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ABSTRACT 
The objective of this paper is to construct the dual of the fuzzy measure. For this purpose conjugate of the fuzzy 
measure is formulated and checked for duality. Self dual fuzzy measures exist. Example of self dual is given. The 
properties of the fuzzy measure are formulated. The same properties hold good for the conjugate fuzzy measure also. 
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1. INTRODUCTION 
 
This paper gives a notion of the conjugate of the fuzzy measure and paves way to get the dual of the fuzzy measure. 
This paper is actually a continuation of [4] where the fuzzy measure is redefined. 
 
This concept is an extension of the measure in the sense that the additivity in the normal measure is replaced by 
monotonicity. The new idea in [4] is that there exists a membership(function) grade for the fuzzy measure associated 
with every member of the family of sets. This membership function enhances the notion of fuzzy measure. 
 
Consequently, we formulate the conjugate of the fuzzy measure. If this conjugate is normalised and monotone it  is 
called its dual. Henceforth there exists a membership function for this measure which is monotone. 
 
The function ‘ ’ is defined on a family of sets of the universe . We say ‘ ’ is normalized if and 

 
 
For a set function ‘ ’ defined on a family (class) of sets such that . Its conjugate set function is defined as 
for all . 
Notation:  

 - membership grade for measure ‘ ’ 
 
 

 - Class of Sets 
 - Set of all positive real numbers 

 - membership grade for measure ‘ ’ 
 
2. A NEW DEFINITION OF CONJUGATE FUZZY MEASURE 
 
Let  be any set. ‘ ’ be a class of subsets of  and  be a measurable space. A fuzzy relation  is said to 
be a fuzzy measure if the following conditions are satisfied 

1.  
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2. a) If  
b) If  

then ‘ m ’ is said to be a fuzzy measure. This fuzzy measure is said to have a conjugate m   if  
and for all . 

correspondingly there exists a membership function  for every  associated with the  which is monotone. 
Then this  is called conjugate fuzzy measure. 
 
Note 2.1: If  is normalized and monotone and  is also normalized and monotone then  is called dual of  . 
 
Note 2.2: Fuzzy measure ‘ ’ does not have conjugate whenever is monotonicity is not satisfied (or)  or 

    (or)  for any . 
 
Note 2.3:When . That is  for all  and  then ‘m’ is self 
conjugate. 
 
Example 2.1: The example given in [4] is taken to find the conjugate fuzzy measure. 
Let  

 
 

 

Define ,    
 
We get the following values 

         
         

         
 
To find the conjugate  of the fuzzy measure in ‘ ’. 
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Monotonicity is satisfied. To show   and  
 
 

 

 

 

 

 
 

 is conjugate fuzzy measures of ‘ ’. 
 
Note: It can be easily seen that the membership function of the conjugate fuzzy measure   associated with each 
member of  is very close to .This indicates that the degree of association of the conjugate measure with each 
member of  is perfect. 
 
Example 2.2: The example given in [4] is taken to find the conjugate fuzzy measure.  
Let  be a -algebra given by  

 

Define  
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To find the conjugate  of .  

 

 

 
 
 

;   

 

 
 (by definition) 

 
Here  and . 
 
This measure  is monotone and normalized. Hence it is dual.  
 
Moreover  
 
Hence ‘m’ is self conjugate fuzzy measure. 
 
3. PROPERTIES OF CONJUGATE MEASURE 
 
Property 1:  
 
Proof: 
Let   as  is monotone.  
 
Also  and  . Hence  and   

 
 

Adding  
 

 
Property 2:  
 
Proof: 
Let  (say)  as  is monotone.  
 
Also  and  . Hence and   
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Property 3:  
 
Proof: 
Let  

 
 
Then . 
 
But  

 
 

 
(or)  
(or)  
 
Note: The above three properties of measure hold good when  is replaced by its conjugate. In addition to these, 
 
Property 4:  is unique. 
Proof: If  and  are two conjugate fuzzy measures of . Then by the definition 

 

 
 
Therefore   
 
Hence  is unique. 
 
This proof is trivial. 
 
4. CONCLUSION  
 
Fuzzy Measure is an interesting topic to explore and relish. While exploring this area the idea of changing the domain 
occurred. Then the idea of changing the domain to find the conjugate of the fuzzy measure arose. There by the dual of 
the fuzzy measure was formulated. It was intersecting to find the existence of self dual fuzzy measures. Some of the 
properties of the fuzzy measure was framed and the same properties was found to hold good for the conjugate fuzzy 
measure also. 
 
Work can be continued on the domains σ − ringσ − algebra generated by a set A which shows there is lot of scope for 
further research. 
 
REFERENCE 
 

1. Dan Butnariu, Fuzzy Measurability and Integrability, Journal of Mathematical Analysis and Applications, 117 
(1986) 385-410 

2. Li-Xin-Wang, A Course in Fuzzy System and Control-Prentice Hall International. Inc 
3. Michio Sugeno, Toshiaki Murofuri, Michel Grabisch, Editors of Fuzzy Measure and Fuzzy Integrals-Theory 

and Applications, Physica-Verlag HD, 24- Jan 2000. 
4. Sivakumar P.S. and Sadhanaa D. Fuzzy Measure: A Different View, Annals of Pure and Applied 

Mathematics, 11(2) (2016) 133-137. 
5. Sugeno M. Theory of Fuzzy Integrals and its applications Ph.D dissertation, Tokyo Institute of technology, 

1974. 
 
Source of support: Proceedings of UGC Funded International Conference on Intuitionistic Fuzzy Sets and 
Systems (ICIFSS-2018), Organized by: Vellalar College for Women (Autonomous), Erode, Tamil Nadu, India.  
 


