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ABSTRACT

In this paper, the linear stability of a saturated rotating porous layer of viscoelastic fluid which is heated from below
has been studied. The modified Darcy Law is used to explain the fluid motion. The linear stability theory is employed to
find the critical condition of the onset of convective motion. It has been observed that the critical Rayleigh-Darcy
number increases with increasing Taylor-Darcy number. In limiting cases, some previous results for viscoelastic fluids
in the absence of rotation are recovered from our results.
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INTRODUCTION:

The convective motion driven by buoyancy forces has attracted the researchers’ interest. In this phenomenon, the
porous media are used actively under investigation. It is well known that buoyancy force driven convection has a wide
range of application in many engineering fields like geothermal utilization, nuclear waste disposal, agriculture product
storage system, packed-bed catalyst reactors, pollutant transport in underground, heat removal of nuclear power plant
and food process industry[1,2].

The stability problem for porous layer of viscoelastic fluid heated from below has been discussed by Sokolov and
Tanner [3]. With Newtonian fluid system of slow heating Horton and Rogers [4], Lapwood [5] conducted theoretical
analysis on the critical condition of the onset of buoyancy driven motion in fluid saturated horizontal porous layer.
Katto and Masuoka [6] showed experimentally the effect of Darcy number on convection. They employed the Darcy’s
law to express the fluid characteristics in porous layters. In case of Newtonian fluid the stability analysis has been
conducted under the principle of exchange of stability. However the viscoelastic fluid like polymeric fluid can exhibit
markedly different stability properties. For Rayleigh Benard problem, Vest and Arpaci [7] and Koka and Ierley [8]
analyzed over stability of Maxwell fluid. They confirmed that the buoyancy forces could induce the time periodic
instability before the exchange of stability. The theoretical, experimental and numerical methods of [5, 6, 9, 10]
investigation for thermal convection instability in porous media are involved. In modeling flows in a fluid saturated
porous medium, the simplest but most widely used model in the engineering fields is well known Darcy law which
states that the proportionality between flow rate and pressure gradient. In the literature, many researchers have used a
modified Darcy law which extended the Darcy equation to include a time derivative term. However, these models can
only apply to characterize Newtonian fluids in porous media. On the other hand, basic understanding of convection and
heat transfer in a non-Newtonian fluid saturated porous medium is of considerable importance. Due to various
applications in engineering like enhanced oil recovery, ceramic processing and geothermal receivers come in contact
with non-Newtonian fluid in porous media. The increasing attention given to this topic, there exist no simple model
have been used to study the non-Newtonian fluids in porous media. Rudraiah et al. [11] and Bertal and Cafaro [12],
used a Maxwell Jeffrey model to investigate a viscoelastic fluid in a porous layer heated from below. Shenoy [13] gave
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a review of flow of power law in porous media more recently. Tan and Masuka [14] proposed a Darcy Maxwell model
by introducing a flow resistance term to overcome the disadvantage encountered in the modified Darcy Maxwell
Jeffery model. Hayat et al. [15] considered a second grade fluid saturated in a porous space past a stretching sheet. The
main characteristic of the thermal convection instability of fluids is that there exist two different instability mechanism
either exchange of stability of overstability [16].

The study on the effect of rotation on convection instability has its origin in theoretical and practical applications [17,
18, 19]. We examined the convective instability of a Newtonian fluid layer subject to Coriolis force using variously
procedure Chandrasekhar [17]. He found that necessary condition for overstability to arrive is that the Prandtl number
must be smaller than 1. The rotation effect on convective instability for a viscoelastic fluid layer was investigated by
Bhatia and Steiner [20] which shows that the rotation has a destabilizing influence on the overstable mode convection.
These results are in contrast with stabilizing influence of rotation in the case of an ordinary viscous fluid. The effect of
rotation on convection instability in a Newtonian fluid saturated porous medium has also been investigated [18, 21-24].
Vadasz [22] and Govender [23] investigated the Coriolis effect on thermal convection derived by centrifugal buoyancy
in which gravity buoyancy was neglected. In the paper the linear analysis for thermal convection in a viscoelastic fluid
saturated porous layer subject to uniform rotation is conducted. The effect of relaxation, retardation and rotation on
instabilities is analyzed. The solution corresponding to stationary is investigated and variations of Nusselt number in
the neighborhood of the critical conditions are determined by using non-linear analysis results.

FORMULATIONS:

The system is considered of an infinite horizontal porous layer of vertical height (d) which is confined between two

rigid boundaries as shown in Fig. 1. The porous medium is homogeneous and isotropic and saturated with visco-elastic
fluid. The porous layer heated slowly from below employing the Boussinesq approximation and modified Darcy model.

The porous layer subject to rotation with uniform angular velocity (@) . The governing equation for the system is given

as:

VU =0 ()
(. —9\= - aj 20,U »

ZI+e=|U =1+ 1= || -VP+pg -0 — K 2
K( azj ( ot P8 w @
a—T+(l7.V)T=aV2T 3)
ot

P =P [l—ﬁ(T—Tl)] “

where U is the velocity vector K is the permeability, /¢ is the viscosity, € is strain retardation time or A is the
stress relaxation time and P is the pressure, T is the temperature, 0O is the density, g is the gravitational

acceleration, ¢ is the effective thermal diffusivity and ﬂ is the thermal expansion coefficient, @ is the porosity of the

porous medium, K is the unit vector in the Z -direction.

At quiescent state temperature varies across the layer thickness. The basic state of the system is

Us = (0,0,0)
p=p,(2) )
P =F (2)
T =1,(2)
Using above equation in (1), (2), (3) and (4), we have
dP,
-—2+p,g=0 ©6)

dz
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p, = P [1-BT,-T)] ™

AT
7},=71 —72 (®)

where b denote the basic state of the system.
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Figure 1: Schematic diagram of system considered here

To study the stability of the system the perturbation used on the basic state in the form
U=U, +U', T=T,+T', P=F,+P' ©)

Using equation (9) in (1), (2), (3) and (4), we have

V.U =0 (10)
ul. _9), . ~d , . 2ap,U -

Zl+zg=—|U"'=|1+44A=—|| -VP+ T'o ——29" [ 11
k( atj ( arj[ PPT'g p j (11)
aT‘ T ' AT ' 2 '

LU VT - =W ' =aV’T (12)
ot d

where W' isthe Z component of velocity

For dimensionless,
Ao
A=

d*

Ea
d2
a o ua ’ . . .
Now choosing E , AT, ? and — to solve the velocity, temperature, pressure and time, respectively.
a

Now from equation (10), (11) and (12), we have

V.U =0 (13)

L(Hei) U = (1+,13j (-Vp-Ta" Uk + RaT 'k | (14)

Da ot ot

aal+(l7.V)T' = V2T (15)
t
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The new dimensionless parameter Da is the Darcy number, Ta is the Taylor number and Ra is the Rayleigh
number. All the three parameter are defined as

k 20,0d 0, & BAT d’
Da = —, Ta=| ———| and Ra = | 2=——— g
d Pu

LINEAR STABILITY ANALYSIS

Taking curl of equation (14) to eliminate the pressure term and using the following
7 0
V? = —t= (Horizontal Laplacian Operator)
ox~  dy
R, = R,.D, (Rayleigh-Darcy number)
T, =T, .Da2 (Taylor-Darcy number)
2\ oW

J d
l4e— |VW =R, |1+ 1= |V T'+T,| 1+ 1 —|— = 0 16
(”arj D(+ atj * D(+ arj P (10
d

(g—vzj T =W (17

According to normal mode analysis

W(X, y’ Z, t) T (77’ y’ zZ, t) — W(Z) T(Z) e[i(axx-#ay}')+0't]
o = [a+a?]"

(1+€0) (D> —a*)W + R,(1+ A0) a’T'+ T, (1+ ox) D’W =0 (18)
(D*-a’-0)T' = -W (19)

Using boundary condition

W, =T'=0 at z=0 and z=1
T'=DT'=0 at z=0 and z=1
(1+&0) (D’ -a*) (D*-a’> —o)T'- R,(1+0A)a’T '+ T,(1+ 6A)D*(D* —a’ = 0)T'=0 (20)

Solution

Tv
Tl

C, sinnrz

C, sinzz, n=1

o’ len’ +ea’ + An’T, 1+ o lex’ +ea* +2¢en’a’ — R Aa* + T Axn* + T An’a’ +T,n* + ° +a’]
+[7*+a* +27°a’ - Ry’ +Tyz* + Ty w’a’]1=0

or 0’A+0B+C =0 1)

It has two solutions, depending on whether the instability is steady or oscillatory. In case of steady, i.e., exchange of
stabilities, we have 0 =0, at critical conditions

R - rt+a* +210°a’ +7'T, + n°a’T,

D 2
a
4 4 2 2 2 2 2
T +a +2xa”+xT, (" +a
R, = > b ( ) (22)
a
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Now, the critical wave number obtained by minimizing R », Withrespectto a,i.e.,
s _ 1/4

a, = w(+T,)

Critical wave number for stationary convection

Rg, c = 7 [1+1+ T, )'"21?, for stationary convection
When 7,, — 0, then we have

Rg’C = 47° and ag =7

oR,
da

= 0.

(23)

These results for viscoelastic fluids in a non-rotating porous medium and identical to those obtained by Kim et al. [25]

If 0,#0, 0, =0
For disturbances, oscillatory instability which is sometimes called overstability sets in.

For the case of oscillatory mode, i.e., overstability.

If B=0 and AC>0
ent +eat +2en’a’ + TAn* + T An’a” + n'Ty +n° +a’

RS =
P Aa’
oR?
For minimum value of R, , D =0
da
1/2
AT, T,z
a =|r+=Lrt+-2
£ e
RO - en' +eat + 2en’d’ + T Ax + T A’ a” +Tyw* +7° +a’
P Ad?
RESULTS;

(24)

The linear stability theory gives us the critical Darcy—Rayleigh number, but does not predict the amplitude of

convective motion. The temporal growth rate is a complex number, in which real part of growth rate (0,) is less than

zero, then the system is always stable and when O, it is real part of growth rate is greater than zero, the system

becomes unstable. If 0, =0 and O, changed from negative to positive as Rayleigh number increases the principle of

exchange of stabilities is satisfied, or if O, # 0 and O, changes from negative to positive as the Rayleigh number

increases the overstability may be a preferred and oscillatory motion occurs.
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Figure 2: Curves for Neutral stability when £ = 0.4, 4 = 0.5 for different values of Taylor -Darcy number.
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The effect of rotation on the onset of instability has been studied in the figure 2. In this figure we have plotted the

Rayleigh-Darcy number for the different values of Taylor-Darcy number T}, . For T, = O curve is the same curve as

obtained by Kim et al. [25]. On each curve, the minimum for Ra;, will be the critical Rayleigh-Darcy number to mark

the onset of convection. As Taylor-Darcy number increases, the critical value of Rayleigh-Darcy number increases.
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Figure 4: Curves for Neutral stability when A = 0.5,7}, =1 for different values of e.

Fore =04, T, = 1, the neutral stability curves are obtained as a function of A as shown in Fig. 3. The critical value

of Rayleigh-Darcy number increases the increasing A where A is the nondimensional relaxation time parameter. The
effect of nondimensional retardation time parameter € has been studied in the figure 4. It has been observed that the
Rayleigh-Darcy number increases as € increases.

CONCLUSION:

In this paper the linear stability analysis for stationary and overstability are conducted for thermal convection in a
viscoelastic fluid saturated porous layer subject to uniform rotation. The effect of relaxation, retardation and rotation on
convective instabilities has been evaluated. Normal mode analysis is used, the convection motion is assumed to exhibit
horizontal periodicity. It has been observed that the critical Rayleigh-Darcy number increases with increasing Taylor-
Darcy number. The linear analysis results indicate that the critical Rayleigh-Darcy number for overstability increases,
with increase in retardation time and Taylor-Darcy number, which decreases with increase in relaxation.
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