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ABSTRACT
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1. Introduction and preliminaries:

Topological ideal plays an important role in topology for several years. In 1992, Jankovic and Hamlett [6] introduced
the notion of I-open sets in topological spaces .El-monsef et.al [6] investigated I-open sets and I-continuous functions
introduced and investigated the notion of @ I-closed sets. Quite recently, Hatir and Noiri [7] have introduced the notion
of semi-I-open sets and semi-I-continuous function to obtain a decomposition of continuity via ideals.

In this paper, by using @ I-closed sets due to N. chandramathi et. al [3], we introduce the notion of @l -continuous

functions in ideal topological spaces and obtain several properties of @I -continuity and the relationship between this
function and other related functions .

Anideal I on a topological space(X ,T ) is a Collection of subsets of X which satisfies
(i) A€l and B C A implies Be I and

(i) A€ I and B€ I impliesAlUBe I.

Given a topological space (X R T,) with an ideal I on X and if $(X) is the set of all subsets of X, a set operator
)" pX) > p(X), called a local function [7] of A with respect to T and I is defined as follows: for A € X,

A *(I, T)= {xe X/UNAg I forevery UE 1 (x)} where 1 (x) =U €1 |x € U. We will make use of the basic
facts about the local functions without mentioning it explicitly. A Kuratowski closure operator cl” (.) for a topology

t (I, 1), called the * — topology, finer than t and is defined by ¢/ : (A) =AUA" (I T ) .When there is no chance for

confusion we simply write A'instead A" (I, Z') and T or T (I) for A" (I, Z'). X* is often a proper subset of X. The

hypothesis X = X* is equivalent to the hypothesis t N 1= @ For every ideal topological space (X, 1, I), there exists a
topology 1 (I), finer thant, generated by B(I,t) = { UNl: U €t andI €1}, but in general B (I, ) is not
always a topology[10] .If is I an ideal on X, Then (X , T, 1 ) is called ideal space. By an ideal space we always mean

an ideal topological space (X , T, 1 ) with no separation properties assumed. If AC X , cl(A) and int(A)will
respectively denote the closure and interior of A in (X ,T,) and cl *(A) and int’ (A) will respectively denote the
closure and interior of A in (X ,7,1)
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Definition: 1.1

A subset A of a space (X , T) is called

(i) Semi open [7] if A C cl (int (A)) and semi closed if int(cl (A)) € A.
(ii) Pre-open [7] if A C int (cl (A)) and pre-closed if cl (int (A)) € A.
(iii) @ -closed if [7] C1(A) € U whenever A € U and U is semi-open in X, (J-open if

X - Ais @ — Closed.

A subset A of a space (X, T, I) is called

(iv) Semi - I -open [7] if A < CI'(Int (A)) semi—I-Closed if int (cl” (A)) € A
(v) a-T-open [7] if A < Int (CI'(Int (A).

2. (VI - closed sets:

*
Definition: 2.1 A subset A of an ideal topological space (X T 1 ) is called @1 — closed[3] if ¢/ (A)cU
whenever A € U and U is semi- I- open in (X ,T,1 ) . The complement of @1 -closed set is called @I- open if X — A
is W1 - closed. We denote the family of all @1 - closed sets by @IC (X , 7T, I) :

Theorem: 2.1 Every open set is @ I —open.

Proof: Let U be an open set. We need to show that U is @I —open. For this we show that X-U is @1 —closed. Let X-U

C G where G is semi-I-Open in X. Since X-U is closed. So by [8, Theorem?2.3] or el X-U)ccd(X-U)cG
.this proves that X-U is @1 —closed or U is @1 —open.

Theorem: 2.2 A set A is @1 —open iff F' C int* (A) whenever F is semi —I-closed and ' < A Proof: Suppose that
F c int”* (A), where F is semi-I-closed and F < A.Let A° C U, where U is semi-I-open .Then U¢ < A and
US s semi-l-closed. Therefore, U Cint™(A) Since US Cint*(A), we have (int* (A)° c U .ie

cl* (A°) Cc U , since el (A%) = (int* (A)€ Thus Ais @I-closed,i.e. Ais @I—open.

Theorem: 2.3 If A is an W1 —open set of (X,T,I) such that int* (A) ¢ B c A then B is also an @1 —open set of
(X,7.1)

Proof: Let U be a semi-I-closed set of (X, T, I)such that U € B .Then, U C A since Ais w1 —open set, we have
F cint (A) but int* (A) c int" (B), implies F' C int" (B) .Therefore by theorem 2.2, B is also an @1 —open
set of(X,T,I) )

Theorem: 2.4 Let (X T, 1 ) be an ideal space and A a non empty subset of X .Then A is @1 —closed if and only if
AUX - cl” (A))is @I —closed.

Proof: Suppose A is @ I —closed. Let U be a semi-l-open set such that AU(X —cl*(A)) U . Then
X-UcX-(AUX —cl*(A) =cl" (A) - A.

Since A is @1 —closed by [4, theorem 2.10] X —U = ¢ and hence X =U .Thus X is the only set containing
AU (X = cl” (A)) This gives, [AU(X — ¢l (A)]" < X.This proves, AU (X —cl* (A)) is @1 —closed.
Conversely let F be any semi-I-closed set such that F C ¢l (A)— A. Since ¢l (A)— A= X —(AUX —cl*(A)) .
This gives AU(X —cl*(A)c X —F and X — F is semi-I-open. By hypothesis[AU (X —cl" (A)]' = X — F
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and hence F C X —cl*(A) since F el (A)—A it proves that F = ¢ and hence el (A)c X —F and
X — F is semi —I-closed. This proves that A is @1 —closed.

Theorem: 2.5 Let (X, 7, 1) be an ideal space and A € X .Then AU (X — cl*(A)) is @1 —closed if and only if
p y

el (A)— A is @w1-open.

Proof: Let AU (X — el (A)) be w1 —closed. We show that X — (Cl>!< (A)—A) is wl—closed. Let U be a semi-I-
open set containing X —(cl>I< (A)—A)Then X —U C (Cl>l< (A)—A) By theorem [4, theorem 2.10,] X —U =¢.
Therefore, X is the only semi-I-open set which contains X — (c/ * (A)—A) and hence (X —(c! * (A)— A))>'< c X.

this proves X — (Cl>I< (A)—A) is @I —closed or el (A)— A is @1-open.
Conversely, let el (A)— A is @1-open. Then X — (Cl* (A-A)=Au(X - cl* (A)) is w1 —closed.

Corollary: 2.1 Let (X, 7, I) be an ideal space and A C X .Then A is @1 —closed if and only if el (A)—Ais
@1 —open.

Theorem: 2.6 For a subset A C X the following are equivalent:
(i) Ais @l -closed

s
(i) ¢l (A)— A contains no non empty semi-I-closed set

*
(iii) ¢l (A)—A is @wI-open.
Proof: (i) < (ii) by [4, theorem2.10], and (i) < (iii) by corollary above.

Theorem: 2.7 Let (X ,T,1 ) be an ideal space .Then every subset of X is @1 —closed if and only if every semi —I-open
set is *-closed

Proof: Suppose every subset of X is @1 —closed .Let U be semi-I-open set then U is @1 —closed and cl’ (AcU

implies U~ C U Hence U is *-closed.

Conversely, suppose that every semi —I-open set is *-closed. Let U be a non empty subset of X contained in a semi-I-

open set U. Then A° CU” implies A U .This proves that A is @1 —closed.

3. WI -continuous functions:

Definition: 3.1 A function f: (X,T,I) - (Y, G)is called @l -continuous if for every closed set V of (Y,0),
fV)e @lC(X,7,I)

Definition: 3.2 An ideal topological space (X ,T,1 ) is said to be T-dense [14] if every subset of X is *-dense in itself.

Remark: 3.1 Every continuous function is @/l -continuous but not conversely as seen from the following example.
Example: 3.1Let X =Y = {a,b,c,d} ,T=0 ={X,¢,{a,b}} 1 ={¢,{a}} .

Define f:(X,7,1) > Y ,0)by f(a)=a, f(b)=c,f(c)=b, f(d)=d .Then f is @l -continuous but not
continuous. Since U = {a,b} is @l -openin Y but ' (U) = {a,c} is not open in X.
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Definition: 3.3 A space is (X ,T,1 ) called a T; space if every @l -closed set in it is closed.

Theorem: 3.1 Let (X ,T,1 ) be an ideal topological space, (Z,1]) be topological space and (Y, o,J ) be a T; space.
Then the composition g o f : (X,7,1) — (Z,n7) of the @l -continuous maps f: (X,T,I) —(Y,0,J) and g
(Y, O',J) — (Z,n) is al -continuous.

Proof: Let F be any closed set of (Z,77) . Then g_] (F) is closed in closed in(Y,G, J) . Since g is @I -continuous
and (Y,O',J) is a T; space. Since g~ (F)is closed in (Y, G,J) and f is @l -continuous, ' (g~ (F)) is al -
closed in (X,T,I) But f(g'(F))=(gof) " (F)andso go f is @l -continuous.

Theorem: 3.2 Let f: (X,T, I) - (Y, G) and g: (Y, o, J) —> (Z,u) be two functions where I and J are ideals on X

and Y ,respectively. Then g o f is @l -continuous if fis @l -continuous and g is continuous

Proof: Let W€ p. Then (g ° f)_l =(f_1 og™ )(W):f_lg_1 (W) since g_l(W)is closed ad g is @l -continuous.

Now since fis @l -continuous. So f ' g~ (W) is @l -closed. Hence g o f is @l -continuous.

Definition: 3.4[1] If (X T, 1 )is an ideal topological space and A is a subset of X, we denote 7 | 4 the relative

topology on A and [, = {A NIl:Ie I} is obviously an ideal on A.

Theorem: 3.3 Let f: (X T, 1 ) - (Y, o ) be a @l -continuous function and let A be x - closed, then the restriction
fle(Azl, 11,)— (Y,O')is @l -continuous.

Proof: Let V be any closed subset of (Y, O') since f is @l -continuous we have f_1 (V) is @l —closed. Also,

(f |A)_l =f" (V)ﬂ A Since A is * -closed, then by [4, theorem 2.6] fﬁl(V)ﬂAE wlC(X,7).On the other
hand (f |A)_1 =Aﬂfﬁl(V)and (f |A)_l € wIC (A,z1,,I1,) This shows that f | :(A,z1,,I1,) is @l -

continuous.
Theorem: 3.4 Let f: (X,Z',I) - (Y, o, J) be a function and let {Ua A= A} be an open cover of a T-dense

space X. If the restriction function f |U 218 @l -continuous for each @ € A, then fis @l -continuous.

Proof: LetV be an arbitrary open set in (¥,0,J) .Then for each @€ A, we have[(fan)_l(V)} Z(ff1 (V) ﬂUa)
.Because f an is @l -continuous, therefore f7l (V) ﬂ Ua is @l -open in X for eache A . Since for eachax e A,
U, is open in X, 7 (V) = Upgen (f_l (V)ﬂUa)is al -open by [4, theorem 2.5] |:(f | UO[)71 (V):|is al -open.

Then by proposition f_1 (V)is @l -open. Hence fis @l -continuous.

Definition: 3.5 Let x be a point of (X T 1 ) and W be a subset of (X , T, 1 ) .Then W is called an @l —neighborhood
of x in (X,T,I) if there exists an @l —open set U of (X,T,I) such that xe U c W.

Theorem: 3.5 Let (X T, 1 ) be a T-dense. Then for a function f: (X , T, 1 ) - (Y, o ) the following are equivalent .

(i) The function f is @l -continuous.

(ii) The inverse image of each open set is @l -open.
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(x,7,1)

(iii) For each point x in and each open set V in(Y,O') with fxe V. there is an @l - Open set U in

(X.2.1) oy ihag XEU- SOV

(iv) The inverse image of each closed set in (Y, o ) is @l -closed.

(v) For each x in (X , T, 1 ), the inverse of every neighborhood of f(x) is an @l -neighborhood of x.

(vi) For each x in (X ,T, 0 )and each neighborhood N of f(x), there is an @l -neighborhood W of x such that
fW)cN.

(X.7.1) f(@I=cl(A) cel(f(A))

Y,0) ol —cl(f(B)c f(cl(B)).

(vii) For each subset A of
(viii) For each subset B of (
Proof: The implications (i) < (ii) : This follows from Theorem 3.1.

(i) © (iii) Suppose that (iii) holds and let V be an open set in(Y,G) and let XE€ f_l (V) .Then f(x)€V and
thus there exists an @l -open set U, such that xe U _and f(U )CV , Now, xe U, C f7'(V) . Hence

ffw=u

e (V)UX and so by theorem 2.6 [4] , f_l(V) is @l -openin and (X T 1 ) therefore, fis @l -continuous.

Conversely, suppose that (i) holds and let f(x)€ V. since f is @l -continuous, f_l(V) is @l -open in X. By

puttingU = f_l(V), we have x€ U and

(if) & (iv) This result follows from the fact that if A is a subset of(Y, O') ,then f7'(A)=(f"(A)).

(i) > (v) : Forx in (X, T, I) let N be a neighborhood of f(x) .Then there exists an open set U in (Y, O') such that
f(x)e U < N.Consequently, f_l (U) is anal -open set in (X,T,I) and f_1 (fx)e f_l(U) c f_l (N).

thatis X€ f_l U)c f_1 (N). Thus f_l(N) is an neighborhood of x.

(v) = (vi) .Let x€ X and N be a neighborhood of f(x).Then by assumption, W = f ' (N) is an @l -neighborhood
ofxand f(W)= f(f(N)) < N.

(vi) = (iii) . For x in (X,T,I),Let V be an open set containing f(x).Then V is a neighborhood of f(x), so by
assumption, there exists an @l - neighborhood W of x such that f (W) < V.Hence there exists an @l - open set U in
(X,T,I) suchthat xe U W andso f(U)c f(W)C V.

(vii) & (iv) : Suppose that (iv) holds and let A be a subset of (X,T,I).Since AcC ' (f(A)), we have
Ac f'(cl(f(A)).Since cI(f(A)is a closed set in(Y,O') , by assumption f ' (cl(f(A)))is an@l -closed set
containing A. Consequently, @I —cl(A) < £~ (cl(f(A))). Thus f(@l —cl(A)) < f(f " (cl(f(A)))) Scl(f(A)).

Conversely, suppose that (vii) holds for any subset A of (X ,T,1 ) . Let F be a closed subset of (Y ,O ) .Then by
assumption, ie. f(@l —cl(f(F))ccl(f(f (F)ccl(F)=F. (@l-cl(f(F))c f'(F) and so
f'(F) is al -closed.

(vii) < (viii) : Suppose that (vii) holds and B be any subset of(Y, O') .Then replacing A by in f_1 (B) in (vii), we
obtain f (@ —cl(f~'(B)) < cl(f(f~'(B)) € cl(B) ie(@l —cl(f ™ (B)) < (f'cl(B)).
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Conversely, suppose that (viii) holds. Let B=f(A) where A is a subset of (X T, 1 ) Then we have,
(@I —cl(A) C (@ —cl(f ' (B) C ' (cl(f(A)) andso (@] —cl(A))  (cl(f(A))).

Theorem: 3.6 If (X,T,I)is a T-dense space and a function f: (X,Z',I) - (Y, o, J) is @l -continuous, then the
graph function g : X — X XY defined by g(x)=(x, f(x)) foreach x€ X is @l -continuous.

Proof: Let f be @l -continuous. Now let x€ X and let W be any open set in X XY containing g(x) = (x, f(x))
.Then there exists a basic open set U XV such that g(x) c U XV < W. Since f is @l -continuous, there exists a
al -open set U, in X such that xe U, € X and f(U,) € V.Then by [4,Theorem 2.5]s U, NU € @lO(X,7)
and U, NU CU then g(U NU) cUXV < W.This shows that g is @l -continuous.

Theorem: 3.7 A function f: (X ,T) - (Y, o,J ) is @l -continuous, if the graph function g : X — X XY defined
by g(x)=(x, f(x)) foreach x€ X is @l -continuous.

Proof: Suppose that g is @l -continuous and let V be open set in Y containing f(x).Then X XV is open setin X XY
and by @l -continuous of g, there exists a @l -open set U containing x such that g(U) < X XV .Therefore, we

obtain f(UU) c V. This shows that f is @l -continuous.

Theorem: 3.8 Let {Xa e A }be any family of ideal topological spaces. If f: (X,T, I) ->{l,.,X,.0)isa
@l -continuous function, then P, o f : X — X is @l -continuous for eachc@¥€ A, where P, is the projection of
11X o onto X .

Proof: We will consider a fixed &, € A .Let G, be an open set of X, . Then (F, ) (G, )is open in [1X, . Since
fis @l -continuous, f_l((Pao )_I(Gao )=(P, of)_l(Gaﬁ) is @l -open in X. Thus, P, o f is @l -continuous.

Theorem: 3.9 For any bijection f: ( X s T) — (Y,0,1) , the following statements are equivalent:

) f_] :(Y,0,1)—> (X,7) is @l -continuous.
(ii) f (U) is @l -open in Y for every open set U in X.
(ii) f (U) is @l -closed inY for every closed set Uin X.

Proof: The proof is trivial.

Definition: 3.7 A collection {Aa coEV } of @l — open set in an ideal topological Space X is called a @l -open
cover of a subset B of Xis B < U {Aa : 0{€V} holds.

Definition: 3.8 An ideal topological space (X,T,I ) is called @ I -compact if for every @ I -open cover
{Wa A A} of (X,7,1) there exists a finite subset A,of A such that (X —U{Wa, ‘e AO})E 1.

Lemma: 3.1 [Newcomb, 1967]: For any function f: (X, T, I) - ,1,), f(I) isideal on Y.

Theorem: 3.10 The image of a @ -compact space under a @l -continuous surjective function is f (I ) -compact.

Proof: Let f: (X , T, 1 ) — (Y,7,) be an @l -continuous subjective function and {Aa : eV }be an open cover of
Y. Then {f - (Aa,): asv }is an @l -open cover of X. From the assumption, there exists a finite subset Vo of V
such that X —U{f_l (Aa): aeV, }e I Therefore, Y—U{Aa eV, }E f([) which shows that

Y,o,f))is f (I) -compact.
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Definition: 3.9 An ideal topological space (X ,T, 1 ) is said to be @l — connected if X cannot be written as the

disjoint union of two non — empty @l - open sets. A subset of is @] — connected if it is @l — connected as a
subspace.

Definition: 3.10 An ideal topological space (X ,T, 1 ) is called @l -normal if for every pair of disjoint @l -closed
sets A and B of (X , T, I),there exist disjoint @l -opensets U,V < X suchthat ACU and BCV

Theorem: 3.11 If f: (X,T,I) — (Y,7) is a @l -continuous, closed injection and Y is normal, then X is @l -
normal.

Proof: Let [} and F, be disjoint @ - closed subsets of X.Since f is closed and injective, are disjoint closed subsets of
Y. Since Y is @l - normal , f(F})and f(F,) are separated by disjoint @/ -closed sets V,and V, respectively.
Hence F, C fﬁl(Vl), F,c fﬁl(VZ) ,and fﬁl(Vl) N fﬁl(Vz) = ¢ .Since f is @l -continuous and fﬁl(Vl) and
£7'(V,) are @l -open in(X,T,I) , we have (X,T,I) is @l -normal.

Theorem: 3.12 An @l —continuous image of @I —connected space is connected.

Proof: Let f: (X ,T,1 ) — (Y,7) be aal - continuous function of a @l —connected space X onto a topological space
Y. If possible .Let Y be disconnected. Let A and B form a disconnected set of Y. Then A and B are clopen and
Y =AUB, where ANB=¢ since f is @ —continuous, X = ' (¥)= f'(AUB), where f '(A)and

£~ (B) are nonempty @l —closed sets in X. Also, f_l(Vl) ﬁf_l(Vz) = ¢ .Hence X is non @l —connected, which

is a contradiction. Therefore, Y is connected.

Theorem: 3.12 f: (X,T,I) — Y,0,J) and g (Y,0,J) — (Z,n) are functions. Then their composition
gof:(X,7,1)—> (Z,n)is @l - continuous if f is @l - continuous and g is continuous.

Proof: Let W be any closed set in (Z,77) .Since g is continuous, gil (W) is closed in(Y,O') Since fis @l -
continuous, then (g o f)fl w)=r" (g - (W)) is @l -closed in (X,T,I) and hence (g o f) is @l -continuous.
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