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ABSTRACT

In this paper, we initiate a study on new domination parameter near equitable total domination number of a graph. We
defined total domination and near equitable total domination in graphs. The minimal near equitable total dominating
sets are established. Compute y,..(G) for some standard graphs. The relation between y,..(G) and y.(G) are
obtained. Also, characterization is given for near equitable total domination set is minimal.

Keywords: Total Domination Number, Near Equitable Domination Number, Near Equitable Total Domination
Number, Minimal Near Equitable Total Domination Number.

1. INTRODUCTION

By a graph G = (V, E) we mean a finite, undirected graph with neither loops nor multiple edges. The order and size of
G are denoted by n and m respectively. For graph theoretic terminology we refer to Chartrand and Lesnaik. An
excellent treatment of the fundamentals of domination is given in the book by Haynes. A survey of several advanced
topics in domination is given in the book edited by Haynes. Various types of domination parameters have been defined
and studied by several authors and more than 75 models of domination parameters are listed in the appendix of Haynes,
Cockayne introduced the concept of total domination in graphs. Swaminathan introduced the concept of equitable
domination in graphs, by considering the following real world problems; In a network vertices with nearly equal
capacity may interact with each other in a better way. In this society persons with nearly equal status, tend to be
friendly. In an industry, employees with nearly equal powers form association and move closely. Equitability among
citizens in terms of wealth, health, status etc is the goal of a democratic nation. In order to study this practical concept a
graph model is to be created. In this paper, we use near equitable dominating set and near equitable domination number
of a graph idea to develop the concept of near equitable total dominating set and near equitable total domination
number of a graph.

2. PRELIMINARIES

Definition 2.1: A subset D of V is called a dominating set of G if every vertex in V — D is adjacent to atleast one vertex
in D. The minimum cardinality of a minimal dominating set is called the domination nhumber of G and is denoted by

Y (G).

Definition 2.2: A subset D of V is called an equitable dominating set if for every vertex v € V — D there exists a vertex
u € D such that uv € E(G) and | deg (u) — deg (v) | < 1. The minimum cardinality of such an equitable dominating
set of G is called the equitable domination number of G and is denoted by v, (G).

Definition 2.3: A dominating set D of G is called a total dominating set if the induced subgraph <D> has no isolated
vertices. The minimum cardinality of such a total dominating set of G is called the total domination number of G and is
denoted by y,(G).

Definition 2.4: A subset D of V is called an equitable total dominating set of G, if D is an equitable dominating set and
the induced subgraph<D> has no isolated vertices. The minimum cardinality of such a equitable total dominating sets
is the equitable total domination number and is denoted by y.. (G).
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Definition 2.5: Let G = (V, E) be a graph, D < V(G) and u be any vertex in D. The out degree of u with respect to D
denoted by odp (w), is defined as odp(u) = INwW) N (V—D)1I.

Definition 2.6: Let D be a dominating set of a graph G. Then D is called a near equitable dominating set of G if for
evey v € V — D, there exists a vertex u € D such that u is adjacent to v and | odp(uw) —ody_p(v) | < 1. The minimum
cardinality of such a near equitable dominating sets is called the near equitable domination number of G and is denoted

bY Yne (G).
Definition 2.7: A double star is the tree obtained from two disjoint stars K; ,, and K; ,,, by connecting their centers.

Definition 2.8: An equitable dominating set D is said to be a minimal equitable dominating set if no proper subset of D
is an equitable dominating set.

3. NEAR EQUITABLE TOTAL DOMINATION NUMBER OF GRAPHS

Definition 3.1 Let D be a total dominating set of a graph G. Then D is called a near equitable total dominating set of G
if for every v € V — D, there exists a vertex u € D such that u is adjacent to v and | odp(uw) —ody_p(v) | <1. The
minimum cardinality of such a near equitable total dominating set is called the near equitable total domination number
of G and is denoted by y,,.:(G).

Example 3.2:
173 ',
Vg 7y
G:
v T,
Vg Vg
Figure-1

The near equitable total dominating sets of graph G are D; = {vy,v,, Vs, v}, Dy = {41, V3, V4, V7 },
D3 = {vy, v, s, Vg, 7} andD, = {vy, v, Vs, Vg, Vg }-

Therefore, y,.:(G) = 4.

Example 3.3 It is obvious that any near equitable total dominating set in a graph G is also a total dominating set, and
thus we obtain y,(G) < Yne: (G).

Remark 3.4 For any connected graph G of order n, y.(G) = y,:(G) = Yne: (G) = 2 ifand only if n = 3.

For example,
1. Consider the connected graph of 3 vertices

v,
2

t_':l
Figure-2

Here, D = {v,,v,} is a minimum total dominating set, minimum equitable total dominating set and minimum near
equitable total dominating set.

Therefore, ¥ (G) = Vet (G) = Ve (G) = 2.
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2. Consider the connected graph of 4 vertices
T:Ji

s

Figure-3

Here, D = {v;,v,} is @ minimum total dominating set and minimum near equitable total dominating set but not a
equitable total dominating set.

Therefore, y:(G) = Vnet (G) = 2 but y,.(G) # 2.

3.Consider the connected graph of 5 vertices

Vg 2]

(3

Figure-4

Here, D = {v;,v,, v5} iS @ minimum near equitable total dominating set but not a minimum total dominating set and
equitable total dominating set.

Therefore, y:(G) = 2 but . (G) # Vet (G) # 2.
Remark 3.5: For G = nK; UmK,, m,n = 1, ¥:(G) = y¢:(G) = Vne:(G) = 2(n + m).
For example,

Letm=1,n=2.

2 v,
*——
t—": T'::IS lt-.:ls T—gﬁ T-.JF T:JE
G=2E; UK,
Figure-5

Here, D = {v;,v3,v,, Vs, V5, Vg } IS @ minimum total dominating set, minimum equitable total dominating set and
minimum near equitable total dominating set.

Therefore,y;(G) = Vot(G) = Vnet(G) =2 2+ 1) =6.

Definition 3.6: Let G be a graph and let D be a near equitable total dominating set of G. The near equitable total
neighbourhood of u € D, denoted by N, (w) is defined as
Ny™'(w) ={v €V —-D:v € N(u), lodp(u) — ody_p(v) | < 1}.
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Example 3.7:
vy v

Vg ¥y
Figure-6
Let D = {v;, v, vs} be a near equitable total dominating set. Then V — D = {v;, v,}.
Here, Np™* (v,) = {v3}, Np" (1) = {v4}, Np"* (v5) = {w,}.

Definition 3.8: Let G be a graph and let D be a near equitable total dominating set of G. The maximum and minimum
near equitable total degree of D are denoted by A,™¢"and &,"¢", respectively.
That is Ap™" = max,ep | Np™ (w) 1and 6,™°" = mingep | Np™ (W) 1.

Example 3.9:
174 Ty

Vg Vg

Vg A

G
Figure-7

Let D = {v,, vy, U5} is @ minimum near equitable total dominating set. Then V — D = {v;, v3, v6}
Here, Ny (v,) = {vy,v3}, Np™*t(v,) = {v3}, Np™** (vs) = {v6}.
Therefore, A, = 2 and 5, = 1.

Remark 3.10: Let G = mK,, m = 1,n = 3, if D is a near equitable total dominating set of G, then
AG) =68(6G) =n—1and A"t = 6§, " =n — 2.

For example,

Vs Uz Tig v-

1A g Vg Vg

G=2K,
Figure-8

Let D = {v,, vy, V4, vg} be a near equitable total dominating set.

ThenV — D = {v,, v3, Vs, V5, Vg, V30}

Here, Ny (v;) = {v,, V3,V5}’Nnn8t(v4) = {v3, v3 s}, Np"** (v) = {v7, 179,”10}: Np™** (vg) = {177‘179,1710}-
Therefore, Ap™" = 3 and 6, = 3.
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Also, A(G) = 4and §(G) = 4.
Hence A(G) = 8§(G) = 4 and A, = §,™°" = 3.
Remark 3.11: If D is a near equitable total dominating set of graph G, then A, < A(G).
Consider the above example, the remark is clear.

Remark 3.12: If D is a near equitable total dominating set of a tree T, then §(T) < §,™¢".

For example,
T:Ji t—":
Vg
T:
T-'J_t
lE-.:IE
Figure-9

Here, D = {vs, v,, v5} is @ minimum near equitable total dominating set.

Here, Ny (v3) = {vy, v,}, Np™** (v,) = {8}, and Ny,"** (vs) = {@}.

Therefore, 6, = 1.

Also, 6(T) = 1.
Hence §(T) < &,"¢.

Theorem 3.13:

1. Forany path B,,
2 if n=0(mod 4)

2

Ynee(B) =
neeim BJ+ 1 otherwise

2. Forany cycle C, with n > 3 vertices,

n
7 if n=0(mod4)

ynet(Cn) = n
IEJ + 1 otherwise

Proof:
1. Asthe degree of any vertex of B, is either 1 or 2. Clearly, any total dominating set is near equitable. Therefore,

yt(Pn) = Vnet(Pn)'

2. As C, is aconnected 2 — regular graph, any total dominating set is near equitable. Hence y.(C,) = Vnet(Cr)-
Theorem 3.14:
For any complete graph K,, with n > 6 vertices,
n
ol if niseven
ynet(Kn) = ny . ]
IEJ if nis odd
Proof: LetV = {v,, v,, ..., v, } be the vertex set of K,,. We consider the following cases.

Case-1: nis even.
n

Consider a total dominating set D ={v,, v,, ...... ,vn}suchthat DI = >. Thenodp(v;) = > andody_p(v;) = =.
2

Then 1 odp(v;) —ody_p(v;) 1 < 1,forall v; € V — D. Therefore, D is a near equitable total dominating set of K,,.
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Now, if Dy = {vy, vy, ..., vn_, } is a near equitable total dominating set of K, , then | odp, (v;) —ody_p,(v;))| =2,a
2
contradiction.

Therefore, D is a minimum near equitable total dominating set.

Case-2: nis odd.
Consider a total dominating set D = {v;,v,, .. ,vH} such that that |D| = BJ Then odp(v;) = BJ+ 1,
2

ody_p (v;) = BJ Then 1 odp (v;) —ody_p(v;) | < 1, for all v; €V — D. Therefore, D is a near equitable total

dominating set of K,,. Now, if D; = {v;, v, ..., vlﬂl_l } is a near equitable total dominating set of K,, , then
2

lodp, (v;) — ody_p, (v;) | = 3, acontradiction. Therefore, D is a minimum near equitable total dominating set.

Theorem 3.15:
For the complete bipartite graph G = K,, ,, with 1 < m < n, we have

m-—1, ifn=mandm = 3;
}/net(Kn_m)= m, if n—m=1and m,n > 2;
n—1, ifn—mz>=2.
Proof: LetV; = {uy, u,, ..., up} and V, = {vy, v,, ....., v, } be the bipartition of K, ,,.

We consider the following cases.
Case-l:n=m = 3.

We consider the following subcases.
Subcase-1.1: n =m = 3.

Let D = {uy, v;} be a minimum total dominaing set of K, ,,,. Then, | odp (u;) — ody,_p(v)) | < 1, forallv; €V, — D
and lodp(vy) —ody,_p(u) | < 1, for ally; € V; — D. Hence, D is a near equitable total dominating set of K, .
Therefore, Ynee (Knm) < Ve (Knm)- But we have, v (Knm) < Vet (Knm)- Hence ve(Knm) = Ynet (Knm)- Thus, D is a
minimum near equitable total dominating set.

Subcase-1.2: n =m > 4.
We have the following subsubcases.

Subsubcase-1.2.1: n and m are odd.

Consider a total dominating set D = {u, ,u,, ... ,uH, Vi ,Vg, ,vlmJ} such that ID| =m—1. Then odp (u;)
2 2

[%], odp (v;) = E], ody,_p (u]-) = [%J and ody, _p (vj) = BJ Since n = m, we have, | odp(u;) — ode_D(v]-) |

1, forallv; €V, — Dand |odp(v;) — odVl_D(uJ-) | < 1, forallu; € V; — D. Therefore, D is a near equitable total

IA

dominating set. Now, if D; = {uy,uy, ... , U5, V1 ,Vs, e ,Up_s_2} S < EJ is a near equitable total dominating set of
Kom, then lodp, (w) — ody,_p,(v;) | =2, and 1odp, (v;) — ody,_p,(u;) 1 =, a contradiction. Therefore, D is a
minimum near equitable total dominating set.

Subsubcase-1.2.2: n and m are even.

Consider a total dominating set D = {uy, u,, ..., un, vy, V5, ..., vm_,} such that | D| =m — 1. Then od, (u;) = %-1— 1,
2 2

odp (v;) = g, ody,_p (uj) = %— 1 and ody,_p (vj) = g Since n = m, we have, |od,(y;) — odVZ_D(vj) I < 1,

for all v €V, — D and |odp(v;) — odVl_D(uj)l < 1, for all w; € V; — D. Therefore, D is a near equitable total

dominating set. Now, if D; = {u; , Uy, ... ,Ug, V1 , Vg, e , Upnes—2} S < EJ is a near equitable total dominating set of

Kom, then lody (u;) —ody,—p,(v;)1 =2, and |odp, (v;) — ody,_p, (u;)1 =2, a contradiction. Therefore, D is a

minimum near equitable total dominating set.

Case-2: n = m. We consider the following subcases.
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Subcase-2.1:n—m = 1landn,m > 2.

Consider a total dominating set D = {u, ,u,, ... ,uFJ, V1,Vs, ,v[ml} such that ID| =m. Sincen=m+ 1, we
2 2

have, |odp(w;) — ody,_p(v;)1 < 1, for all v; € V, — D and |odp(v;) — ody,_p(w) 1 < 1, for allu; €V, — D.
Therefore, D is a near equitable total dominating set. Now, if n is odd and m is even, we have, | D| = m. Consider a
near equitable total dominating set D; = {u; , Uy, ... , U, V1, Vs, ,Vps_2 } S < EJ . Then, lodp, (v;) —

ody, _p, (u;) 1 = 2. Similarly, if m is odd and n is even, | odp, (v;) — ody,—p, (%) | = 2, a contradiction. Therefore, D
is a minimum near equitable total dominating set.

Subcase-2.2: n —m = 2.

Consider a total dominating set D = {uy, Uy, .. ,\Up—m—-1, V1,V2, . ,UVm t» IDIl =n—1. Then, lodp(u;) —
ody, p(v;)1 = 0,forallv; €V, — D and |od,(v;) — ody,—p(w;) | = 1,forallw; € V; — D. Therefore, D is a near
equitable total dominating set. Now, if D; = D — {u,_,,_1} or D — {v,,,} is a near equitable total dominating set, then
Dy = {uy, Uz, oo s Un—m—2, V1, V2, e , U} OF Dy = {Uy , Uy, oo ,Up_m1, V1, Va2, o , Um—1 }. Therefore, [odp, (v;) —
ody, _p, (uj) | = 2, acontradiction. Thus, D is a minimum near equitable total dominating set.

2, if n=3,4;
Remark 3.16 For the Wheel W, ., Vet (Wi p) = { E] 41, otherwise.
For example,
Letn = 3.

g

N

Vg vy
Figure-10

Here, D = {v,, v,} is a minimum near equitable total dominating set.

Therefore, yper(Wy3) = 2.

Letn = 5.

W :
Vg vy

[0

v v,
Figure-11
Here, D = {v;, v, v5} is @a minimum near equitable total dominating set.

Therefore, Yot (Wys) = E] +1=3.

2, ifn,m< 2;

Remark 3.17: For any double star Sy, n, Ynet (Spm) = {n m—2 if nm > 2 and n(orym = 3.
For example,

(YLetn=1,m=2

v, v,
Sz 0
vy v, Vs
Figure-12
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Here, D = {v,,v,} is a minimum near equitable total dominating set.
Therefore, ¥per(S12) = 2.

(i) Letn =m = 2.
oY 7,

Vg Uy Vs Vg
Figure-13
Here, D = {v,, v,} is a minimum near equitable total dominating set.
Therefore, Ypet(S22) = 2.

(iii) Letn = 2,m = 3.

2 v,

k.

Vg v, Vs Vg 1

o

Figure-14
Here, D = {v;, v,, vg} is @ minimum near equitable total dominating set.
Therefore, ¥per(Sa3) =2 +3 -2 =3.

(iv) Letn = 3,m = 3.
T-.:Ii T-.:Iz

5.4

Vg 1y Vs Vg 1. Vg
Figure-15

Here, D = {v;, v,, v,, v, } IS @ minimum near equitable total dominating set.

Therefore, yper(S33) =3 +3 -2 =4.

Theorem 3.18: Let G, = (V4,E;) and G, = (V,, E,) be graphssuch that |V, | =nand |V, =m,n<mm—-n<1.
Then ynet (Gl + Gz) =n.

Proof: Let G = G, + G,. Forany u € V;and v € V,, u and v adjacent. Since m —n < 1, it follows that
lody, (u) —ody,(v) | < 1in G. Since n <m, V;is a minimum near equitable total dominating set of G. Thus,

Vnet (G) =n.

Theorem 3.19: Let T be a wounded spider obtained from the star K; ,_4,n = 5 by subdividing m edges exactly once.
Then
n, ifm=n-—1;
Ynee(T) =y, (T) =4n—1, ifm=n-2;
n—2,ifm=n-3.

Proof: Let K, ,,_, be a star with central vertex u. Then V(Ky,_1) = {&, uy, uy, ..., Up_1} With deg(w) = n — 1. Let v,
be the vertex subdividing the edge uu;. Then we consider the following cases.

Case-l: m=n—1. Sincen=5then D = {u,v;,v,, ....., V;y_1, Vn_1 } IS @ Near equitable total dominating set and
hence y,.:(T) = 1D | = n. Also, y,(T) = n. Hence y,0:(T) = y.(T) = n.
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Case-2: m=n—2. Sincen > 5then D = {u,v,,v,, .....,Vy_1, Vn_»} IS @ near equitable total dominating set and
hence y,.:(T) = 1D =n— 1. Also, y.(T) = n — 1. Hence ¥, (T) = y.(T) =n — 1.

Case-3: m=n—3. Sincen > 5then D = {u,v,,v,, .....,V;u_1,Vn_3} IS @ Near equitable total dominating set and
hence y,.:(T) = 1D =n— 2. Also, y.(T) = n — 2. Hence ¥, (T) = y.(T) = n — 2.

Corollary 3.20: Let T be a wounded spider obtained from the star K, ,_,,n = 5 by subdividing m edges exactly once.
Then ypo:(T) =n—2and y,(T) =22 if m<n-—3.

Remark 3.21: Let G = mK,,, m = 1andn = 3,4,5. Then y,..(G) = y.(G) = 2m.
For example,

Letm =2,n=4.

7y Ty Vs Vg
g v, 2 g
G = 2K,
Figure-16

Here, D = {v;, v3, Us, Ug} IS @ minimum near equitable total dominating set and minimum total dominating set.
Therefore, y,..(G) = y:.(G) = 2.2 = 4.
Remark 3.22: For any graph G with no isolated vertices, 2 < ¥,(G) < ype: (G) < n.

For Example,
= 17,

Vg v

na

1 v,

Vg V5
Figure-17

Here, D = {v,,v,, Vs, Vg } IS @ minimum near equitable total dominating set and D = {v;,v,} is a minimum total
dominating set.

Therefore, y,.:(G) =4 and y.(G) = 2.
Hence 2 < y,(G) < ¥ne: (G) < 8.
4. MINIMAL NEAR EQUITABLE TOTAL DOMINATING SETS

Definition 4.1: A near equitable total dominating set D is said to be a minimal near equitable total dominating set if no
proper subset of D is near equitable total dominating set.
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Example 4.2:
T-.:Ii t—":
G
Ty v,
Figure-18

Here, D = {Upvz,vs} is a minimal near equitable total dominating set.

Theorem 4.3: For any graph G without isolated vertices, a near equitable total dominating set D is minimal if and only
if for every u € D, one of the following two properties holds:

(i) There exists a vertex v € V — Dsuch that N(v) n D = {u}, | odp(u) —ody_p(v) | <1

(if) < D — {u} > contains no isolated vertices.

Proof: Assume that D is a minimal near equitable total dominating set and (i) and (ii) do not hold. Then for some
u € D, there exists v € V — D such that | odp(u) — ody_p(v) | < 1and for every v € V — D, either N(v) N D # {u},
or | odp(u) —ody_p(v) | > 2o0r bhoth. Therefore < D — {u} > contains an isolated vertex, contradiction to the
minimality of D. Therefore (i) and (ii) holds.

Conversely, if for every vertex u € D, the statement (i) or (ii) holds and D is not minimal. Then there exists u € D such
that D — {u} is a near equitable total dominating set. Therefore there exists v € D — {u} such that v near equitably
dominates u. That is, v € N(u) and | odp(uw) —ody_p(v) | < 1. Hence u does not satisfy (i). Then u must satisfy (ii)
and there exists v € V — D such that N(v) n D = {u} and | odp(u) —ody_p(v) | < 1. And also there exists w € D —
{u} such that w is adjacent to v. Therefore w € N(v) N D, | odp(u) —ody_p(v) | <1 and w # u, a contradiction to
N(v) n D = {u}. Hence D is a minimal near equitable total dominating set.

n

Remark 4.4: For any nontrivial connected graph G, [—] < Vet (G).

1+A(G)

For Example,

Letn = 6.

T-.:Ii i—":
G
Vg 7y
T—"E t-.:l_t
Figure-19

Here, D = {v,, v,, U5} is a minimum near equitable total dominating set.

Therefore, y,.:(G) = 3.

Also, A(G) = 3.
Hence [% =2<3.

Remark 4.5: If G(# Kpm; 1 <m <n; n—m > 2) has n vertices, no isolated vertices and A(G) < n — 1, then
(1) Ynee (G) + ynet(E) <2 E]

(1) Vet (G) - Vet (G) < (E])Z
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For example,
7, 7y
'E_':l
T:
v,
Vs
Figure-20

Here, D = {vs, v,, v5} is @ minimum near equitable total dominating set.

Therefore, y,.:(T) = 3.

[

=

A Vs

Figure-21
Here, D = {v,, vs} is a minimum near equitable total dominating set.

Therefore, Y (T ) = 2.
Ynet (T) +Vnet(7) =3+2=5and2 E] =2 E] = 6.

Hence Ynee (T) + Ve (T) < 2 E]
Yoot 1 (T) = 3.2= 6and ([2]) = ([I]) = @2 =o.
Hence Vyer (T) . Ve (T) < (EDZ

Remark 4.6: If G(= K, n; 1 <m < n; n—m = 2) has n vertices, no isolated vertices and A(G) < n — 1, then
(i) Vnee (6) + ¥nee (6) = 23]

() Pnet () - ¥ee @ = ([2])°

For example,

Kq.,:

Figure-22
Here, D = {v,, v3, vs} is a minimum near equitable total dominating set.

Therefore, Vet (Ky2) = 3.
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(& Vs

Vs Vg

Vg v,

K-t,i
Figure-23

Here, D = {v,, v3, Vs, Ug} IS @ minimum near equitable total dominating set.

Therefore, ynet( Ksz2) = 4.
ynet(K4,2) + ’ynet(?4'2) = 3 + 4’ = 7 and 2 [g] = 2 [S] = 6.

Hence ynet(K4,2) + ynet( EZL,Z) =2 E]
ynet(K4,2)' ynet(EZL,Z) =3.4=12and (E])Z = (E])Z = (3)2 =9,

Hence e (Ks.z) - ¥nee(Ka2) = ([2])”

5. CONCLUSION AND FUTURE STUDIES

In this paper total domination in graphs and near equitable total domination in graphs are compared through various
examples. A necessary and sufficient condition under which they are equivalent is provided. The minimal near
equitable total dominating sets are established. Compute y,,..(G) and y.(G) for some standard graphs. The results
discussed may be used to study about various graphs invariants. For further investigation, the following open problem
is suggested. “Give necessary and sufficient condition for a given graph G is entire equitable total dominating graph of
some graph may be investigated”.
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