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ABSTRACT

In this paper we prove a strong cyclic coupled fixed point theorem for Kannan type contractions in complex valued
metric spaces.
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INTRODUCTION

There are many generalizations of metric spaces such as partial metric spaces, generalized metric spaces, cone metric
spaces, and quasi metric spaces. Recently, Azam et al. [1] obtained the generalization of Banach’s contraction principle
by introducing the concept of complex valued metric space and established some common fixed point theorems for
mappings involving rational expressions which are not meaningful in cone metric spaces. Let C be the set of complex
numbers and z,, z, € C. Define a partial order < on C as follows: z; < z, if and only if Re(z;) =< Re(z,),Im(z;) =
Im(z,).
Consequently, one can infer that z; < z, if one of the following conditions is satisfied:

C1.Re(z;) = Re(z,),Im(z;) = Im(z,). C2.Re(z;) < Re(z,),Im(z;) = Im(z,).

C3.Re(z;) = Re(z,),Im(z;) < Im(z,). C4.Re(z;) < Re(zy),Im(z;) < Im(z,).

In particular, we will write z; 5 z, if z; # z, and one of (C2), (C3), and (C4) is satisfied and we will write z; < z, if only
(C4) is satisfied.

Definition 1.1: (Azam et al. [2011]) let X be a nonempty set whereas C be the set of complex numbers. Suppose that
the mapping d: X x X — C, satisfies the following conditions:
1. 0<d(x,y)forallx,y € Xand d(x,y)=0ifand only if x=y;
2. d(x,y) =d(y, x) for all x, ye X;
3. d(x,y) <d(x,z) +d (z,y), for all x, y, z € X. Then d is called a complex valued metric on X and (X, d) is
called a complex valued metric space.

Definition 1.2: (Azam et al. [2011]) Let (X, d) be a complex valued metric space. (i) A point x € X is called interior
point of set A € X, whenever there exist 0 < r € C such that B(x,r) := {y € X|d(x,y) < r} € A where B(x, r) is an
open Ball. (ii) A point x € X is called a limit of A whenever for every 0 < r € C,B(x,r) N (A-{x}) # @. (iii) A subset
A < X is called open whenever each element A is an interior point of A. (iv) A sub set A € X is called closed whenever
each limit point of A belongs to A. (v) A sub-basis for a Hausdorff topology t on X is a family F = {B(X, r) | x € X and
0< 1}
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Definition 1.3: (Azam et al. [2011]) Let (X, d) be a complex valued metric space,{x, } be a sequence in X and x € X.
(i) If for everyc € C, with 0 < ¢ there is N € N such that for all n > N,d(x,,x) < c, then {x,} is said to be
convergent, {x, } converges to x and x is the limit point of {x,,}, we denote this by lim,,_,., x,, = x (or) {x,} - xasn -
oo, (ii) If for every ¢ € C, with 0 < ¢ there is N € N such that for all n > N, d (x,,, Xp4+m) < ¢, Where m € N, then {x,,}
is said to be Cauchy sequence. (iii) If for every Cauchy sequence in X is convergent, then (X, d) is said to be a
complete complex valued metric space.

Example 1.4: Let X = C. Define the mapping d: X X X — Cby d(z,,2z,) = 3ilz; — z, | for all z;, z, € X, then (X, d)
is a complex valued metric space.

Lemma 1.5: (Azam et al. [2011]) Let (X, d) be a complex valued metric space and let {x,} be a sequence in X. Then
{x,,} converges to x if and only if |d (x,,x)| — 0,asn — oo.

Lemma 1.6: (Azam et al. [2011]) Let (X, d) be a complex valued metric space and, let {x,,} be a sequence in X. Then
{x,,} is a Cauchy sequence if and only if |d (x,, X;4m) | = 0,as n — o, where m € N.

In this paper, we establish a strong coupled fixed point result by using cyclic coupled Kannan type contractions in
complex valued metric spaces. A mapping f: X — X, where (X, d) is a complex valued metric space, is called a Kannan
type mapping [2], [3] if

d (fx, fy) < k[d(x,fx) + d(y,fy)],forsome 0 < k < % €Y)

Let A and B be two nonempty subsets of a set X. A mapping f: X — X, is cyclic (with respect to A and B) if
f(A) € Bandf(B) S A. The fixed point theory of cyclic contractive mappings has a recent origin. Kirk et al. [4] in
2003 initiated this line of research. Cyclic contractive mappings are mappings of which the contraction condition is
only satisfied between any two point’s x and y with x € A and y € B. The above notion of cyclic mapping is extended
to the cases of mappings from X x X to X in the following definition.

Definition 1.7: Let A and B be two nonempty subsets of a given set X. We call any function F: X X X — X such that
F(x,y) e Bifx € Aandy € Band F(x,y) € Aifx € Bandy € A acyclic mapping with respect to A and B.

Definition 1.8 [5]: An element (x,y) € X x X, where X is any nonempty set, is called a coupled fixed point of the
mapping F: X X X - Xif F(x,y) = xand F(y,x) = y.

Definition 1.9: We call the coupled fixed point in the above definition to be strong coupled fixed point if x = y, that is,
if (x, x) = x. Combining the above concepts we define a cyclic coupled Kannan type contraction.

Definition 1.10 [cyclic coupled Kannan type contraction]: Let A and B be two nonempty subsets of a complex
valued metric space (X, d). We call a mapping F: X x X — X a cyclic coupled Kannan type contraction with respect to
A and B if F is cyclic with respect to A and B satisfying, for some k € (0, 1/2), the inequality

d (F x,y),F (u, V)) < k [d (X, F (%, y)) +d (u, F (u, V))] 2
where x,v € A,y,u € B.

Theorem 1.11: Let A and B be two nonempty closed subsets of a complete complex valued metric space (X, d). Let
F: X x X — X be a cyclic coupled Kannan type contraction with respect to A and B and A N B # ¢. Then F has a
strong coupled fixed point in A N B.

Proof: Let x, € Aand y, € B be any two elements and let the sequences {x,,} and {y,,} be defined as
Xny1 = F(Ynﬁxn)' Yn+1 = F(xn' yn) vnz=0 (3)

Then, forall n = 0,x, € Aandy, € B.by (2),

We have
d(xy, 1) = d(xp F(’%)’l)) = d(F(YO: Xo), F(xldﬁ)) €))

< k[d(yg,F(yo,xo)) + d(xl' F(xw}ﬁ))] = k[d(yo, x1) + d(x1,¥7)]
which implies that

d(x1,¥2) 3 Vd(yo, x1) )
Where 0 < V= —~ < 1 6)
d(y1, x;) = d(Yl'F(J’pxﬂ) = d(F(xo:}’o),F(}’pxﬂ) ™

< k[d(xO:F(xOI}’o)) + d()’l'F(M'xl))] = k[d(xo,y1) + d(¥1,%2)],
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which implies that

d(y1,x2) 3 Vd(x9,¥1)
where V is the same as in (6)

Again, by (2), we have
d(xy,y3) = d(xz' F(xz'YZ)) = d(F(J’pxl)' F(xsz’z))
3 k[d(y1, F(y1, 1)) + d(x, F (x5, ¥))] = k[d(y1,%2) + d(x2, ¥3)],
d(xz,y3) =Vd(y,x3)

which, by (8), implies that d(x,, y3) < V2d(xo, y1)
where V is the same as in (6). Similarly, by (2), we have
d(yz,x3) = d()’z' F()’z'xz)) = d(F(x1'Y1), F(y,, xz))
3 k[d(xp F(x1'J’1)) + d()’z' F(Yzfxz))] = k[d(x1,¥2) + d(¥2, x3)],

d(yz, x3) = Vd(xq,¥,)
which implies that d (v,, x3) < V2d(y,, x1)
where V is the same as in (6).

Also, by (2), we have
d(x3,y4) = d(x3, F(x3,y3)) = d(F(YZ' X2), F(x3,y3))
3 k[d(y2, F (72, %5)) + d(x3, F(x3,¥3))] = k[d (¥, %3) + d(x3,94)],

Implies that d (x3,y,) S Vd(y,, x3) = V3d(yg, x1) ... (16). where V is the same as in (6).

Similarly, by (2), we have
d(ys xs) = d()’3' F(y3,x3)) = d(F(xZ'.VZ)’ F(ys, x3))
3 k[d(xz' F(xz'YZ)) + d(y3,F(y3,x3))] = k[d(x2,y3) + d(y3,x4)],

d(y3,x4) =V d(xz,y3) = V3d(xo, y1)
Where V is the same as in (6). Let m be any integer. We assume
d(xn' yn+1) = d(xn'F(xn' yn)) s Vn d(YOrxl)

Ay Xn41) = d(yn'F(Ynﬁxn)) v d(xO' yl)
for all n < m where n is odd and

d(xn' Yn+1) = d(xnﬁF(xn' Yn)) v d(xo' Y1)

AV Xns1) = AW F o %)) 3 V" d (v, %1)
for all n < m where n is even. Let m be even. Then, by (2) and (3), we have

d(xm+1ﬁym+2) = d(xm+1'F(xm+1'Ym+1)) = d(F(ymﬁxm)’ F(xm+1ﬁym+1))
3 k[d(ym' xm+1) + d(xm+1' Ym+2)]

or by (22) we have d(Xy11, Ym+2) 3 1Tkk [V™d(yo, x1)] = V™ d(yp, x1)

Similarly, by (2) and (3), we have
d()’m+1t xm+2) = d(Ym+1'F(ym+1ﬁxm+1)) = d(F(xm' ym)’F(Ym+1' xm+1))
< k[d(xm' Ym+1) + d(ym+1ﬁxm+2)]

or by (21) We have. d(m s, %ms2) 3 15 [V"dCxo, 7)) = V7 dxg, 1)

Again, let m be odd. Then by (2) and (3), we have
d(xm+1r ym+2) = d(xm+1'F(xm+1' ym+1)) = d(F(ymrxm)rF(xm+1r ym+1))
5 k[d(ym' xm+1) + d(xm+1' ym+2)]

or by (20), We have d (X1, Yms2) 3 — [V™d (o, 31)] = V™*1d (x, 1)
Similarly, by (2) and (3), we have

d()’m+1t xm+2) = d(Ym+1'F(ym+1ﬁxm+1)) = d(F(xm' ym)’F(Ym+1' xm+1))
S k[d(xm' ym+1) + d()’m+1t xm+2)] Or by (19)’ we have

k
dYVm+1) Xme2) 3 = [(V7d (o, )] = yml d(¥o,x1)
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Thus (19)-(22) hold for m + 1. But we have shown in (5), (8)—(18) that this is valid for m = 1, 2, 3. Then, by induction,
we conclude that (19)—(22) are valid for all m. From the above we conclude that, for all odd integer n, we have

d(xn' Yn+1) = d(xnﬁF(xn' Yn)) v d(YOﬁxl)
AWn Xn41) = AW, F Oy %)) 3 V" d(x0,y1) 31

And for all even integer n, we have
d(xn' yn+1) = d(xn'F(xn' yn)) 5 Vn d(xo' yl)
AWV Xns1) = d(yn'F(Ynﬁxn)) v d()’o'xﬂ (32).

By (2), we have
d(xy, y1) = d(F(}’o,xo)' F(xo'YO)) 3 k[d(yo,F(yO,xo)) + d(xO,F(xo,yo))]
= = [d(o, %) + dCxo, 1)) (33)

Again, by (2), we have
d(xz,¥,) = d(F(Y1'x1), F(x1'3’1)) 3 k[d(J’p F(yy, x1)) + d(xl‘ F(x1'3’1))]

= k[%()’l'xz) + ‘fi(xl'YZ)] (34)
< [10 ) o] = 400 m) + dCro )]
Let, for some integer m, d (X, Ym) = % [d (v, x1) + d(xg, y1)] (35)

Let m be odd. Then, by (2) and (3), we have
d(xm+1' ym+1) = d(F(Ym'xm)'F(xmr ym))
5 k[d(ymﬁxm+1) + d(xm' y‘m+1)] (36)
3 k[V™[d(xo, 1) + d(¥o, x1)]] (by (31))

= Vil [d(xO: }’1) + d()’o'xﬂ] (by (6)

Again, let m be even. Then, by (2) and (3), we have
d(xm+1r ym+1) = d(F(ym' xm)'F(xm' ym)) 5 k[d(ymrxm+1) + d(xm: ym+1)] (37)
3 k[VE[d(yo.xl) + d(xo, y1]I (by (31))
m

= V—-I-l [d(:)’o, xl) + d(xO' yl)] (by (6))

Therefore, (35) also holds if we replace m by m + 1. But, (33) and (34) imply that (35) is true for m = 1, 2. Then, by
induction, for all n, it follows that

A, ) = 5= [d(xo, y1) + d (¥, 1)) (38)

Now, by (31) — (32) and (38), we have
d(xn' xn+1) + d(.Vnt yn+1) s d(xn' yn) + d(ynrxn+1) + d(yn' xn) + d(xn' yn+1)
= [ d(gcn: yn) + d(anxn)] + [d(yn' xn+1) + d(xn' yn+1) ]

2V
S o7 ldGoy) + dGo,x)] + [ d(xo, 1) + d (o, x1)] 39)

Since 0 <t <1, it follows that d(x,, xp4+1) + dVn Yne1) = C. This implies that {x,} and {y,} are Cauchy
sequences and hence are convergent. Since A and B are closed subsets {x,,} € A and {y,,} < B, it follows that

X, =>X€A y, >yEBasn — © (40)
Again, from (38), d(x,y,) — 0 asn — oo. Therefore, from (38), x =y (41)
Since A n B # @, then from the above it follows that x € A N B. Now, by (2) and (3), we have
d(X,F(X, y)) 5 d(x! xn+1) + d(xn+1'F(x' y)) = d(x! xn+1) + d(F(Yn'xn)' F(x' y)) (42)
2 d(x Xne1) + K[AOn, Xni1) + d(x, F(x,))]  or
d(x: F(X,Y)) 5 ﬁd(x'xn+1) + ﬁd(yn' xn+1) (43)

Taking the limit as n — oo in the above inequality, using (40) and (41), we obtain d(x, F(x, y)) = 0. Again, in view of
(41), we conclude that x = F(x, x); that is, we have a strong coupled fixed point of F.
This completes the proof of the theorem.
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Example 1.12: Let X = {0, 1,2}
d(0,1) =d(1,0) =i,d(1,2) = d(2,1) = 2i
d(0,0)=d(1,1)=d(2,2)=0
d(2,0) = d(0,2) = 3i
A = {0,1}, B ={1,2}

Define F: X x X — X, F is cyclic with respect to A and B

1, (a,B) EAXB
Fle,) ={ 1, (e,p) EB XA
0, otherwise

d(F(x,y),F(u,v)) =d(1,1) =0
d(F(x,F(x,y)) + dw, F(w,v)) = d(x,1) + d(w, 1) = {2i,i,3i,0,4i}

Letk =1/3
Then F(1,1) = 1.
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