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ABSTRACT

Analytic mean prime labeling of a graph is the labeling of the vertices with {0, 1, 2,... ... ,p-1} and the edges with mean
of the absolute difference of the squares of the labels of the incident vertices if square difference is even or mean of the
absolute difference of the squares of the labels of the incident vertices and one if square difference is odd. The greatest
common incidence number of a vertex (gcin) of degree greater than one is defined as the greatest common divisor of
the labels of the incident edges. If the gcin of each vertex of degree greater than one is one, then the graph admits
analytic mean prime labeling. Here we identify some cycle related graphs for analytic mean prime labeling.
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1. INTRODUCTION

All graphs in this paper are simple, finite, connected and undirected. The symbol V(G) and E(G) denotes the vertex set
and edge set of a graph G. The graph whose cardinality of the vertex set is called the order of G, denoted by p and the
cardinality of the edge set is called the size of the graph G, denoted by q. A graph with p vertices and g edges is called a

(p, 9)- graph.

A graph labeling is an assignment of integers to the vertices or edges. Some basic notations and definitions are taken
from [2], [3] and [4]. Some basic concepts are taken from [1] and [2]. The analytic mean labeling was defined by
T Tharmaraj and P Sarasia in [5]. In this paper we introduced the concept of analytic mean prime labeling and proved
that some cycle related graphs admit analytic mean prime labeling.

Definition 1.1: Let G be a graph with p vertices and g edges. The greatest common incidence number (gcin) of a vertex
of degree greater than or equal to 2, is the greatest common divisor (gcd) of the labels of the incident edges.

2. MAIN RESULTS

Definition 2.1: Let G = (V, E) be a graph with p vertices and q edges. Define a bijection f : V(G) — {0,1,2,3,---,p-1} by
f(vi) =i—1 , 1< i< p. Define a 1-1 mapping  f,my: : E(G) — set of natural numbers N by

fampr(Uv) = If(u)zz;f(v)zl if f(u)?— f(v)?iseven.

Fimpr ) = LT G )2 — £ (1) s oddl

The induced function [, is said to be analytic mean prime labeling, if the gcin of each vertex of degree at least 2, is
1.

Definition 2.2: A graph which admits analytic mean prime labeling is called analytic mean prime graph.
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Theorem 2.1: Cycle C, admits analytic mean prime labeling, if n is even.
Proof: Let G=C,, and let vy, v,,---,v, are the vertices of G
Here |V(G)| = nand |E(G)| = n.

Define a function f:V - {0,1,2,3,---,n-1 } by
f(v)=i-1,i=1,2,--n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;,,,,,, is defined as follows

fa*mpl(vi vi+1) =1 i=1,2, --n-1
fa*mpl(vl vn) = n(nz—z) +1

Clearly fgmyp is an injection.

gein of (v1) = gcd of {fgmpi (V1 v2), fampi (V1 vn) }

= ged of {1, "2 +1}

=1
gcin of (Vin) = gcd of {fampi (Vi Vis1), fampi (Vie1 Viea) }

=gcd of {i, i+1}

=1 i=1,2,--n-2
gCin of (Vn) = ng of {f;mpl(vn—l Vn)’ f;mpl(vl vn) }

= gcd of {n-1, @ +1}

=1

So, gcin of each vertex of degree greater than one is 1.
Hence C, , admits analytic mean prime labeling.

Theorem 2.2: Let G be the graph obtained by joining an edge to each vertex of cycle C,. G is called crown graph. G
admits analytic mean prime labeling.

Proof: Let G be the graph and let vy, v,, ---,v,, are the vertices of G
Here |V(G)| = 2n and |E(G)| = 2n.

Define a function f:V — {0,1,2,3,---,2n-1 } by
f(vi) =i-1,i=1,2,--2n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;,,,,, is defined as follows

famp1(V2i-1 v2:) =2i-1, i=1.2--n.
fa*mpl(UZi Vi42) = 4|,2 i=1,2,--n-1.
fa*mpl(vz vZn) =2n°-2n.

Clearly fgyny; is an injection.

gcin of (v,) =gcd of {fimpi (V1 V2), fampi (V2 va) }
=gcd of {1, 4}=1.
gein of (Vais2) = ged of {fmpi (Vi V2iv2), fampr (V2ir1 Vaiv2) }
= gcd of {4i, 2i+1}
=gcd of {2i, 2i+1}=1, i=1,2,--n-1.

So, gcin of each vertex of degree greater than one is 1.

Hence G, admits analytic mean prime labeling.
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Theorem 2.3: Two copies of cycle C,, (n > 3) sharing a common edge admits analytic mean prime labeling.
Proof: Let G be the graph and let vy, v,---,vy,., are the vertices of G
Here |V(G)| = 2n-2 and |E(G)| = 2n-1.

Define a function f:V - {0,1,2,3,---,2n-3 } by
f(v)) =i-1,i=12,--,2n-2,

Clearly f is a bijection.
For the vertex labeling f, the induced edge labeling f;,,,,,, is defined as follows
fampt (Vi Vis1) =1, i=1,2--2n-3

famp1(V1 Van_2) = 2n%-6n+5.

Case (i): nis even

* 2n2-5n+4
fampl(vg V37‘2__2) == 2n+
Case (ii): nis odd
famp(Vnt1 van-1) = n-2n+1.
2 2
Clearly fgmyp is an injection.
gcin of (v4) = ged of {fmpi (V1 V2), fampi (V1 Van—2) }
= ged of {1, 2n°-6n+5}
=1
gein of (Vin) = gcd of {fampi (Vi Vit1), fampi (Vie1 Vie2) }
-1, i=1,2--2n-4
gein of (vzn.2) = ged of {fmpi (Van—3 Van-2): fampt (V1 Van—2) }

= ged of {2n-3, 2n°-6n+5}

=gcd of {n-1, 2n-3}

=gcd of {n-2, n-1}=1.
So, gcin of each vertex of degree greater than one is 1.

Hence G, admits analytic mean prime labeling.

Theorem 2.4: Let G be the graph obtained by joining path Py, to any one vertex of a cycle C,. G is called tadpole
Graph. G admits analytic mean prime labeling, if n >4 and m <n.

Proof: Let G be the graph and let vy, V,,---,Vim.1 are the vertices of G
Here |V(G)| = n+m-1 and |E(G)| = n+m-1.

Define a function f:V - {0,1,2,3,---,n+m-2 } by
f(v;) =i-1,i=1,2, ---,n+m-1.

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;,,,,,, is defined as follows

fa*mpl(vi vi+1) =1, i=1,2,--,n+m-2
JECAS = if n s odd
—1\2

= % if n is even
Clearly fgyny is an injection.
gcin of (vy) = gcd of {fompi (V1 v2) » fampr (V1 v) }

=1
gein of (Vi.1) = gcd Of {fampi (Vi Vit1) s fampi(Vis1 Vis2) }

=1, i=1,2,---,n+m-3

So, gcin of each vertex of degree greater than one is 1.
Hence G, admits analytic mean prime labeling.
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Theorem 2.5: Let G be the graph obtained by joining two copies of path P, to two consecutive vertices of cycle C,,.
G admits analytic mean prime labeling, if n > 3.

Proof: Let G and let vy, v,,---,V3,.» are the vertices of G
Here |V(G)| = 3n-2 and |E(G)| = 3n-2.

Define a function f:V - {0,1,2,3,---,3n-3 } by
f(v)) =i-1,i=1,2,--,3n-2,

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;,,,,,, is defined as follows

fampt (Vi Vig1) =i, i=1,2--3n-3
3n2-6n+3 . .
fampt(Wn Van—1) ==—==,ifnis odd.
3n2-6n+4 .. .
== if n is even.

Clearly fgyny; is an injection.
gein of (Vi) = gcd Of {fampi (Vi Vit1) s fampi(Vis1 Vis2) }

=1, i=1,2,---,3n-4
So, gcin of each vertex of degree greater than one is 1.

Hence G, admits analytic mean prime labeling.

Theorem 2.6: Let G be the graph obtained by joining two copies of cycle C, by an edge. G is called dum bell graph.
G admits analytic mean prime labeling, when n is odd and n > 5.

Proof: Let G be the graph and let vy, vy,---------------- Vo, are the vertices of G
Here |V(G)| = 2n and |E(G)| = 2n+1.

Define a function f:V - {0,1,2,3,---------------- ,2n-1} by
fv)=i-1,i=1,2,----- ,2n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;,,,,,, is defined as follows

fa*mpl(vi Vit1) =1, i=1, 2,---mmm- ,2n-1
* _ (Tl—l)z

fampl(vl Un) - T
* _ 3n2-4n+1

fampl(vn+1 VZn) - 2

Clearly fgyny; is an injection.

gein of (vy) = gcd of {fompi (V1 v2) » fampr (V1 v) }
=1
gein of (vi.1) =1, i=1,2--mmmee- ,2n-2
gein of (vzn) = ged of {fimpt (Vn+1 Van) » fampt(Van—1 Van) }
2_4n
= ged of {2n-1, 3”2$ }
=1

So, gcin of each vertex of degree greater than one is 1.

Hence G, admits analytic mean prime labeling.

Theorem 2.7: Dum bell graph admits analytic mean prime labeling, when n is even > 5 and (n-2)  0(mod6).
Proof: Let G be the graph and let vy, v,, ---,v,, are the vertices of G

Here |V(G)| = 2n and |E(G)| = 2n+1.
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Define a function f:V — {0,1,2,3,---,2n-1 } by
f(vi) =i-1,i=1,2,--2n

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;,,,,, is defined as follows

fampt (Vi Vis1) =1, i=12,---2n-1
* _n?-2n+2
fampl(vl vn) - 22
3n“—4n+2
fa*mpl(vn+1 VZn) = T

Clearly fgmyp is an injection.

gein of (vy) = ged of {fgmpi (V1 v2), fampi (V1 vn) }
=1
gcin of (Vi41) =1, i=12,--2n-2
gein of (vzn) = gcd of {fgimpt (Vns1 Van)s fampt(Van—1 V2n) }
2_
= ged of {2n-1, 2 24n+2 }
=1

So, gcin of each vertex of degree greater than one is 1.
Hence G, admits analytic mean prime labeling.

Theorem 2.8: Let G be the graph obtained by duplicating a vertex in cycle C,. G admits analytic mean prime labeling,
if nis odd.

Proof: Let G be the graph and let vy, v,,---,v,; are the vertices of G
Here |V(G)| = n+1 and |E(G)| = n+2.

Define a function f:V - {0,1,2,3,---,n } by
f(v)=i-1,i=1,2,-—-n+1

Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;,,,,,, is defined as follows

fa*mpl(vi vi+1) =1 i=1,2, --n
2_
fa*mpl(vl vn) = %
— A2
fa*mpl(vn+1 172) =n--1.

Clearly fgmyp is an injection.

gein of (vi) = gcd Of {fampi (V1 V2), famp1 (V1 vn) }

=1
gein of (vi.) =1, i=1,2,--n-1
gCiI’l of (Vn+1) = QCd of {f;m l(vn+1 Vn)’ fa*mpl(vn+1 VZ)}

= gcd of {n, n*-1}
=1

So, gcin of each vertex of degree greater than one is 1.

Hence G, admits analytic mean prime labeling.

Theorem 2.9: 2- tuple graph of cycle C,, admits analytic mean prime labeling.
Proof: Let G = T%(C,) and let v,v,,---,V,, are the vertices of G

Here |V(G)| = 2n and |E(G)| = 3n.

Define a function f:V — {0,1,2,3,---------------- 2113 by
f(Vi) =j-1 , i= 1'2, ______ ’2n
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Clearly f is a bijection.

For the vertex labeling f, the induced edge labeling f;,,,,, is defined as follows

fampt(V2i-1 V2:) = 2i-1, i=1,2,--n.
fampt(V2i—1 Vaiy1) =4i-2, i=1,2,--n-1.
fampt (Va2 Vsit2) = 4i, i=1,2,--n-1
fa*mpl(vl Van-1) = 2n*-4n+2.

fa*mpl(vz v2n) = 2n2'2n-

Clearly fgmyp is an injection.

gein of (v) = ged of {fompi (V1 V2) fampi(v1v3) }
=gcdof {1, 2}=1.
gcin of (v;) = ged of {fmpi (V1 V2), fampi (V2 v4) }
=gcd of {1, 4}=1.
gcin of (Vi) = ged of {fimpi (V2i-1 V2it1)s fampt (V2iv1 V2ir2) 3

= gcd of {4i-2, 2i+1}
= ged of {2i-1, 2i+1}

=gcd of {2i-1, 2}=1, i=12,--n-1.
gcin of (Vaivz) = ged of {fimpi (Vi V2iv2), fampt (V2ir1 Vaiv2) }

= gcd of {4i, 2i+1}

=ged of {2i, 2i+1}=1, i=12,--n-1

So, gcin of each vertex of degree greater than one is 1.
Hence T%(P,), admits analytic mean prime labeling.
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