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ABSTRACT

The object of the present paper is to study a number of new and useful fractional integrals involving a product of three
general class of polynomials and the Aleph(X)- function with x* (x" + d"™ as general arguments in view of both the
operators introduced by Saigo in 1978.

The fractional integrals established here are quite general in character and on specializing the parameters of
Aleph(X)- function and the arbitrary coefficients occurring in three general class of polynomials, a large number of
fractional integrals involving various classes of orthogonal polynomials, generalized hypergeometric polynomials and
elementary functions (or product of several such functions) can be obtained from them. Thus, our results provide
interesting unifications and extensions of a number of known and new results. Some special cases have also been
recorded.

2010 Mathematics Subject Classifications: 26A33, 33E20, 33C20, 33C45.

Key words: Aleph function, Fractional Calculus, Mellin-Barnes type integrals, General class of Polynomials, H-
function, I-function.

1. INTRODUCTION AND PRELIMINARIES
The Aleph-function is a new generalization of the familiar H-function [11] and the I-function [15].

The Aleph-function is defined by means of a Mellin-Barnes type integral in the following manner [13, 15]:

(aj'Aj)l,n ..... [Tj(aj’Aj)}nJrl, i _ 1 m,n _s
M pl ql " {Z (bjBj)y e [fj(bj'BJ')}mu,: "o J.'-Qpi,qi,ri:r (S)Z as, @
[T, +8) [ ]r(i-a,-As)
where 2#0, i=+/—1and Qe (8)=— = A . : )
Y, le(l—bji—Bjis).le(aji+Ajis)
il j=me j=n+

The integration path L = le,(;/e‘ﬁ) extends fromy —ico toy +ico, and is such that the poles of
F(l—aj—Ajs),j:(l,n) (the symbol (ﬁ) is used for 1, 2,...,n) do not coincide with the poles of
F(bj +BJ.S), J =(1,_m) The parameters p,,Qq; are non-negative integers satisfying the condition

0<n<p, 1<m<q, 7; >0 for i:]?. The parameters A, B;, A;;, B;; >0 andaj,bj,aji,bji € C. The empty
product in (2) is interpreted as unity. The existence conditions for the defining integral (1.1) are given below:
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¢ >0, |arg(z)|<%¢>,, I=Lr; 3)

@ 20, |arg(z)|<£(p, and R{<,}+1<0, 4)

Where ¢, = ZA +ZB —rl(z AJ|+Z B. ] (5)
j=n+1 j=m+1

Zb Za +rl(2b Za} —q), I=1r. ®)

j=m+1 j=n+1

Remark 1: For 7, =1, i =1,_r in (1), we get the I-function due to V.P. Saxena [18], defined in the following manner:

mn mn mn (j’Aj)l,n""’(aj'Aj)n+l,pi 1 i =S
™ [2]=N"" [2] =N .:jLQ (s)z* ds

bi i Pi i i G L (bj’Bj)1|m""’(bj’Bj)m+1,qi 27 pi gL (1)

where the kernel Q2 :‘g Lr ( ) is given in (2). The existence conditions for the integral in (7) are the same as given in

(3)- (6) withz, =1, i=Lr.

Remark 2: If we further set r = 1, then (7) reduces to the familiar H- function [3,10,12]:
m,n s mn m,n (3p.A) | . 1 m,n -s
Hp,q [Z] - Npi,qi,l;l[ ] Np. q.ll[ 5 J Tori LQ ' (S) 27 ds, ®

by B ; pi .0 11
a5 27l

(s) can be obtained from (2).

m,n
where the kernel Q "

Remark 3: Fractional integration of Aleph function is discussed by Saxena and Pogéany [16]. A detailed account of X-
function is given in the papers by Saxena et.al [9, 16, 17].

The series representation of Aleph(X)- function is given by
m'n' m'n' ( )ln [C ( ]“Aji)"""lrpiy ;r']

R el =Rl ,
o4t vdiC ( )1m [C ( ]l’B]'i)m/+1,ql:;T/]

-DKO'(, yu K

Z 1Zk =0 Bhkl ’ (9)
/ L, Tbj+Bmy, (D =y T(=aj=4jm, )
where  @'(y ) = — 1q1 R Ak ' (10)
i 1C1{H]l o TABj= By D T 1r(‘1 i Ajig )
btk
and 7y, = ’;’,l  pi<q,lul<1.

FRACTIONAL INTEGRALS

Let a, B and n are complex numbers and let y € R. (0, «). Following [5, 14, 15] the fractional integral (Re (o) > 0) and
derivative (Re (o) < 0) of the first kind of a function f(y) on R, are defined respectively in the following forms

—a-B
Png _y )j/(y—t)m_1 R (OL+B -1;0; 1—%} f(t)dt; Re (a) >0 (11)

0y  T(®) g
n +n,p—n,n—
_ dn a+n,p-nn "t 0< Re(a)+n<l(n =1.2,..) (12)
dy'' 0y

where ,F, (a, b; ¢; .) is Gauss’s hypergeometric function.
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The fractional integral (Re (o) > O) and derivative (Re (a) < 0) of the second kind are given by

?loﬁon ()j (t—y)*~ I . F((X‘I‘B —n;o;1— y]f(t)dt,Re(a)>O(13)
_(-p)" dynn j M 0 <Re(a)4n <1(n = 1.2..) (14)

A GENERAL CLASS OF POLYNOMIALS

Srivastava [19, p., Eq. (1), 17] introduced the general class of polynomials

[N,/M,1(=Ny) MK, K
SNl[x]: YT A g X 1 Ny =012,. .. (15)
where M; is an arbitrary positive integer and the coefficients AN K (Nl’ K, >0) are arbitrary constants, real or
1|

complex.

Here (1), denotes the Pochhamer symbol defined by
['(A+n)
A =
( )n F(X)

e ifn=
| A(A+1)..(A+n=1), ¥ ne{l,2,3,..)

M
By suitably specializing the coefficients AN K occurring in (15), the general class polynomials S 1[X] can be

171 l

reduced to the classical orthogonal polynomials and the generalized hypergeometric polynomials.

E Byl 1~ LI (r—a-p)
2 f(aBa’Y: )_ r r ’
(vy=o)l(v-B)
2 (@)n (B n

Fo,B;v;z )= > ——-+7Z 17)
2 f( ) n=0 (v)yn!

Re(y-a-p)>0,Re(y)>0 (16)

2. THE FOLLOWING TWO LEMMAS ARE PROVED TO EMPLOY IN THE SEQUEL

Lemma 1: If Re (a) > 0,k eQb c’ d is a positive numberand h =1, 2, 3, ... and w, p, g are complex numbers,

m,, m, are arbitrary positive integers and the coefficients Anl Sl(nl, 312 0), An2 S, (I’l2 52 > Q) are arbitrary

constants, real or complex, then

lb’
|g’xc xK (xN 4dhy~ ""Sn [yx® (< +d") p]s [Dxﬂ(x a9
el Paghal Clomgy SlMA D2
1:0 2:0 1! ,!

K+as,+ps,—b
T(k+as, +fs, +)T(k+as, + s, ~b+c+1)x 1772

' hw-+hps,+hgs
F(k+asl+,832—b+1)F(k+asl+,852+a+c+1)d 1 2
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K+as,+ps,+1  k+as,+/5,+h k+asl+ﬂ52—b+c+1

W-PS; +0S.,

h [ERRE] h ’ h 1y
'2h+1F2 tk+asl+ﬂ32—b+1 k+asl+,852—b+h a+k+asl+ﬁ52+c+1
1 i) ) h ] h ] )
k+asl+,822—b+c+h b
- — 18
a+k+as +ps,+c+h — 4h &8
h )
Proof: To establish Lemma 1, we first operate the fractional integral operator by (11) for
m m
ft) = t<(th+anyW Snll[y (@ (¢h +dh)‘p]sn22[Dtﬁ (th +dny~9] (19)
. m, .M, . h  4hv-w .
and express Gauss function by (17) and Snl ,Sn2 by (15) with (t"" +d'") in series form by the formula
h\O
o0
N +dN)y=W —g-w ¥ %[ t_] (20)

Interchanging the order of summations and integration, this is permissible due to the absolute convergence involved in
the process, evaluating the integral by the following result

jX (x— t)a—i—m—l Ak g = arm+i+kn MNa+m)TC(A+kn+a)
0 C(a+m+A+kn+1)

(21)
With a little simplification, we get
[n,/m,] [n,/m,] (-n
/Myl /Mol pdmys, 255 s,
——=Ap YT —“5=A . D
k+asl+,832—b

5 (=N5)m

X 'k +asl+ﬂ32 +1)
- hwehps, +hds, [(a+as +fs, +k+1)

d
(k+as +f5,+1), (W+ps; +0s,) s
0 (a+asl+,832+k+1)h6 o!

>
o=

h O
atb , —C ; X
2 Fll:a+k+asl+ﬁ32+h o+l; 1:‘ [ d_h] (22)

Then we get the desired result by applying Gauss theorem (17) and multiplication formula Rainville [13, cf. Theo.18]
with a little simplification.

Lemma 2: If Re (a) > 0,k eQb c! d is a positive number and h =1, 2, 3, ... and w, p, g are complex numbers
m., m, are arbitrary positive integers and the coefficients A (n,,s, > 0),A (n,,5, >0) are
S 17l NpSp~ 2772

arbitrary constants, real or complex, then

m m
J;a(,’g;c {Xk (xN 4 dhy—W 8”11 [yx? (x" +dh)_'°]8nzz[D><ﬁ(xh +dh)_q]}

n,/m,] [n,/m -n -n
:[ :|_Z 1] [ 2 2] ( 1)mlsl A ysl ( 2)m232 A DSZ
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k —b
Kras /s, T(b—k—as) - fs,)T(c-k-as, ~ fs,)

' th+hp51+hq52 T(-k—as - fs,) T(@+b+c—k-as - fs,)

WADS. S k+as]+,852+1 k+as]+,832+h k+asl+/332—a—b—c+1
F p 1 q 2! h 1 ’ h H h 1 ’
2h+1" 2 k+as+,832—b+l k+a31+,832—b+h k+asl+ﬁ52—c+l
1 h : h
k+as,+[35,-a—b—c+h h
h X (23)
k+as,+ps,—C+h . gh

h )
Proof: To prove Lemma 2, we take
Keh o ghy-we 1 h . hy=Pre 2B ih 2 qhy=d
fit) = t"(t"+d") Snl [yt®@" +d") ]Sn2 [Dt7 (1" +d") "]
m, m
in equation (13) and write series expansions for the Gauss function by (17) and Snll,Snz2 by (15) with

(th +dh )_W, then interchanging the order of integration and summations which is permissible due to the absolute
convergence involved in the process, solve the integral by the following result

Ioo (t— X)a+m—1 t}/—a—,B—erkn dt = X;/—,B+kn IN'a+m)I(B-y—kn)

X C(a+pB+m—y—kn) &9
and using the relation
)"
@)_np = : (25)
N (1-a),
We get
[nllml] [n2/m2] (—nl)mlg1 5 (—nz)mzs2 S,
1 Y s,1 TNy, P
51:0 32=0 1 2°
ras;+fis)=b ~hw—hps;—has, T(b—k-as, ~/s,)
F(a+b—k—asl—ﬁ32)
§ (w+,le+q32)G (1-a-b+ k+asl+ﬁ32)h0
520 o! (1—b+k+asl+,852)ho_
a+b, — ¢ ; xh °
5 |:1 1] - — | - (26)
a+b—k—asl—ﬁ52—ha ; d

Now using Gauss theorem (4) and multiplication formula [13] and with a little simplification, we obtain the desired
result.

3. THE FRACTIONAL INTEGRAL FORMULAE

If

m _p.. M _
ft) = tk(th+dh)—Wsn11[yt“(th+dh) p]SnZZ[Dtﬂ(th+dh) a9
(a;‘ A;)l,n', [Ci'(a;i' A,J'i)n'+1,p'i ;r']

®) B 1, [CiO50 By gl |
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then, we get
abe [ny/my] [np/mo ] Ing/ma] e o |
S LR SRS RS W o S
s,=0 s~=0 s.=0 h=1 k=0
1 2 3
xRPrR+1) T(R+c-b+1)
dTT(R-b+1) T(R+c+a+1)
. R+1 R+h R+c-b+l R+c-b+h .

W-PS, +0S,+TS5-N hk, R - H '_xh -
2h+1 2h R-b+1 R—b+h R+c+a+l R+c+a+h . d_h
h LA | h 1 h [ | h 7
where
-n A —-N C
" :( Pmgs Anys (FNodmos, Bn,s, € 3)m353 Ny
(0(81’82’83’ ! ) s, | S 'S |
1" °2° °3°
K . S So Sa ..
(D" o (n,, ) yID2E3Zz™
X ! ; y
k1 B.

h
R = k+ “51+ﬁ52+753_/1’7h,k'

and T = hw + hpsl+hqsz+hr33—hnnh‘k, :

Tr
The result in (27) is valid for Re (a) > 0, (K + as; + Bs, + y53 + Af/F) € Qe i=1, .., M. |arg z| < o T>0

, d is a positive number and w, o, p, B, , v, I, A, n are complex numbers, h =1, 2, ..., m;, my, mz are arbitrary positive

integers and the coefficients Anl’sl(nl’ 1_0) Bn s (n2 82(n2 2_O) Cn Sq (n ZO) are

arbitrary constants, real or complex.
ab.c [nllml] [n2/m2] [n3/m3] w M
JXOO [fX)]= X ) ) > Z (D(Sl, 2 3,hk)
s,=0 S,=0 =0 G=0g¢
1 2 33
xRDrc-R)r®-R)
dTr@+b+c-R) [(-R)
WHDS 85 n"hk Rﬁl, ’R;h,R—a—hb—CJrl’_”,R—a—ﬁ—c+h .
2h4172h| R4l R-cth R-bil R-beh . g 28)
h 10y h ] h ey h i)

where d is a positive number and w, a, p, B, g, v, I, A, n are complex numbers, h=1, 2, ..., Re (8) >0, (k + as; + Bs, +

1 1 1
yss+ AfIF) € Qp o, i=1, ..., M, | arg z| <§T z, T >0, ml, m2, I’T'I3 are arbitrary positive integers and the

coefficients Anl'sl(nl’ 1_0) Bn S (n2 02 > 0), Cn s (n3 32 > () are arbitrary constants, real or

complex.

Proof: The proofs of the results (27) and (28) can be developed by proceeding on the lines similar to the proof of (18)
and (23) respectively.
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SPECIAL CASES
()] If we take A = 0 = n, the results in (27) and (28) reduces to the following formula

a,b,c _w .M _

lox {xk(xh+dh) WSnll[yx“(thrdh) ]
m m

.Sn22[Dx'B(xh +dM~9y sn33 e x” (x +dh)—f]}

) kb [nllml] [n2/m2] [n3/m3] (—nl)m
dhw 5=0 s

151 (_nz)mzsz (_n3)m353

2:0 b3:0 sl! 52! 33!

S S S

S, So Sa( v Y1 B Y2( 7 )3
An s Bn.s.Cn.s. YID2E?3 X X X
1°1 272 13”3 g ) | gha | (ghr

F(k+asl+ﬂsz +7/53+1)F(k+asl+ﬂ32 +7s3+c—b+1)
'F(k+asl+ﬂ52 +7/53—b+1) F(k+asl+,852 +7s3+c+a+1)
k+as]+,832+y33+1 k+as]+ﬂ52+7/53+h

W-PS, +0S,+1S,, :
o aF h h
2h+1"2h | k+as,+55,+yS,—b+1 k+as,+[S,+yS,—b+h
h 1ty h ’
k+asl+ﬂ82+;/33—b+c+l k+asl+ﬂ52;733—b+c+h o
K+as+ps,+ysy+c+a+l K+as,+ps,+ysy+c+a+h ; Bl ah ! (29)
and
a,b,c _w..m _
Ix o [xk(thh) Wsnll[yx“ xM +dMPy
m _g..Mm
.Sn22[Dx'8(xh +dM9 Sn33[E x? (x +dh)_r]}
_ Xk—b [n]_/ml] [n2/m2] [n3/m3] (_nl)mlsl (_nz)mZSZ (_n3)m353
dhw 5=0 s,=0  by=0 5! syt syl
S S S
S, Se Sof x@ VL[ B Y 2( 7 3
An, s Bn.s. Cn,s, ¥ 1D 2E 3|~ a 2
171 7272 373 ghP ) | gha | (ghr
| F(c—k—ozsl—p’s2 —7/33)1“(b—k—ozsl—p’s2 —7/33)
F(a+b+c—k—asl—,852—y53) F(—k—asl—ﬂsz—ysg)
K+as,+05,+y5,+1  k+as,+/S,+y5,+h
WS G5, ilﬁthL Llﬁhzﬁg
2h+1F2h k+as] +ﬂ52+y53—c+1 k+asl+ﬂ52+ys3—c+h
h 1y h ’
k+asl+,832+;/33—b—a—c+1 k+asl+ﬁ52+r7]/s3—a—b c+h b
k+ars)+/35,+75,—b+l k+as,+ps,+ys,-b+h _d_h ' (30)
h [LERS h ’
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(m Lettingw — 0, n; —> 0 and n, — 0, Lemma 1 and Lemma 2 are reduced to the result of Saigo and Raina [11]
and forh=y=D=E =1, Lemma 1 and 2 with results (29) and (30) are reduced to the results of Banerji and
Choudhary [1].

(nn Forn; - 0, n, > 0, Lemma 1 and Lemma 2 along with the results (27) and (28) and suitably specializing the
arbitrary coefficients of general class of polynomials are reduced to the known results obtained by Chaurasia
and Gupta [6].

(V) For ;=11 :ZI? and further set r = 1, then the results (27) and (28) reduced to the results obtained by

Chaurasia and Jain [2].
It may be of interest to remark that the formulae derived in this chapter may be useful in obtaining formulae
for various classical orthogonal polynomials.
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