it is
called its dual. Henceforth there exists a membership function for this measure which is monotone.

The function ‘™’ is defined on a family of sets of the universe «£. We say ‘™M’ is normalized if and
max {u, (A;m(4)] 4; € 291 =1

For a set function ‘™’ defined on a family (class) of sets such that (@) =0 Its conjugate set function #is defined as

for all
Notation:

Um - membership grade for measure ‘MM’
x=ml{d)l,Ac A

y=m(B),Bc A

A ={ApAz...} - Class of Sets

A - Set of all positive real numbers

Umr - membership grade for measure ‘M’

2. ANEW DEFINITION OF CONJUGATE FUZZY MEASURE

Let &£ be any set. ‘=1’ be a class of subsets of X and (X.=1) be a measurable space. A fuzzy relation m:<1 = R s said to
be a fuzzy measure if the following conditions are satisfied

1. um(9,0) =1
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Sup Sup
AEE= = ;
2. a)lf mA)=x "= m(B) =y~

b) If AEB; A# ¢= un(ASup(x)) < um(B.Sup(v))
then “m ” is said to be a fuzzy measure. This fuzzy measure is said to have a conjugate m if m=m
and for all
correspondingly there exists a membership function &= for every 4 = A associated with the M{A) which is monotone.
Then this M is called conjugate fuzzy measure.

Note 2.1: If 4m is normalized and monotone and Y=r is also normalized and monotone then M is called dual of .

Note 2.2: Fuzzy measure ‘M’ does not have conjugate whenever is monotonicity is not satisfied (or) mEm or
Ure(Arm(A1)) <0 (or) pmr(Am(A)) =100 forany A C 4,

Note 2.3:When M = m, That is Mm(A) =m(4) for all A€ A and b (Am(A)) = um(Am(4)) then ‘m’ is self
conjugate.

Example 2.1: The example given in [4] is taken to find the conjugate fuzzy measure.
Let X ={1.2,3]
A= PX)={{1.2;
={A1A2A3.45. 454 A7.4z} 5a¥)

Iz N
4l pm(Agm(a) = |TE FOTAT @
Define™ = T, 1 ford;=g¢
We get the following values
Ay Az Az Ay Ag Ag Ag Ag
m 3 1 2/3 2/4 1/3 1/6 1/7 0
U LA miA)) a/10 1/2 4/3 1/6 1/2¢€ 1/37 1/3C 1

To find the conjugate M of the fuzzy measure in “m’,
max

ml4) = mA) =x x _m(a)
A=A )
m(A1)=3-0=3 f-l§=qb
1 20
mid:) = E—F:? .
Fa) =3 2= A% = Az, m(4;) ==
? 164
ﬁ{fq‘}] = a_gz? . 1
1.5 A = Ag. m(Ag) -
(Ag) = 3—§=E
_ 2 7 1
mlA;)=3-1=2
mlAz) =3-3=0 ) L
- = 4 4
prr(AmlAD) =41 + {ﬁ[ﬂ!]}ﬂ ford;# ¢ 5 5
1 ford;=g
9 e _ 2
.uﬂrl:"ql-la}:ﬁ AE—AE,m(HE) _E
&)
20 ey 400 49 A =4 m(.-‘-l)=1
= ! = —_ = 2r 2
'”*”T(’qz’ ?) s (zo)ﬂ 70 “33g % 7
d A = Ay, m(4,) =3
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(A ?) ;) 22 —ows
b \Pe g, _mﬂ'_T 56
. 3
pre(47,2) = 2=0.8
(A 0) =1
Az, A3 As A Ap A7C Ay Az, AgC Ap A, A7C Ay Ag A7C Ay
20171457 27 20 3,0 T,
m TJ?J?JEJEngE 2 3 ? 2 ﬁ 3 5
2.5.23=<2.8 2.52= 2.8 2.3.2=2.F
e | 0.89.0.89,0.89,0.8.0.87,08 < 0.6 0.89,0.87 < 0.8 0.86.,0.8< 0 0.87,0.8 = 0

max
Monotonicity is satisfied. To show m = mand m(4p) = “RcaA™ m(B) -m (B - 4)
m(Ay) =m(d) -m(4d;1-A41) =3-0=3
m(d) =m(d) -m(d;—42)=3-2=1

= 7 2
ﬁiﬂa]:ﬁui}—ﬁui—a;}:3_§:§

5 1
mA) =m(A) -m(A —4y) =3-5=5
= 14 1
ﬂ_i'(-"'!S:l:ﬁtﬂi}_ﬁ{fh—ﬂﬂ:g_?:g
= 17 1
ﬁ{A‘E‘j=H{A1}_ﬁiﬂl_z’i5}:3—?zg
ﬁu,-.j:H{AI}—H{AI—A;}ﬂ_i_”:%

m(dg) =m(A) -m(A;—Ag) =3-3=10
M =m = M js conjugate fuzzy measures of “m’

Note: It can be easily seen that the membership function of the conjugate fuzzy measure ™ associated with each
member of =1 is very close to 1.This indicates that the degree of association of the conjugate measure with each
member of =1 is perfect.

Example 2.2: The example given in [4] is taken to find the conjugate fuzzy measure.
Let A be a @-algebra given by X = {a.b.cheAd = {{al{b.cliab.cl.d)
={A1.A2.A344 Hsay)

! A =
m(a) =2 (am(a)) = {H-I ford o
Define k£ 1 ford, =¢
Ay Az Az As
m 1/3 2/3 1 0
| Hm 1/4 2/7 1/4 1
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To find the conjugate of .

M(4) = p oy m(B) —m(B - 4)
2

mid) = mids) —m(ds3 -4 =1- §=
mlAz) = m(dz) —m(Az—Aa)=1- %:
m(dz) =mldz)-m(d3-43)=1-0=1
mlds) = mlds) —-m(d3 -4 =1-1=0

| ] =

1
B ) _ —_ 3 _1
e (A(A)) = ot e = i =
2!
_ 3 2
b (Ap(Ag)) = ——5-==
1+2 ()
1 1
e (As(43)) = 5

e (Asm(As)) =0 (by definition)

Here M =m and i (Aum(4i)) = tm(Aim(A)) vi=1,238&4
This measure ™ is monotone and normalized. Hence it is dual.
Moreover i = m = m = = m.

Hence ‘m’ is self conjugate fuzzy measure.

3. PROPERTIES OF CONJUGATE MEASURE

Property 1: m(4: U 4;) = m(A:) + m(4;)

Proof:
Let A U A = Ak a5m is monotone. ™(A: U 4;) £ m(Ai) (1]

Also 4i € Ax and A € A& Hence m(A:) < m(4x)...(2) and m(4;) = m(4)...(3)
(1) - (2) = m(4; v 4;) —m(4) =0

M-@)=ml4U4)-m(4) =0

Adding = 2[m(4: U 4] - m(4) - m(4;) = 0

= m(4; U 4;) = m(4) + m(4;)

Property 2: m(4: N 4;) = m(As) + m(4;)

Proof:
Let 4 N4 = A (say) as ™ is monotone, M(4: N 4;) = M{AD....(4]

Also A1 € Aiand A1 € 4j Hence m(A)) < m(A)...(5)and m(AD) £m(4;)...(6)

(4)+ (5) = m(4 n4;) + m(4) =m(A) + m(4)
= m(4: N 4;) - m(4) = 0..(7)

(4) + (6) = m(A; n 4;) + m(4) =m(AD) + m(4;)
= m(4;N 4;) - m(4) < 0...(8

(7) + (8) = 2m(4; 0 4;) < m(4)) +m(4;)
= m(A; N A;) = m(A) +m(4;)
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Property 3: m(A; - 4;) zm(4) - m(4;)

Proof:
Letdi —4; = A= mid; — 4;) = m{A4)

= m(4; - 4;) - m(4p) = 0....(9)

Then A U Ax = A = m(4; U 4) < m(A)

But ™(4; U 4x) = m(4;) + m(4) < m(4)
= m(4;) - m(ds) + m(dg) =0....(10)

(10)-(8) = ml[:,#j_l.-;l - mi4;) - m{A; — AJ.-:] =0
(or) m(A) =~ m(4) < m(4; - 4))
(or) m(4: = A7) = m(4;) — m(4)

Note: The above three properties of measure hold good when 2 is replaced by its conjugate. In addition to these,

Property 4: s unique.
Proof: If M1 and ™2 are two conjugate fuzzy measures of 7. Then by the definition

MI(4) = 5 oy m(B) —m(B - 4)
M3(4) = 5 oy m(B) —m(B - 4)

Therefore mild) —mz(4) =0 = mi(4) = mz(4) = m{4).

Hence M is unique.
This proof is trivial.
4. CONCLUSION

Fuzzy Measure is an interesting topic to explore and relish. While exploring this area the idea of changing the domain
occurred. Then the idea of changing the domain to find the conjugate of the fuzzy measure arose. There by the dual of
the fuzzy measure was formulated. It was intersecting to find the existence of self dual fuzzy measures. Some of the
properties of the fuzzy measure was framed and the same properties was found to hold good for the conjugate fuzzy
measure also.

Work can be continued on the domains o — ring o — algebra generated by a set A which shows there is lot of scope for
further research.
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