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ABSTRACT

Intuitionistic Fuzzy Sets are substantial extensions of fuzzy sets which plays a key factor in describing and providing
ease of solving higher complexities in engineering and science. However, certain ambiguous situations cannot be
addressed by using fuzzy sets and intuitionistic fuzzy sets. The extension of fuzzy set, namely, Type-2 Fuzzy Sets and
Interval Type-2 Fuzzy Sets paved the way for implementing methods and techniques for unanswered problems. In this
research, an attempt has been made to represent Type-2 Intuitionistic Fuzzy Set in a refined manner. The concept of cut
sets has been modified to suit the requirement of a type-2 intuitionistic fuzzy set and distance formulae namely
Euclidean, Normalized Euclidean, Chebyshev, Normalized Chebyshev, Manhattan, Normalized Manhattan, Minkowski,
Canberra and Sorensen distances have been redefined for a Type-2 Intuitionistic Fuzzy Set (T2IFS). Also, basic
operators and a cosine similarity measure have been described for a T2IFS.
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1. INTRODUCTION

Fuzzy Sets as introduced by Zadeh (1965) has seen a wide spread application in all field of science, engineering, and
technology. The inclusion of degree of non-membership and degree of hesitancy further deepened the usability of fuzzy
sets. Atanassov (1986) introduced the other two degrees and named the extension as Intuitionistic Fuzzy Set, which
dealt with hesitant values of variables. Furthermore, Fuzzy Sets were developed into type-2 fuzzy sets which addressed
problems that were little cumbersome while solving using standard fuzzy sets. The book on “Uncertain Rule-based
Fuzzy Logic Systems and other researches” by Mendel (2001), provides discussions regarding theoretical and practical
application part of type-2 fuzzy sets. Mendel et. al. (2006) have also studied advanced operations in type-2 fuzzy sets.
Having seen the success of extensions of fuzzy sets, the question on the structure of Type-2 Intuitionistic Fuzzy Sets
arises. Various researchers from across the globe have tried their hand on describing Type-2 Intuitionistic Fuzzy Sets
and studied basic operations on T2IFS. Type-2 intuitionistic fuzzy sets were first studied by Zhao and Xiao (2012). A
clear finding of T2IFS was given in their research paper which concluded that the T2IFS are basically generalizations
of fuzzy sets, interval fuzzy sets, type-2 fuzzy sets and interval-valued intuitionistic fuzzy sets. Few basic operations on
type-2 relations have been discussed and an approximate reasoning has been described based on T2IFS. Cuong et al.
(2012) described T2IFS using logical operators like OR, AND, NEGATION, and described their properties. Nghiem et
al. (2013) proposed a method for image thresholding based on T2IFS. Jana (2016) studied some arithmetic operations
on type-2 trapezoidal intuitionistic fuzzy sets and the concept was applied to solve transportation problem. Singh and
Garg (2017) gave some distance measures on T2IFS, with applications to multicriteria decision making problems.
Based on the review of literature taken, it was found that the research on t2ifs is still in the nascent stage. The theory of
cut sets has a vital role to play while describing fuzzy and intuitionistic fuzzy sets. While the researchers have
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contributed to distance metrics and logical operators, the role of cut sets in defuzzification techniques and more
importantly, the identity of the T2IFS which forms the basis for defining degrees of membership, non-membership and
hesitancy have not been considered. Also, the distance metrics which play a major role in ranking and decision-making
problems have been studied without considering the hesitancy degree. In this present study, an analysis of cut sets
mapped into a cut-plane has been described. Also, two basic operators and modal operators have been described in the
study. Furthermore, distance metrics like Euclidean, Normalized Euclidean, Chebyshev, Normalized Chebyshev,
Manhattan, Normalized Manhattan, Minkowski, Canberra and Sorensen, between two type-2 IFS and cosine similarity
measure have been defined as an icing to the study of T2IFS.

2. TYPE-2 INTUITIONISTIC FUZZY SETS OF A CERTAIN LEVEL

In this section, T2IFS is defined and cut sets for T2IFS are discussed. a-cuts play an important role in bridging fuzzy
sets with crisp sets. Similarly, (a, 8)-cuts connect intuitionistic fuzzy sets with crisp sets. One of the main aims of
introducing cut sets apart from defuzzification, is to identify the membership, non-membership, and hesitancy degrees.
These cut sets help in ranking of fuzzy sets and intuitionistic fuzzy sets in decision making problems. Also, cut sets are
very important in defining total ordering on the class of intuitionistic fuzzy numbers. Hence it becomes mandatory to
define cut sets for T2IFS.

Definition 2.1: Let X be a non-empty set. Then, F , a subset of X is said to be a Type-2 Intuitionistic Fuzzy Set if
F:X > Map(E,[0,1]) X Map(E,[0,1]) where E = {(u,v)€e[0,1] X [0,1]:u + v < 1}. The degrees of membership,
non-membership and hesitancy are given as follows.

s X XX - [0,1] X [0,1],vg: X X X = [0,1] X [0,1], rs: X X X = [0,1] X [0,1]
Such that puz(u,v) + ve(u,v) + mp(u,v) = (1,1) with pg(uw) + ve(u) + mp(u) = 1 and

(W) +ve(v) + mp(v) = 1.

2,1. Cut Sets on T2IFS

The theory of cut sets has played a major role in bridging the gap between fuzzy sets and crisp sets. Researchers have
worked on describing single cut set to multi-level cut sets for fuzzy sets and intuitionistic fuzzy sets and have been
successful in proving decomposition and representation theorems. Many applications related to medical diagnosis have
also been achieved. In case of Type-2 Intuitionistic Fuzzy Sets, we cannot obtain a single straight line as a cut set.
Here, the cut sets transform into cut-planes which decomposes the type-2 intuitionistic fuzzy set to an intuitionistic
fuzzy set. The theory of cut-planes is given as follows.

Definition 2.2: Single cut-plane for T2IFS.
Let F be a T2IFS and let a, 8, ¥, 5€[0,1] such that (@,y)e[0,1] X [0,1] and (B, 5)€e[0,1] x [0,1]. Then the single cut-
plane for the membership and non-membership functions is given by N2/\%s 5) = {(fu(w, v), gy (u, )/ fu(u, v) =

(a,y) and g, (u,v) < (B,6)}. Clearly, each set is an intuitionistic fuzzy set and the cut-plane decomposes T2IFS to
IFS.

Definition 2.3: Interval Cut-Planes with matrix representation of values.
Given a T2IFS F, we can define boundaries for the membership function and non-membership function by confining
them between two planes respectively. Such a cut-plane can be called Interval Cut-Plane, given by;

I'={(fu(wv), g,(w,v))/(e,0) 2 fu(wv) =2 (a,y) and (,7) < gy(u,v) < (B,8)}

Thus, the planes get sandwiched between two planes and required results can be obtained using Interval Cut-Planes.
The values obtained using this technique can be represented in the form of matrix, which enables users to access
multiple values at the same time. [1,2]

3. OPERATORS ON TYPE-2 INTUITIONISTIC FUZZY SET
Operators play a major role in manipulating any set. They mold the fuzzy sets into a user-friendly set and allow various

other operations on them. The following operators have been modified to suit the needs of a Type-2 Intuitionistic Fuzzy
Set.

Operator D 4,,: Given a T2IFS F, an operator D(q.y) is defined as,
Dy = r(w,v) + (@, ). me(u, v), ve(u,v) + (1 — a, 1 = y). 7z (w, v)]

Upon simplifying the above operator, it is evident that D,y is also a T2IFS.
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Operator F () g s : Givena T2IFS F, an operator F(, ) (,s) is defined as,
Fapps = [lrwv) + (@ y).mr(w,v), ve(w, v) + (B, 6). 7z (1, v)]

Theorem 3.1: For every T2IFS F and for every a, 8,y,8¢[0,1], suchthata +y < 1, +§ < 1
i) The Operator Fig,) s,5) isa T2IFS.

i) Diay) = Fay)a-ai-y

Proof:
(i) Consider Fyyy 5,5 = [up(w,v) + (,y). 1 (w, v), ve(w, v) + (B, 6). ms(u, v)]
Fayps = wrwv) + (a,y).mp(w,v) + ve(w,v) + (B, 6). mp(u, v)
F(a,y),(ﬁ,(;) =pur(u,v) + (a.ms(u,v),y.mg(u,v)) + ve(w,v) + (B. 7w, v), 8.1 (w, v))
Fay.ps = (L1).
Thus Figy),s.5) isa T2IFS.

(i) Consider Fq ) 5.5) = [[us(uw,v) + (a,y).ws(u, v),ve(u,v) + (B,8). mz(u, v)]
Replace (8,8) = (1 —a,1—y).
Fapa-ai-y = e, v) + (a, 7). me(w, v), ve(w,v) + (1 — a, 1 = y). 7z (u, v)]
Fay,a-ai-y) = Dy

Hence proved.
4. DISTANCES OVER TYPE-2 INTUITIONISTIC FUZZY SET

The study of T2IFS is never complete without the distance measures. The distance measures under any number system
helps in ranking of alternatives thereby helping in decision making scenarios. In this section, we have defined
Minkowski distance, Canberra distance and Sorensen distance apart from Euclidean and Manhattan distances. The
following definitions include the degree of hesitancy which many researchers do not consider while calculating
distances. The inclusion of hesitancy gives a wholesome outlook of the distance measures.

Let F; and F, be two Type-2 Intuitionstic Fuzzy Sets. Then,

e The Euclidean distance is given by,
d(FLF;) = (g = u2)? + (01 = v2)2 + (M)? + (0)2 + ()% + (A)2 + (N)? + (I)?
where, M = pg (uy) — ug (u2), C = ug;(v1) — ug(v2), J = v (wy) — v (u2),
A= VF](U1) - VF”Z(VZ)-
N =1z (uy) — g (up) and I = mg; (vy) — mg; (v,) respectively.

e The Normalized Euclidean distance is given by,
n
I 1
da(FLF) = [EZ lus (o) = ua ()12 + |1 (i) — v ()1 + |y (ua () — b (uz ()12
i=1

+ lug (01 () — ;W2 ()P + e (ua (x) — v (W ()1 + v (01 (x) — v (V2 ()12
+ |mr; (ua () — 77 (U ()12 + |y (01 (5) — 7R, (2 ()|

e  The Chebyshev distance between two T2IFS is given by,
Dgm = max(|u1 — U, [V — vy, |ﬂ?}(u1) - ﬂﬁ;(uz)L |.“F”1(171) - ﬂ?;(vz)L |VF1(U1 - Vﬁz(uz)l' |VF;(V1)
= vg (V) | (W) — g (u) |, |e; (V1) — g, (v2)])

e The Hamming distance between two T2IFS is given by,
d\(F, F;) = i i=1 [ () = up ()| + (1 () = v ()| + gy (wa (x0) = wry (U2 (X)) + |1 (01 (%) —
ey (W2 ()| + v (i (%) — v (U ()] + v (v () — v (2 ()| + [z (U (%)) — 77, (U2 (x)] +
|77 (v1(x:)) — 7z, (V2 (X))
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e  The Normalized Hamming distance is given by
dZ(FlﬁFZ)— zlul(xl) Uy ()| + o1 () = v2 ()| + gy (e () — pg; U2 ()| + g (V1 (%))

:qu (2 (x| + |VF1 (uq (%)) — VE (uz(x))| + |VF1 (v (x)) — VR (V2 (x| + |7TF1 (ur (x))
= gy (U2 (%)) | + |mg; (01 (%)) — 7R, (V2 (x:))]

e The Minkowski distance is given by,
d3(F,F;) = [Z [uy () = u ()P + v () = v ()P + |y (ua (x0) — iy (w2 (x:))P

+ g (1 (x) — g W2 ()P + Ve (U (%) = v (U ()P + v (V1 (%)) — v (2 ()P
1

p
+ g (ua () — 705, (W (X)) IP + |70 (01 (%)) — 7 (V2 (%)) [P

e The Canberra distance is given by,
Uy (x; Uy (x; v1(x;) — v (x;
45 (P F2) = DLL&MHQ@E'WL&%HQ@&
g (ua () — b (e ()| gy (U (%)) — iy (U (%) Ve (us (%) = Vi, (U2 (X))
|z (ua ()| + |z U (x))| - T ()| + g (2 (i) v (a ()| + Ve (w2 (X))
[V (01 (%)) — v (v2 (%) N |77, (U1 (%) — 17y (U2 (%)) 4 |77 (v1 (%)) — 7y (V2 (%))
Ve (v )| + v (W2 (xid)| |7tz (ua (X)) | + g (ue ()| [ (v (X)) | + [ (02 ()|

e The Sorensen Distance is given by,

ao(F ) = iz ua (o) — up (| + [vy () — w2 (x)| + M| + |C + ]| + |A] + IN| + |1]]
' i1 [ () + Gl + v () + ()| + IM1] + |C1] + |J1] + |AL] + [N1| + |I1]
Here, M = ug (uy) — pug;(U2), € = g (v1) — pg(v2), ] = vy (W) — vg(uy),
A =vg () —vE(vy), N =1g ) — 5 (uy) and I = g (vy) — 7g; (v,) respectively and,
M1 = ug (uy) + pg (U2), C1 = pg; (v1) + ug; (v2), J1 = v (W) + vg (U2),
Al = vg (v)) + v (v2), N1 = g (W) + 75 (up) and 11 = m (vy) + 15 (v,) respectively.

e The Cosine Similarity Measure on two T2IFS is given by,
n

~ = 1 S
CTZIFS(FI' Fz) = Ez F
where, =
S =uy (x)- uz (%) + vy (). v2 () + pgy (Ua (). s (U2 (%) + pg (V1 (x)- g (V2 (x0) + vy (Ug (x0). v (U2 (%))
+ Vi (V1 (%)) Vi (V2 (1) + 15 (ug (x0)- Ty (U2 (%)) + g (01 (x0)- 05 (V2 (%:)
P =

V2 () + v12(x) X YUz () + 1,2 (%) X \/#Fq(ul(xz))z + Ve (U1 ()2 + 7z (11 (%,))? X

Jm%mw+m%mw+m%meﬁammywﬂmmwmmmme

J@mmw+mmmw+mmmw

5. CONCLUSION

The present works is aimed at developing more operators and study their properties when an intuitionistic fuzzy set is
extended into a type-2 intuitionistic fuzzy set. In this paper, we have successfully extended cut sets into cut-planes and
described interval cut-planes too. We have formulated the distance formulae including Euclidean, Normalized
Euclidean, Chebyshev, Normalized Chebyshev, Manhattan, Normalized Manhattan, Minkowski, Canberra and
Sorensen distances have been redefined for a Type-2 Intuitionistic Fuzzy Set (T2IFS) using the degree of hesitancy.
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Further, cosine similarity measure has been formulated for type-2 intuitionistic fuzzy set. This research also paves the
way for more operators to be redefined for T2IFS. Using this as a stepping stone, decomposition and representation
theorems can be developed.
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