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ABSTRACT

This paper gives the properties of orthogonal generalized derivations of semiprime nonaccessible rings. We prove that
if (D, d) and (G, g) are generalized derivations of R, then the following conditions are equivalent:
(i) (D, d)and (G, g) are orthogonal.

(i) Forall x, yeR, the following relations hold: (a) D(X)G(y) + G(x)D(y) =0 (b) d(x)G(y) + g(x)D(y) =0
(iii) DX)G(y) = d(x)G(y) = 0 for all x, yeR (iv) D(x)G(y) = 0 for all x, yeR and dG =dg =0 (v) (DG,dg) is a
generalized derivation and D(x)G(y) = 0 for all x,yeR
(iv) There exist ideals U and V of R such that (a) UNV=0 and U@V is an essential ideal of R.
(b) D(R),d(R)cU and G(R), g(R)cV (c) D(V) =d(V) =0and G(U) = g(U) = 0.
Also we prove that the following conditions are equivalent:
(i) (DG, dg) is a generalized derivation.
(ii) (GD, gd) is a generalized derivation.
(iii) D and g are orthogonal, and G and d are orthogonal.
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INTRODUCTION:

Argac, Nakajima and Albas [2] proved some results concerning orthogonal generalized derivations of semiprime
associative rings. Albas [1] generalized some results of [2] for a nonzero ideal of a semiprime associative ring. Vijaya
lakshmi and Suvarna [4] obtained some results for Orthogonality of derivations and biderivations in Semiprime
Accessible ring. Also these results are a generalization of results of Bresar and Vukman [3].

In this paper, we prove the properties of orthogonal generalized derivations of semiprime nonaccessible rings. If (D, d)
and (G, g) are generalized derivations of R, then the following conditions are equivalent:
(i) (D, d)and (G, g) are orthogonal.

(i) For all x, yeR, the following relations hold : (a) D(X)G(y) + G(x)D(y) =0 (b) d(x)G(y) + g(x)D(y) =0

(i) D(X)G(y) = d(x)G(y) = 0 for all x, yeR (iv) D(x)G(y) = 0 for all x,yeR and dG =dg =0 (v) (DG, dg) is a
generalized derivation and D(X)G(y) =0 for all x,yeR

(iv) There exist ideals U and V of R such that (a) UNV=0 and U@V is an essential ideal of R. (b) D(R),d(R)cU
and G(R),g(R)cV (c) D(V) =d(V) =0and G(U) = g(U) =0.
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Also we prove that the following conditions are equivalent:
(i) (DG, dg) is a generalized derivation.
(ii) (GD, gd) is a generalized derivation.
(iii) D and g are orthogonal, and G and d are orthogonal.

Aring R is nonaccessible if the following two identities hold:
xv,2)+(,z,X)+(z,%x y)=0and
((w,x),y,z)=0forall x,y, zinR.

PRELIMINARIES

Throughout this paper R represents nonaccessible ring. R is prime if xRy = 0 implies x =0 or y = 0 and R is semiprime
if XRx = 0 implies x = 0. An additive mapping d: R—R is a derivation if d (xy) = d(x) y + xd(y) holds for all x, yeR.
An additive mapping D:R—R is said to be a generalized derivation if there exists a derivation d:R—R such that
D(xy) = D(x)y + xd(y) for all x,yeR. If U is an ideal of a ring R, then Ann (U) ={xeR / xU = Ux = 0} is called an
Annihilator of U on R. Two generalized derivations (D, d) and (G, g) of R are called orthogonal if D(X)RG(y) = 0 =
G(Y)RD(x) for all x, y in R. A ring R is defined to be accessible if it satisfies the following two identities:

XV, 2)+(Z,x,y)-(X 2z, y)=00r(X,y,2) +(y, z,X) + (z, X, y) =0and ((w, X), y,z) =0, forall w, X, y, z eR.

Lemma 1: If (D, d) and (G, g) are orthogonal generalized derivations of a semiprime nonaccessible ring, then the
following relations hold.

i) DX)G(y) = G(X)D(y) =0, hence D(xX)G(y) + G(x)D(y) =0 for all X, yeR.

ii) dand G are orthogonal, and d(x)G(y) = G(y)d(x) = 0 for all X, yeR.

iii) gand D are orthogonal, and g(x)D(y) = D(y)g(x) = 0 for all x, yeR.

iv) dand g are orthogonal derivations.

v) dG=Gd=0 and gD =Dg=0.

vi) DG=GD =0.

Proof:
(i) By the hypothesis we have
D(x)zG(y) =0 for all x, y, zeR. 1)

By ([4] lemma 1), we have
D(X)G(y) = G(x)D(y) = 0, for all X, yeR. 2

Hence D(X)G(y) + G(x)D(y) = 0 for all x, yeR.
(i) From (1) we have D(X)G(y) = 0 = G(y)D(x) for all x, yeR. 3)

Now we substitute X = rx in the equation (3). Then 0 = D(rx)G(y).
0 = (D(Nx)G(y) + (rd(x))G(y).

By ([4] lemma 2), we have D(r)xG(y) + (r d(x))G(y) = 0.

By using (1), we get (rd(x))G(y) = 0, for all X, y, reR. 4)
Similarly we write x = rx in G(y)D(x) = 0.

S0 G(y)D(rx) = 0.

i.e., G(Y)(D(F)x + rd(x)) = 0.
G(Y)(D(r)x) + G(y)(rd(x)) = 0.

From (3), we have G(y)(rd(x)) = 0.
By using ([4] lemma 2), (4) and this last equation imply that
rd(x)G(y) =0 (®)
and G(y)rd(x) = 0. (6)

By left multiplying equation (5) with d(x)G(y), we have
d(X)G(y)rd(x)G(y) = 0.
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Since R is semiprime, d(X)G(y) = 0, for all x, yeR.

Now we take x = xr in the equation (7). Then we have
d(xnG(y) =0, forall x, r, yeR.
(d)nG(y) + (xd(r))G(y) = 0.
d(X)rG(y) + xd(r)G(y) = 0, by ([4] lemma 2).
By using (7) in this last equation, we get d(xX)rG(y) = 0 for all x, yeR.
From (6) and this equation it follows that d and G are orthogonal.
Also by ([4] lemma 1), we obtain G(y)d(x) = 0 for all x, yeR. This prove (ii). The proof of (iii) is similar.
(iv) From (2), we use the relation D(x)G(y) = 0.
Now we substitute x = xz, y = yw in the last equation. Then
D(xz)G(yw) = 0.
(D(X)z + xd(z2))(G(y)w + yg(w)) =0.
(D(X)2)(G(y)w) + (D(X)2)(yg(w)) + (xd(2))(G(y)w) + (xd(2)) (yg(w)) = 0.
By ([4] lemma 2), D(X)zG(y)w + D(x)zyg(w) + xd(z)G(y)w + xd(z)yg(w) = 0.
Thus we get xd(z)yg(w) = 0 for all x, y, z, weR by (i),(ii) and (iii).

By left multiplying with d(z)yg(w) in this last equation, we have
d(2)yg(w)xd(z)yg(w) = 0.

Since R is semiprime, d(z)yg(w) = 0 for all y, z, weR which shows that d and g are orthogonal.
(v), (vi) Using (ii) and (iv) we have

0 =G(d(x)zG(y))

0 = G(d(x))zG(y) + d(x)9(zG(y))

0 = G(d(x))zG(y).
We replace y by d(x) in the above relation. Then we have

G(d(x))zG(d(x)) = 0.

i.e., Gd(x)zGd(x) = 0.

Since R is semiprime, Gd = 0.
Similarly, we can show that

d(G(x)zd(y)) = 0, D(g(x)zD(y)) = 0,

g(D(x)zg(y)) = 0, D(G(x)zD(y)) = 0 and G(D(x)zG(y)) = 0 holds for all x, y, zeR.
Thus we have dG = Dg = DG = GD =0, respectively.

This completes the proof of the lemma.

By lemma 1, we have the following corollary.

)

Corollary 1: If (D, d) and (G, g) are orthogonal generalized derivations of semiprime nonaccessible ring R, then dg is

a derivation and (DG,dg) = (0,0) is a generalized derivation.

Lemma 2: Let R be a semiprime nonaccessible ring. Let U be an ideal of R and VV = Ann (U). If (D, d) is a generalized

derivation of R such that D(R),d(R)cU, then D(V) = d(V) = 0.

Proof: By hypothesis we have V = Ann (U) = {UeR/ xU=Ux=0} for all xeV and D(R), d(R)cU. This implies

D(U),d(U) c U, for all UeR. Since (D, d) is a generalized derivation of R, we have
0 = D(xy) = D(x)y + xd(y) for all yeU.

Since xd(y) eV, we have 0 = D(x)y for all yeU,
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Therefore D(x)cV for all xeV.
So D(x)eUNnVv.

By right multiplying with D(x) in 0 = D(x)y, we get
D(x)yD(x) = 0 for all x,yeR.

Since R is semiprime, D(x) = 0 for all xe V.
Thus D(V) = 0. Similarly we obtain d(V) = 0.

Theorem 1: Let (D, d) and (G, g) be generalized derivations of a semiprime nonaccessible ring R. Then the following
conditions are equivalent.
i) (D, d) and (G, g) are orthogonal.
ii)  Forall x,yeR, the following relations hold :
a) D(x)G(y) + G(x)D(y) = 0.
b) d(X)G(y) + g(x)D(y) =0.
iii)  D(X)G(y) = d(X)G(y) = 0 for all x,yeR.
iv) D(X)G(y) =0 for all x,yeR and dG = dg = 0.
v) (DG, dg) is a generalized derivation and D(x)G(y) = 0 for all x,yeR.
vi)  There exist ideals U and V of R such that
(@ UnV =0and UV is an essential ideal of R.
(b) D(R),d(R) c U and G(R),g(R)c V.
() D(V)=d(V)=0and G(U) =g(U) =0.

Proof: (i) = (ii), (iii), (iv) and (v) are proved by lemma 1 and corollary 1
Now we prove (ii) = (i)
From (ii) (a), we have D(X)G(y) + G(X)D(y) = 0.
By replacing x by xz, we get

D(xz)G(y) + G(xz)D(y) = 0.

(D(X)z + xd(2))G(y) + (G(x)z + xg(2))D(y) = 0.

(D(X)2)G(y) + (xd(z))G(y) + (G(x)2)D(y) + (xg(2))D(y) = 0.
By lemma 2, we have D(X)zG(y) + xd(2)G(y) + G(x)zd(y) + xg(z)d(y) = 0.
Using (ii) (b) we have D(x)zG(y) + G(x)zD(y) =0 for all x,y,z € R.

Thus by ([4] equation (1)), we have
D(x) RG(y) = G(y) RD(x) = 0 for all x, yeR.

Hence D and G are orthogonal, which proves (i)

Next we prove (iii) = (i)

By (iii), we have D(X)G(y) = 0 = d(X)G(y).

Now we replace x and xz in D(x)G(y) = 0. Then we get D(xz)G(y) = 0.
(D(X)2)G(y) + (xd(2))G(y) = 0.
D(x)zG(y) + xd(z)G(y) =0, by([4] lemma 2).
D(x)zG(y) =0 for all x, y, zeR.

So D and G are orthogonal which proves (i).

We prove (iv) = (i)

By (iv), we have D(x)G(y) = 0.

Since dG=dg = 0, we have dG(x) = 0.
© 2018, IIMA. All Rights Reserved 14
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Now by taking x=xy in the above equation, we get
dG(xy) = 0.
d(G(x)y + xg(y)) = 0.
d(G(x)y) + d(xg(y)) =0.
d(G())y + G(x)d(y) + d(x)g(y) + xd(g(y)) = 0.
By lemma 1, dG(x)y + G(x)d(y) + d(x)g(y) + xdg(y) = 0.
By (iv) and lemma 1 (iv), we get G(x)d(y) = 0 for all x,yeR.
Now we substitute x=z in the above equation. Then
G(xz)d(y) =0
(G()2)d(y) + (xg(2)) d(y) =0
G(X)zd(y) + xg(2)d(y) = 0 for all x, y, zeR, by ([4] lemma 2).
Then by lemma 1, we have d and g are orthogonal.
Therefore G(x)zd(y) = 0.
Hence we get d(y)G(x) = 0 for all X,y,zeR, by ([4] lemma 1).
Then by lemma 1 (iii), we have g(x)D(y) = 0.
From this last equation and d(y)G(x) = 0, we get (D, d) and (G, g) are orthogonal generalized derivations.

Next (v) = (i)

Since (DG, dg) is a generalized derivation, dg is a derivation. Then we obtain
DG(xy) = DG(x)y + xdg(y) for all x, yeR.

Also we have
DG(xy) = D(G(x)y + xg(y)) = D(G(x)y) + D(xg(y))-
DG(xy) = D(G(x))y + G(x)d(y) + D(x)g(y) + xd(g(y))-
DG(xy) = DG(x)y + G(x)d(y) + D(x)g(y) + xdg(y).

Comparing the (8) and (9), we get
G(x)d(y) + D(x)g(y) = 0 for all X, yeR.

We have D(X)G(y) = 0 for all x,y €R.
Then by substituting y = yz in the last equation, we get
D(x)G(yz) = 0.
D(X)(G(y)z) + D(x)(y9(2)) = 0.
D(X)G(y)z + D(x)yg(z) = 0.
D(x)yg(z) = 0 for x,y,zeR.
Hence by ([4] lemma 1), we obtain g(z)D(x) =0 for all x, zeR.
Replacing z by yz in the last relation,we get
9(yz)D(x) = 0.
(9(¥)2)D(x) + (y9(z))D(x) = 0.
9(y)zD(x) + yg(z)D(x) = 0.
g(y)zD(x) =0 forall x,y, zeR.
By ([4] lemma 1), we have D(x)g(y) = 0 for all x, yeR.
Similarly, this last equation implies G(x)d(y) = 0 for all x, yeR.
This shows that d(y)G(x) = 0 for all X, yeR.

Therefore by (iii) it follows that D and G are orthogonal.
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Now we prove (i) = (vi)
Let U, be the ideal of R generated by d(R) U D(R).
Let Ann(U,) =V and Ann (V) = U.

By lemma 1, we have D(xX)G(y) = G(X)D(y) =0,
d(x)G(y) = g(x)D(y) =0 and d(x)g(y) = g(y)d(x) = 0 for all x, yeR.

Since D(R),d(R) < U, , we obtain G(R), g(R) — V.

It is seen that by lemma 2 and U,c V, we have
D(V)=d(V) =0and G(U) = g(U) = 0.

Since R is semiprime, UV is an essential ideal of R, which shows (vi).
Theorem 2: Let (D, d) and (G, g) be generalized derivations of a semiprime nonaccessible ring R. Then the following
conditions are equivalent.
1) (DG, dg) is a generalized derivation.
2) (GD, gd) is a generalized derivation.
3) D and g are orthogonal and G and d are orthogonal.
Proof: First we prove (i) < (iii)
Now we prove (i) = (ii).

First we assume that (DG, dg) is a generalized derivation.

Thus as in the proof of the theorem 1 (v) = (i), we obtain
G(x)d(y) + D(x)g(y) = 0.

By substituting y = yz in the above relation, where zeR, we get
G(xX)d(yz) + D(x)g(yz) =0 for all x,y,zeR.
G(x)d(y)z + G(x)yd(z) + D(x)g(y)z + D(x)yg(z) = 0.
G(x)yd(z) + D(x)yg(z) + (G(x)d(y) + D(x)g(y))z = 0.

i.e., G(x)yd(z) + D(X)yg(z) = 0. (10)

Since (DG, dg) is a generalized derivation, dg is a derivation.

Therefore d and g are orthogonal by theorem 1.

Now we substitute y = g(z)y in (10).Then we have
0 = G(x)g(2)yd(z) + D(x)9(2)y9(2)-
0=D(X)g(2)yg(z) for all x,y, zeR.

Hence we get D(x)g(z) RD(x)g(z) = 0 for all x, zeR.

Since R is semiprime, D(x)g(z) = 0 for all x, zeR.

Thus D(x)yg(z) = 0 for all x,y,z € R.

From (10) we have G(x)yd(z) = 0 for all X, y, zeR.

By ([4] lemma 1), we have G(x)d(z) = 0.

Hence D(x)g(z) = G(x)d(z) = 0 for all x, zeR.

So D and g are orthogonal and G and d are orthogonal.

Next we prove (iii) = (i)

Since D and g are orthogonal, we get D(x)yg(z) = 0 for all x, y, zeR. (12)
© 2018, IIMA. All Rights Reserved 16
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We substitute rx for x in the last relation. Then we have
0 = D(rx)yg(y).
0= (D(r)x + rd(x))yg(2).
0 = D(r)xyg(z) + rd(x)yg(2).
0 = rd(x)yg(z), using (11).

By left multiplying with d(x)yg(z) in this last equation, we get
d(x)yg(z)rd(x)yg(z) = 0.

Since R is a semiprime, we have d(x)yg(z) = 0.
From ([4] lemma 1), we get d(x)g(z) = 0 for all x, zeR.
Thus by theorem 1, we get dg is a derivation.
Moreover since D(x)yg(z) =0 forall x,y, zeR.
We also get D(X)(g(z)RD(x))g(z) = 0 and since R is semiprime, D(x)g(z) = 0 for all x, zeR.
Similarly, since G and d are orthogonal, we have G(x)d(y) = 0 for all X, yeR.
Thus we obtain DG(xy) = DG(x)y + xdg(y) for all X, yeR, which shows that (DG,dg) is a generalized derivation.
Similarly (ii) < (iii) is proved.
REFERENCES
1. Albas.E., On ideals and orthogonal generalized derivations of semiprime rings, Math. J. Okayama Univ. 49
(2007), 53-58.
2. Argac, N., Nakajima, A.and Albas, E., On orthogonal generalized derivations of semiprime rings, Turkish J.
Math., 28(2) (2004), 185-194.
3. Breser.M. and Vukman.J., On some additive mappings in rings with involution, Aequations Math., 38(1989),
178-185.

4. Vijaya lakshmi P.S., and Suvarna K., Orthogonality of derivations and biderivations in Semiprime Accessible
ring, International Research Journal of Pure Algebra-6(11), 2016, 1-5.

Source of support: Nil, Conflict of interest: None Declared.
[Copy right © 2018. This is an Open Access article distributed under the terms of the International Journal
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2018, IIMA. All Rights Reserved 17




