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ABSTRACT

In this paper we propose and analyze a spectral Jacobi - Collocation approximation for the linear Volterra integral
equations of the second kind with weakly singular kernels. we consider the case when the underlying solutions of the
volterra integral equations are sufficiently smooth. In this case, we provide a rigorous error analysis for proposed
method, which shows that the numerical errors decay exponentially in the infinity norm and weighted Sobolev space
norms. Numerical results are presented to confirm the theoretical prediction of the exponential rate of convergence.

Key words: The Volterra integral equations of the second kind with weakly singular kernels, Jacobi-Collocation
method, Convergence analysis.

1. INTRODUCTION

We Consider the linear Volterra integral equations of the second kind , with weakly singular kernels
t —H
y(t):g(t)+J.(t—s) K(t,s)y(s)ds, tel (1.1)
0
Where | = [O,T], the function g € C(I), y(t) is the unknown function, 1 € (0,1) and K € C(I X I) with

K (t,t) #0 for t el . Several numerical methods have been proposed for (1.1) (see, e.g., [1-11]). The numerical
treatment of the Volterra integral equations (1.1) is not simple, mainly due to the fact that the solutions of (1.1) usually
have a weak singularity at t =0, even when the inhomogeneous term ¢ (t) is regular. As discussed in [4], the first

derivative of the solution y(t) behaves like y' (t) ~1t7#. In[12], a Jacobi- collocation spectral method is developed

for (1.1). To handle the non-smoothness of the underlying solutions, both function transformation and variable
transformation are used to change the equation in to a new Volterra integral equation defined on the standard interval

[—1,1], so that the solution of the new equation possesses better regularity and the Jacobi orthogonal polynomial
theory can be applied conveniently. However, the function transformation (see also [9]) generally makes the resulting
equations and approximations more complicated. We point out that for (1.1) without the singular kernel (i.e., M= 0),

spectral methods and the corresponding error analysis have been provided recently [13, 14]; see also [15, 16] for
spectral methods to pantograph-type delay differential equations. In both cases, the underlying solutions are smooth. In
this work , we will consider a special case , namely, the exact solutions of (1.1) are smooth. This case may occur when
the source function g in (1.1) is non-smooth; see for e.g., Theorem 6.1.11 in [4]. In this case, the Jacobi- collocation

spectral method can be applied directly; and the main purpose of this work is to carry out an error analysis for the
spectral method. It is known that most systems of weakly singular Volterra integral equations that arise in many
application areas are of large dimension. There have been also some recent developments for solving systems of
weakly singular Volterra integral equations of high dimensions, see for e.g., [5-8]. It is pointed out that although
problem (1.1) under consideration is scalar, the proposed methods can be applied to systems of large dimension in a
quite straightforward way.
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2. JACOBI-COLLOCATION METHODS

Throughout the paper C will denote a generic positive constant that is independent of N but which will depend on the

length T of the interval | =[0,T] and on bounds for the given functions f, K which will be defined in (2.5), and
the index g

Let @7 (x)=(1-x)" (1+ X)ﬁ be a weight function in the usual sense, for o, > —1. As defined in [17-20], the
set of Jacobi polynomials {J,f"ﬂ (X)}oo . forms a complete LZW, (—1, 1)— orthogonal system, where L%, (—1, l) is
n= 2] 2]

a weighted space defined by Li)aﬁ (—1, 1) ={v:v is measurable and || v [IPRS oo}, equipped with the norm

1 2
N0l ..,= [HU X)dxj , and the inner product

1
1
j “f(x)dx, Yuvel?,,(-11).

N
For a given positive integer N , we denote the collocation points by {Xi} , Which is the set of (N +l) Jacobi-
i=0

Gauss, or Jacobi-Gauss-Radau, or Jacobi-Gauss-Lobatto points, and by {a)i }.N:o the corresponding weights. Let o,
denote the space of all polynomials of degree not exceeding N . Forany v € C [—1, 1], we can define the Lagrange
interpolating polynomial Iﬁ’ﬁv € py, satisfying

Iio(x)=v(x), 0<i<N, (2.1)

See, e.g., [17, 18, 20]. The Lagrange interpolating polynomial can be written in the form

1270(x) = 3 0 (% )F (%),

i=0

where F, (X) is the Lagrange interpolation basis function associated with {Xi }i 0

In this paper, we deal with the special case that
a=-yu, B=0, o (x)=(1-x)"
2.1 Numerical scheme in one dimension

For the sake of applying the theory of orthogonal polynomials, we use the change of variable

t=21(ex), x=21
2 T

to rewrite the weakly singular volterra integral equations (1.1) as follows
T 1+x

u(x) JZ' [ (1+x) sj_yK(TE(Hx),sjy(s)ds, (2.2)
Where X €[-1,1], and 0
u(x)= y(%(“x)], f(x)= g(TE(ler)j. 23

Furthermore, to transfer the integral interval [O,T(1+ X)/2] to the interval [—1, X],We make a linear

transformation:
s=T (1+ z’)/ 2, T€ [—1, X].Then, equation (2.2) becomes

© 2018, IJMA. All Rights Reserved 242



Mahesh. Boda*l, V. Dharmaiah™ /
Spectral methods for weakly singular volterra integral equations with smooth solutions / IIMA- 9(1), Jan.-2018.

(X—T)fHK(X,T)u(r)dr, Xe[—l,l], (2.4)

[
—_
>
~
Il
—
—_
>
~
+
Le—

Where

R (x7)= GJ K 6(“ X),TE(l+r)j. @5)

Firstly, equation (2.4) holds at the collocation points {Xi }to on [—l, 1] X
X
u(x)=f (Xi)+J‘(Xi —-7) " K(x,7)u(r)dr, 0<i<N. (2.6)
-1
In order to obtain high order accuracy for the volterra integral equations problem, the main difficulty is to compute the
integral term in (2.6).In particular, for small values of X;, there is little information available for U (Z’) To overcome

this difficulty, we first transfer the integral interval [—1, Xi] to a fixed interval [—1, 1]

X, 1-u 1
I(Xi —T)_# K(Xivr)u(r)drz(“Txi) J.(l—é?)_” K(Xi’ri (0))\J(Ti (6))do, 2.7)
by using t_hle following variable change N

r=ri(t9)=1+2Xi 0+571  gel11). .8

2

Next, using a (N +1) — point Gauss quadrature formula relative to the Jacobi weight {a)i }i:O , the integration term in

(2.6) can be approximated by
1

[1=0)" R (%5 (0)u(5(6))d0 - 3K (.5, (61 (5 (6,)) . @9

-1 k=0

where the set {Hk}N

.. . . . N .
coincides with the collocation points {Xi}i:O on [—1,1]. we use U, O<i<N to

approximate the function value U (Xi ), 0<i<N,anduse

N
uN(x)=Z(;quj(x) (2.10)
j=

to approximate the function U (X), namely U (Xi ) ~U, U (X) ~u® (X), and

u(z(6))~ zu F (n(4,)). @)

Then, the Jacobi-collocation method is to seek U™ (X) such that {ui }i:O satisfies the following collocation equations:

1+x ) “Q N
ui:f(xi)+(T'j uj( K(Xi,ri(Hk))Fj(ri(Hk))a)kj, 0<i<N. (2.12)
j=0 k=0

It follows from (2.3) that the exact solution of the Volterra integral equations problem (1.1) can be written as

y(t)= y(%(ux)j:u(x), te[0.T] and xe[-11]. 1)
Thus, we can define

Y (1) =y G(u x)j ¥ (x), te[0T]and xe[-11], @14)
as the approximate solution of the Volterra integral equations problem (1.1). It is obvious to see that

(y=y")(®)=(u-u")(x):=e(x), te[0,T]and xe[-L1] (2.15)
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2.2. Two-dimensional extension
problem (1.1) is considered to be scalar; however ,many applications involve systems of weakly singular Volterra
integral equations with high dimensions. The spectral methods proposed in the last subsection are generalizable to

large systems of Volterra integral equations and to higher dimensions. To demonstrate this, we briefly outline how to
solve the second-kind Volterra integral equations in two dimension:

y( S t II S 0' t 2') ﬂk(s t,o, r)y(a,r)dadr, (2.16)

where (S, ) € [O,T]. By using some linear transformations as in section 2.1 Eq.(2.16) becomes

u(x,y)= +JX.1

where (X, y) IS [—1, 1] and

(y=n)"K(xy,&n)u(&n)dédy, (2.17)

r—\"—'<

T

(2-a-p)
K (%, y,f,ﬂ)=(5] K(TE(H x),TE(1+ y), (1+§),%

(1+77)j.

N |-

. . —a,0 . : N [P :
For the weight function @ ™ (X), we denote the collocation points by {Xi }i:O’ which is the set of (N +l) Jacobi-

N
Gauss, or Jacobi-Gauss-Radau, or Jacobi-Gauss- Lobatto points, and by {Wi(l)}_ the corresponding weights.

N
Similarly, for the weight function a)’ﬂ'o(y), we denote the collocation points by {y} o which is the set of
J:

(N +l) Jacobi-Gauss, or Jacobi-Gauss-Radau, or Jacobi -Gauss- Lobatto points, and by { (2) } the corresponding

weights. Assume that Equation (2.17) holds at the Jacobi -collocation points-pairs ( Yi ) Using the linear

transformation and tricks used in one-dimensional case yields.

u; = (x y,)+[l+zx‘j [“;] >Sua, @18)

k=0 1=0
where
N N
a, =2 > K(%Y;&(6,).7,(6,)F (&(6,))F (m;(6,)) wiow?,
m=0 n=0
_ 1+y. -1
fi(gm)zlJFZXi ‘9m+Xi21, 77j(9n)= +2y' 6’n+yJ , forany 0<i, j<N.

3. SOME USEFUL LEMMAS

0
We first introduce some weighted Hilbert spaces. For simplicity, denote 6XU(X):(a—ju(X),etc. For non-
X

negative integer m, define
HM, (-L1)={v:dfvel?,, (-11),0<k <mf,
with the semi- norm and the norm as

-1-1

E ||l)||rn b = [ik}ﬁ el jz , respectively. Let a)(x) —p?? (X) denote the
, &k,

Chebyshev weight function. In bounding some approximation error of Chebyshev polynomials, only some of

m
o, v

|U|m,w“'ﬂ =‘

the L* —norms appearing on the right- hand side of above norm enter into play. Thus, it is convenient to
introduce the semi-norms
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m
HIN(-11) = Z ‘

k=min(m,N+1)

2 2

oo
Lu(-12)

v

For bounding some approximation error of Jacobi polynomials, we need the following non-uniformly weighted
Sobolev spaces:

m
H,

m
(00) 00 = (80580 [l =00

Furthermore, we introduce the orthogonal projection T\ o . Liaﬁ (—1,1) — Py »Which is a mapping such that for

(-11)= {u 0ve Limwk (-11),0<k < m} , equipped with the inner product and the norm as

any
vel®,,(-11),

(U N o ¢)wa/f =0, Véepy.
It follows from Theorem 1.8.1in [20] and (3.18) in [18] that

Lemma 3.1: Let ¢, f > —1. Then for any function v € H::M R (—1, 1) and any non-negative integer M, we have

k k—m m
_ <K<
0, (l) ﬂNyw,ly,,U) i <CN ‘axv P 0<k<m. (3.1)
In particular,
-1
HU B ﬂN,w”’ﬁU L;a,/f <CN |U|1,w‘”1"/”l ' (3 2)

Applying Theorem 1.8.4 in [20] Theorem 4.3, 4.7, and 4.10 in [21], we have the following optimal error estimate for
the interpolation polynomials based on the Jacobi-Gauss points, Jacobi- Gauss- Radau points, and Gauss-Lobatto
points.

Lemmas 3.2: For any function v satisfying 0, € Ha”: (—1,1), we have, for 0 <k <m,

aﬁy*
o (v-15"v) <CNKk™

X RSV

m
0,

(3.3)

wa+mﬁ+m !

- '5%‘1&«% <C(N(N+a+ ﬂ))l‘% orv (3.4)

wa+m p+m

Let us define a discrete inner product. For any U,v € C [—1, 1] , define

N
(u,0), :Zu(xj)u(xj)a)j. (3.5)
j=0
Due to (5.3.4) in [17], and Lemmas 3.1 and 3.2, we can have the integration error estimates from the Jacobi- Gauss
polynomials quadrature.

Lemma 3.3: Let U be any continuous function on [—1,1] and ¢ be any polynomial of p,,.For the Jacobi - Gauss
and Jacobi- Gauss-Radau integration, we have

(0.8) 00 =(v.8), | < Jo=1570] . I,
SCNTOTO| g €] o (3.6)
For the Jacobi-Gauss-Lobatto integration, we have
‘(z),¢)wa,,7 —(u,¢)N SC( ORI waﬁ+Hu— 157 waﬂ)‘;é e
SCN" 70| oo | - 3.7)
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From[22],we have the following result on the Lebesgue constant for the Lagrange interpolation polynomials
associated with the zeros of the Jacobi polynomials.

Lemma 3.4: Assume « =—u, =0 and assume that Fj (X) is the corresponding Nth Lagrange interpolation
polynomials associated with the Gauss, or Gauss-Radau, or Gauss-Lobatto points of the Jacobi polynomials. Then

1] = mas ST (0] =0( ) 00

The following of generalization of Gronwall's Lemma for singular kernels, whose proof can be found, e.g. in [23]
(Lemma 7.1.1), will essential for establishing our main results.

Lemma 3.5: Suppose L>0, O0< <1 and U(t) is a non - negative, locally integrable function defined on [O,T]
satisfying

t
u(t)<o(t)+ Lj'(t—s)_”u(s)ds. (3.9)
0
Then there exists a constant C =C (,u) such that
t
u(t)su(t)+CLJ.(t—s)7”u(s)ds for 0<t<T. (3.10)
0

From now on, for r >0 and Kk e [O,l], Cc"k ([—1, 1]) will denote the space of functions whose T th derivatives are

Holder continuous with exponent K, endowed with the usual norm

‘Giu(x) — % y)‘ |

Il = max max|ero () + max sup == g
X#Y

When k=0, C"° ([—1, 1]) denotes the space of functions with ' continuous derivatives on [—1, 1], which is also
commonly denoted by C" ([—l, l]), and with norm ||||r :

We shall make use of a result of Ragozin [24, 25] (see also [26]), which states that, for non-negative integers I and
ke (0,1), there exists a constant C, , > 0 such that for any function v € crk ([—1, 1]), there exists a polynomial

function I v € p, such that

lo-Ty|, <C, N o] - (3.12)

Actually, as stated in [24, 25], 3, is a linear operator from cr* ([—1,1]) into p.

We further define a linear, weakly singular integral operator M :
X

MU=j(X—T)_#K(X,T)U(T)dT. (3.12)

-1

Below we will show that M is compact as an operator from C ([—1,1]) to C%* ([—1, 1]) provided that the index k

satisfies 0 <k <1— g. A similar result can be found in Theorem 3.4 of [27]. The proof of the following lemma can
be found in [12].

Lemma 3.6: Let k € (0,1) and M be defined by (3.12) under the assumption thatO < k <1— 4. Then, for any

function v e C ([—1, 1]) , there exists a positive constant C, which is dependent of HRHO o such that
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‘MU(X')—MU(X")‘

T e
for any X, X e [—1, 1] and X # X . This implies that
Mo, <Clo], . (3.14)

where ||||Oc is the standard norm in C ([—1, 1])

4. CONVERGENCE ANALYSIS

4.1 Error estimate in L~

Theorem 4.1: Let U be the exact solution to the Volterra integral equation (2.4), which is assumed to be sufficiently
smooth. Let the approximated solution U N be obtained by using the spectral collocation scheme (2.12) together with a
polynomial interpolation (2.10). If £ associated with the weakly singular kernel satisfies 0 < 4 < 1/2 and

ueH" ( 11)mHm,o*( 1,1), then

‘@—u”wsCNlﬂ

HIN(-11) (4.1)

For N sufficiently large, where 7; (9) is defined by (2.8) and
R (%7 ()]
Proof: First, we use the weighted inner product to rewrite (2.6) as
1+x )7/ .
u(x)= f(xi)+(T'J (R(x.n()u(a(), . 0<iN. 42

By using the discrete inner product (3.5), we set

(R (%)) 4(5.))). :gk(xi,q (8)) (7 (6, ).

Then, the numerical scheme (2.12) can be written as

K" := max
0<i<N

1+x

u = f(Xi)+ ikl § 1_#(K(Xi,ri(.)),uN (ri ()))N, 0<i<N, (4.3)
2

where u® is defined by (2.10). Subtracting (4.3) from (4.2) gives the error equation:
1+x Y7 /s 1+x )"
U(&)—Uiz(—jg—j (K(Kvﬂ()%e(ﬂ()»wyp+(—7;—j L2
1-u
_I (x—7)“K(x,7)e (r)dr+(1+zxij L,

for 0<i <N, where e( )=u(x)—u" (x) is the error function,
( (X.’T ) ( ))w,“,o_(l‘z(xi’ri ('))1UN(Ti ()))N, and the integral transformation

(2.7) was used here. Using the integration error estimates from Jacobi- Gauss polynomials quadrature in Lemma 3.3,

we have
1+X ua
T Ii,2
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Multiplying F (X) on both sides of the error equation (4.4) and summing up from
iI=0t i=N yjeld

| “u—uN = w‘)[i(x—r)“’K(x,r)e(r)dr}ZNj(“Tx‘)l_#li,zFi (). (4.6)

-1 i=0
Consequently,

e(x):jl(x—r)”K(X,r)e(r)dr+ll+lz+l3, @)

N 1 —H
where 1, =u—1"’u, Z( +XJ 2R (X), (4.82)

i=0

I, =1° [J.(X—r)_ﬂlz (X,r)e(r)dT]—.[(X—r)_#K (X,T)G(Z’)d‘[. (4.8b)
-1 -1
It follows from the Gronwall inequality (Lemma 3.5)
lell, < (Ll +Ia]. + . ) ®9)

Let |§U € Py denote the interpolant of U at any of the three families of Chebyshev — Gauss points. From (5.5.28) in
[17], the mterpolatlon error estimate in the maximum norm is given by

1/2-m
‘ < CN |U HIN (-0 (4.10)
Note that

1Op(X)=p(X). e, (I =1)p(x)=0, Vp(X)e py. (4.12)

By using (4.11), Lemma 3.4 and (4.10), we obtained that
1], =[u- 1],

_ c —u,0 c —u,0
_Hu—INu+IN (INu)—IN u
+ 1 (15u—u)

(e, e
< (14N )N fu

1-m
SCN"" Ul Ly (4.12)
Next, using the estimate (4.5) and Lemma 3.4, we have
N
goon- X" (7))

1], <CN**™ max|a]K (x,7,(.))
ApR (%7, ()] o (Il +lu..)

oK (%.7:())

provided that N s sufficiently large. We now estimate the third term I5. 1t follows from (3.11) and (4.11), and
Lemma 3.4 that

1l =[(15e = 1) me

< (1+HIN"'°HDO).||Me—TN Me],

o0

< Hu

HIN(-11)

o HO

< CN¥Y?™ max
0<i<N

||e|| +CN¥2™ max
0<i<N

ul,, . (4.13)

™M :

= |15 = 1) (Me-T me)|

1
<CN.[Me-T,Me|, <CNZ" |Me],,

1
<CNZ e, (4.14)

© 2018, IJMA. All Rights Reserved 248



Mahesh. Boda*l, V. Dharmaiah™ /
Spectral methods for weakly singular volterra integral equations with smooth solutions / IIMA- 9(1), Jan.-2018.

where in the last step we have used Lemma 3.6 under the assumption O<k<l-p.

Itis clear that if K > 1/2 (which is equivalent to £ < ]/2 ), then
1
[Val <5l . (415)
provided that N s sufficiently large. Combining (4.9), (4.12), (4.13) and (4.15) gives the desired estimate (4.1).

. . . 2
4.2 Error estimate in weighted L™ norm

To prove the error estimate in weighted L? norm, we need the generalized Hardy's inequality with weights (see, e.g.,
[28-30]).

Lemma 4.1: For all measurable function T =0, the following generalized Hardy's inequality

@(Tf () “(X)dXT14 SC@\ F(x)f U(X)dX]"
holds if and only if

ol -] 52

a<x<b X a

for the case 1 < P < <. Here, T is an operator of the form
(TF)(x)= [k (x.t) f (t)dt
a

with k(X,t) a give kernel,U, U weight functions, and —o0 <a<b <00, from Theorem 1 in [31], we have the
following weighted mean convergence result of Lagrange interpolation based at the zeros of Jacobi polynomials.

Lemma 4.2: For every bounded function U(X), there exists a constant C independent of U such that

sup|>-v(x )F,(x))  <Clo],

o H 0

Theorem 4.2: Let U be the exact solution to the Volterra integral equation (2.4), which is assumed to be sufficiently

smooth. Let the approximated solution u® be obtained by using the spectral collocation scheme (2.12) together with a
polynomial interpolation (2.10).

Assume that U € Ha")’wvoy*(—l,l) and HK (-, T)Hl’w is bounded, where
[K(..) aiK(Xﬁﬁu- (4.16)
1
If O<u< E, then, for N sufficiently large

P N (T (4.17)

where 7; (9) and K" are defined in Theorem 4.1.

= max{ max

m,co 0<j<m (-1<r<x<1

<CN™"

‘@—u”
w—u,0

o, u

Proof: By the generalized Hardy's inequality Lemma 4.1, it follows from (4.7) and (3.10) that
lel oo < C 1l +l1el o +1el0 ) (418)

Now, using Lemma 3.2, we obtain that

T TRV T

m
o,u

P * (419)

@ #,0
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By using Lemma 4.2 and (4.5), we have

[

LI

i=0
1+ X e
— L

oK (%7, ())H max

! o™ #™ 0<i<N
82K (Xi'Ti ()) R (

By the convergence result in Theorem 4.1, we have

— 1,0
PRg

w #,0

< C max
0<i<N

< CN ™ max
0<i<N

<CN ™ max
0<i<N

u" (7 ()], e

el +[ul..)- (4.20)

lel, <C(Julus oy +lull ) =C (o], +1l. ). (421)
for sufficiently large N. So that
I, e <N max o (5 ()] (Ju], ol ). 422

for sufficiently large N.

Next, we estimate |||3||wfﬂ.o - To this end, we first split the interval [—1, X] to [—1, X—5] and

[X -0, X] for some small 0 > 0. Then, we can see that

ol o < (ol e+t

Y (4.23)

where
X—6

Ly =(17°=1) [ (x=7)“R(x.7)e(r)dr,

-1

I&Z:(N”O—I)j(x—rf”K(xn)e@jda

X—0

Here | denotes the identical operator. It follows from Lemma 3.2 that

ax[fjﬁ(x-f)‘”IZ(X,T)e(T)dT]

-1

-1
[t . <N

1-p1
-

2

o

! (4.24)

where IS}B ::5_NK(X,X—5)e(X—5) and
X=6

I§22) = j [—,u(x—r)_”_1 K(X,T)+(X—r)_” KX(X,T)}Z‘(T)dT. (4.25)

-1

Extending € = 0 for X<0, we can easily obtain that
H |@
31

JON O Y I O w29
It follows from (4.25) that

21, =6 IR, el IR (el o wan
Combining the above two estimates leads to

I1ss], o <C(NT'S# N7, (4.28)
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1
-2 R ~(1-24) . .. .
We choose 6 <N, sothat N 6 <N which can be sufficiently small due to the assumption that O<pu< E

Therefore, for sufficiently large N, we have
1,

on the other hand, we have
)

], .. <]

X

3,2 o
1) = 140 I (x—7) " K(x7)e(r)dr,

X—0

oo < el (4.29)

e

m—ﬂ,o ! (4'30)
where

19 jb(x_f)‘”rz(x,f)e(f)dr.

X—S

It follows from (2.25) of [18] that
2

X

2 N
o Z I X—r K(Xi,r)e(r)dr W, (4.31)
=0

X;—6

1
B

N
where {Xi }i:O is the set of (N +1) Jacobi - Gauss, or Jacobi - Gauss - Radau, or Jacobi - Gauss - Lobatto points, and

N 1
{Wi }i:O are the corresponding weights. From (2.13) of [18] and noting that & < Ev we have

2

LSONTY [ (% =2)” R (%, p)e(e)de| (%)™ (1+ %)

2
1

<ONS| [ (% =) R (%.7)e(s)de]

i=0 X —0

From Cauchy inequality and using the fact that K" is bounded, we obtain

o|? L gCNli ] (l—r)”(xi—z')fzﬂdr I (1 T) 2(r)dr

3,2
i=0 %6 X —0

<CNelf .., (4.32)

where we have used the assumptions S<N?<1 and 1-2u>0. Again, using Cauchy inequality and the

boundedness of K gives

‘Igzz) ’ <C I (1— T)” (X — Z')_Zﬂ dr I (1—7)_” e? (Z‘)dZ‘ <Cor ”e”iH’ :
Consequently, X_b "
1, <on el @3

where we also used & < N and £ <1/2. 1t follows from (4.32) and (4.33) that
1
provided that N s sufficiently large. Hence, by (4.23), (4.29) and (4.34), we have

1
Il .o <2

for sufficiently large N. The desired estimate (4.17) is obtained by combining (4.18), (4.19), (4.22) and (4.35).
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5. ALGORITHM IMPLEMENTATION AND NUMERICAL EXPERIMENTS

Denoting Uy Z[Uo,up ----- UN]T and Fy =[f (Xo), f (Xl),----f (XN )]T, we can obtain an equation of the
matrix form:

U,=FK +AU,, (5.1)

where the entries of the matrix A is given by

& :(HTXi)MZK( X7 (6))F; (7 (6)) W

Here, we simply introduce the computation of Gauss -Jacobi quadrature rule nodes and weight (see the detailed
algorithm and download related codes in [32] ). The Gauss - Jacobi quadrature formula is used to numerically calculate
the integral

1

I(l— x)" (1+ x)ﬁ f(x)dx, f(x)e[-11], a,p>-1,
by using {r1le formula
1

I(l—x) (1+x x)d %wa

-1

With the help of a change in the variables (which changes both weights W, and nodes X;), we can get onto the
arbitrary interval [a, b]-

Example 5.1: We consider the following the linear Volterra integral equations of second kind with weakly singular

kernels
t

y(t):b(t)—j(t—s)fay(s)ds, 0<t<T, (5.2)

0

with  b(t)=t"7 +t"*“B(n+1+ B1-a),
where 0< Z<1, and B(...) is the Beta function defined by

B(x,y)= j.t“ (l—t)y_l dt.

This problem has an unique solution : Y(t) =t"7, Obviously, Y(t) belongs to H, ( It follows from the

theoretical results obtained in this work, the numerical errors will decay with a rate of O(N ) The weighted

function @ is chosen as @ = (1— X)f with @ =0.35.

The solution interval is t € [0,6], and the exact solution is y(t) Zts'e, indicating that N = 3and #=06.1n Fig.

© 2
1, numerical errors are plotted for 2<N <16 in poth L* and L, —norms. we also present in Table 1 the

corresponding numerical errors. As expected, the errors decay algebraically as the exact solution for this example is not
sufficiently smooth.

Example 5.2: Consider the following the nonlinear Volterra integral equations of second kind with weakly singular
kernels

t
b(t)+[(t-s) " y*(s)ds, 0<t<T, (53)
0

where
&tl 13 _ﬁtg/3 _%t5/3
440 20 5

—12t%3,

b(t)=(t+2)"* -

£ 2
Example 5.1: L™ errorand L, errors , for the solution interval t € [016]-
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Table-1.
N 2 4 6 8
L error 6.7887e + 01 | 2.4594e - 01 | 1.3307e - 02 | 1.9500e-03
2 - - -
Lw errors 2.3692e + 01 | 6.5956e - 02 | 1.7042e - 03 | 1.4331e -04
N 10 12 14 16
L™ error 4.4826e - 04 | 1.3478e - 04 | 4.8583e - 05 | 1.9980e - 05
Li errors 2.2145e - 05 | 7.8788e - 06 | 6.6148e - 06 | 6.5174e - 06
-
00 £ 10" |,
s00 10° .
-~ ‘G‘
_ 4aoo 107 ‘Q * -
-3 S
= oo 10 . ‘O“
CYCR
200 107 ..
~ e
100 107 ‘0‘\
\Q ‘
10°°
A Py 2 3 a s 6 10
0O=t=6 2= N =16

Figure-1: Left : Numerical and exact solution of Y(t) =% with N=3 and £ =0.6.

Right: The L error and Li, error versus N.

Example 5.2: L" error and Li, errors, for the solution interval t € [0,10].

Table-2.
N 6 8 10 12
L™ error 1.0571e-03 | 1.1271e-04 | 1.3630e - 05 | 1.7825e - 06
L2 3.8912e - 04 | 3.6562e - 05 | 3.9691e - 06 | 4.7263e - 07
» errors
N 14 16 18 20
L” error | 2.4594e - 07 | 3.5287e-08 | 5.2114e - 09 | 7.9513e - 010
|2 6.0029e - 08 | 7.9972e - 09 | 1.1046e - 09 | 1.5821e - 010
» errors
45 i I iz\ i ' I i
* Numorical Solution " -
ao| |t sension w| g | o _i'::,|
a5 ‘:0‘
R
30 10 ‘g\
\‘n‘
% 25 . 9. o
& 10 w*
: o0
& » 2,
0\\‘0
15 10°® \0‘\.0‘
10 °=:U‘
10" ““0‘
s KR
DU 1 é 3 4 5 (‘i 7 8 ] 10 ; é ljl 1‘0 ';2 1‘4 1‘5 ‘;8 éﬂ 2;2 ‘i‘
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3/2

Figure-2: Left : Numerical and exact solution of y(t) = (t + 2) - Right: The L error Lj error versus N.

This example has a smooth solution y(t) = (2 +t)3/2 .as a results, we can expect an exponential rate of convergence.

In fig.2, numerical errors are plotted for 2< N <24in both L” —and L — norms. The weighted function @is

chosen as @ =(1-x) " with a =1/3. The solution interval is te[O,lO]. we also present in Table 2 the
corresponding numerical errors.

As expected, the errors decay exponentially which confirmed our theoretical predictions.
CONCLUSION

In this paper we propose and analyze a spectral Jacobi - Collocation approximation for the linear Volterra integral
equations of the second kind with weakly singular kernels. We consider the case when the underlying solutions of the
volterra integral equations are sufficiently smooth. In this case, we provide a rigorous error analysis for proposed
method, which shows that the numerical errors decay exponentially in the infinity norm and weighted Sobolev space
norms. Numerical results are presented to confirm the theoretical prediction of the exponential rate of convergence.
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