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ABSTRACT

Fuzzy matrix play an important role in many branches such as deals with Engineering, automata theory, Control
theory etc. In this paper the notion called adjoint of matrix have been defined with the domain of triangular fuzzy
number. We state a formula for the adjoint matrix of a square triangular fuzzy matrix and this formula shall be used
anywhere in this paper. We investigate the relation between the notion of two triangular fuzzy matrices and
corresponding some properties are verified. Also we establish the relevant numerical example under the notion of
TFEM.

Keywords: Fuzzy Number, Triangular Fuzzy Number (TFN), Triangular Fuzzy Matrix (TFM), Adjoint of Triangular
Fuzzy Matrix (ATFM).

1. INTRODUCTION

Fuzzy sets have been introduced by Lofti.A.Zadeh[11] Fuzzy set theory permits the gradual assessments of the
membership of elements in a set which is described in the interval [0,1]. It can be used in a wide range of domains
where information is incomplete and imprecise. Interval arithmetic was first suggested by Dwyer [2] in 1951, by means
of Zadeh’s extension principle [10, 11]. A fuzzy number is a quantity whose values are imprecise, rather than exact as
is the case with single — valued numbers.

The concept of Rank of a matrix with fuzzy numbers as its elements, which may be used to modern uncertain imprecise
aspects of real-word problems. We studied main ideas based on rank of fuzzy matrix and arithmetic operations. We
give some necessary and sufficient conditions for algorithm to find rank of fuzzy matrices based on Triangular fuzzy
number. In Dubosis and Prade [1] arithmetic operations will be employed for the same purpose but with respect to the
inherent difficulties which are derived from the positively restriction on Triangular fuzzy number. The concept of Rank
and Nullity of a triangular fuzzy matrix and some of the relevant theorems will be revalued. Finally fuzzifing the
defuzzified version of the original problem for introducing fuzzy rank.

The fuzzy matrices introduced first time by Thomson [9] and discussed about the convergence of powers of fuzzy
matrix. Kim [5] presented some important results on determinant of square fuzzy matrices. A.K.Shyamal and M.Pal
[7, 8] first time introduced triangular fuzzy matrices. In C.Jaisankar and S.Arunvasan [3, 4] introduced the concept on
Hessenberg of Triangular Fuzzy Matrices. In Latha et.al [6] proposed Rank of a Type-2 Triangular Fuzzy Matrix.

The paper organized as follows, Firstly in section 2, we recall the definitions of Triangular fuzzy number and some
operations on triangular fuzzy numbers (TFNS). In section 3, we have reviewed the definition of triangular fuzzy matrix
(TFM) and some operations on Triangular fuzzy matrices (TFMs). In section 4, we defined the notion of adjoint
triangular fuzzy matrix. In section 5, some of the relevant theorems and properties are justified. In section 6, we have
been presented the numerical example with the aid of notion. Finally in section 7, conclusion is included.

2. PRELIMINARIES

In this section, we recapitulate some underlying definitions and basic results of fuzzy numbers.
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Definition 2.1: Fuzzy Set. A fuzzy set is characterized by a membership function mapping the element of a domain,
space or universe of discourse X to the unit interval [0, 1]. A fuzzy set A in a universe of discourse X is defined as the
following set of pairs

A ={(x,1a(X)); xeX}

Here u, : X — [0,1] is a mapping called the degree of membership function of the fuzzy set A and x, (x) is called the

membership value of xeX in the fuzzy set A. These membership grades are often represented by real numbers ranging
from [0, 1].

Definition 2.2: Normal Fuzzy Set. A fuzzy set A of the universe of discourse X is called a normal fuzzy set implying
that there exists at least one xe X such that x, (x) =1.

Definition 2.3: Convex Fuzzy Set. A fuzzy set A={(x,x,(x) )}=X is called Convex fuzzy set if all A, are Convex set

(i.e.,) for every element x; € A, and x, e A, for every a.€[0,1], Ax;+(1-A) x, € A, for all A[0,1] otherwise the fuzzy
set is called non-convex fuzzy set.

Definition 2.4: Fuzzy Number. A fuzzy set A defined on the set of real number R is said to be fuzzy number if its
membership function has the following characteristics
i. Aisnormal
ii.  Aisconvex
iii.  The support of 4 is closed and bounded then 4 is called fuzzy number.

Definition 2.5: Triangular Fuzzy Number. A fuzzy number 4 = (a, a, as) is said to be a triangular fuzzy number if
its membership function is given by
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Figure-1: Triangular Fuzzy Number

Definition 2.6: Ranking Function. We defined a ranking function R: F(R)—>R which maps each fuzzy numbers to real
line F(R) represent the set of all triangular fuzzy number. If R be any linear ranking function

R (A) - (a1+a;+a3 )

Also we defined orders on F(R) by
R (A) =R (B) ifand only if A = R (B)
R (A) <R (B) ifand only if A = R (B)
R (A) =R (B) ifand only if A = R (B)

Definition 2.7: Arithmetic Operations on Triangular Fuzzy Numbers (TFNs). Let A = (ajajas) and
B = (b, by b3) be triangular fuzzy numbers (TFNs) then we defined,

Addition
A+B = (a;+by, a, + by, as + bs)
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Subtraction
A-B = (a; — by, a; — by, a3 — b,)

Multiplication
AxB = (a,R(B), a,R(B), azR(B))
where R(B)= (—b1+b32+b3) or R(b)= (—b1+b32+b3)

Division
.5 — a; (o as
A+B = (mﬁ) "% (B) ’&R(E))
where R(B)= (%) or R(b)= (%)

Scalar Multiplication
e (kayka, kas) if K =0
| (kas kay, kay)ifk < 0

Definition 2.8: Zero Triangular Fuzzy Number. If 4 = (0, 0, 0) then A is said to be zero triangular fuzzy number. It
is defined by 0.

Definition 2.9: Zero Equivalent Triangular Fuzzy Number. A triangular fuzzy number A is said to be a zero
equivalent triangular fuzzy number if R (4)=0. It is defined by 0.

Definition 2.10: Unit Triangular Fuzzy Number. If 4 = (1, 1, 1) then A is said to be a unit triangular fuzzy number. It
is denoted by 1.

Definition 2.11: Unit Equivalent Triangular Fuzzy Number. A triangular fuzzy number A is said to be unit
equivalent triangular fuzzy number. If R (4) = 1. It is denoted by 1.

3. TRIANGULAR FUZZY MATRICES (TFMs)

In this section, we introduced the triangular fuzzy matrix and the operations of the matrices some examples provided
using the operations.

Definition 3.1: Triangular Fuzzy Matrix (TFM). A triangular fuzzy matrix of order mxn is defined as
A=(8;)mxn, Where @;=(a;;, b;j, ¢;;) is the ij*" element of A.
Definition 3.2: Operations on Triangular Fuzzy Matrices (TFMs). As for classical matrices. We define the
following operations on triangular fuzzy matrices. Let A = (dij) and B = (Bij) be two triangular fuzzy matrices
(TFMs) of same order. Then, we have the following

i.  A+B=(a;+b;)

ii. A-B= (a;-by)

iii. ForA=(a;) amdB=(b;) . thenAB=(¢;) . wherec;=35_;3dp . byj i=12,..mandj=12,..k

iv. ATorA'=(a;)

v. KA = (Ka;) where K is scalar.

Definition 3.3: Diagonal TFM. A square TFM A = (d;;) is said to be diagonal TFM is all the elements outside the
principal diagonal are 0.

Definition 3.4: Diagonal-Equivalent TFM. A square TFM A = (d;;) is said to be diagonal-equivalent TFM is all the
elements outside the principal diagonal are 0.

Definition 3.5: Equal Triangular Fuzzy Matrices. Two triangular fuzzy matrices A=(d;;) and B:(Eij) of the same

order are said to be equal if the rank of their elements in the corresponding position are equal. Also it is denoted by
A=B.
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4. ADJOINT OF TRIANGULAR FUZZY MATRIX

Definition 4.1: Determinant of TFM. The determinant of a nx n TFM A=(d;;) is denoted by |A|or det(A) and is
defined as follows:

|A|=Zp65nsign H‘ln=1 dip(i) = ZpESnSign H’L:l:]_ dlp(l)! de(Z) e e e s dnp(n).
Where d;,(;, are TFN and S, denote the symmetric group of all permutations of the indices {1, 2, 3,....n} and sign p=1
2

1 n
p(1) p@2)..... pn)
Definition 4.2: Minor. Let A = (d;;) be a square TFM of order n. The minor of an element (@;;) in A is a determinant
of order (n-1)x(n-1) which is obtained by deleting i,,row and j,;column from A and is denoted by 1l71i]-.

or -1 according as the permutation P = ( ) is even or odd respectively.

Definition 4.3: Cofactor. Let A = (d;;) be a square TFM of order n. The cofactor of an element @;; in A is denoted by
A;; and is defined as A;; = (=1)"*/ M;;.

Definition 4.4: Adjoint. Let A=(d;;) be a square TFM of order n. Find the cofactor Aijof every element a;; in A and
replace every d;; by its cofactor Aijin A and Let it be B. ie., B:(AU). Then the transpose of B is called the adjoint or
adjugate of A and is denoted by adj A. ie., B'= (4;;)=adj A.

Definition 4.5: Aliter Definition for Adjoint. The adjoint matrix of an nx n fuzzy matrix A is denoted by Adj A and
is defined as b;; = |4;;| where |4;;| is the determinant of the (n-1)x (n — 1) fuzzy matrix formed by deleting row j and
columni from A and B = adjA.

Definition 4.6: Aliter definition for determinant. Alternatively, the determinant of square TFM A = (d;;) of order n
may be expanded in the form

|Al = X7y @i Aij,i € {1,2, ... ... .. ..n} Where 4;; is the cofactor of a;;.
Thus the determinant is the sum of the products of the elements of any row (or column) and the cofactors of the
corresponding elements of the same row (or column).

Definition 4.7: Let A be a square TFM of order n then following hold:

(i) A’issaid to be reflexive TFM A = I,,. ie., iff all diagonal elements in fuzzy matrix A are unity ie., if f
a;; = 1Vvi.

(i) Ais said to be symmetric if f A' = A ie., if f the square TFM A remains unaltered by interchanging its rows
and columns ie.,a;; = a; Vi,j € {1,2, ... n}.

(iii) A is said to be transitive if f A% < A ie., iff the square TFM A multiplied by itself gives the elements less
than or equal to the corresponding elements of the square TFM A ie., if f a;ay; < a;; forevery k = 1,2,..n.
A square TFM is similarity (equivalence relation) if f it is reflexive, symmetric and transitive.

5. THEOREM

Theorem 5.1: For n x n fuzzy matrices A and B we have the following
1. A<BimpliesadjA < adjB
2. adjA + adjB < adj (A+B)
3. adj AT = (adj A)T

Proof:
1. Letc= adjAandD = adj B.
That iS, Cij:z:ﬂ:esninj Hteni ag ”(t) and dij = Zﬂ:esninj Hteni ag ”(t)
Itis clear that ¢;;< d;; because ain )< ben(s) for every ten;.
2. Since A, B < A+B, if is clear that adj A,adj B < adj(A+ B)andSoadj A+ adj B < adj(A+ B)
3. LetB=adjAand C=adjAT
Then bij:z:n:esninj Hteni ag T[(t) and Cij:Zn:esnl.nj Hteni ag T[(t)
Which is the element b;; Hence (adj A)"= adj AT.

Theorem 5.2: For a fuzzy matrix A we have|A|=|adj A|.
Proof: By definition,

For A e there exist n, the determinant of A, denoted as det(A) is defined as det(A)=Ycs, Q1r(1) Aar(z)--- -+ Anre(n),
Where the summation is taken over all @ of S,,.
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|A11| |A21| |An1|
adj A= |A12| |A22|"' |An2|

|A1n| |A2n|--- |Ann|

|ad] Al: Zn:eSn|A17r(1)| |A211:(2)| ----- |An7r(n)|
= Enesn H?=1|Ain(i)|
= Znesn [H?:1(Zeesnin,,(i) H‘gsni Qo (t))]
= Znesn[( Zeesnlnn(l) Hten1 ate(t)) (Zeesnzm(z) Htenz ate(t)) e (Zeesnnm(n) Htenn ate(t))]
= Znesn[( H‘gsnl atei(t)) ( H‘gsnz atez (t)) (H?snn aten(t))]

For some

91€Sn(1)nn(1), 92€Sn(2)nn(2), ........... y Hnesn(n)nn:(n)

:Zn:esn[( A26,(2)236,(3) " anel(n))( 0192(1)0392(3)-----anez(n)) ----- (a19n(1)azen(z)----an—19n(n—1))]

:Zn:esn[( a192(1)a193(1)....“19n(1))( a20,(2)%2605(2) - azgn(z))(a391(3)a392(3) a39n(3)) - ( anel(n)anez(n)"'anen_l(n))]
:Zn:esn[ a19f1(1)a29f2(2)---anefn(n)]

For some f,e{1, 2, ...,n}/{h}, h=1,2,3...,n. However because ahgfh(h)qﬁahn(h), we can see that An6 s, oy =Ahm(f)-

Therefore |adj Al=Yres,(Q17(1) Q2n(2) - - Anr(ny, Which is the expansion of |A|. This completes the proof.

Theorem 5.3: Let A be an n X n constant fuzzy matrix. Then we have
1. (adj A)T is constant
2. C = A(adj A) is constant and c;;=|A| which is the greatest element in A.

Proof:
1. LetB=adjA. Then bij:Znesnjni [lten; @ty @nd bik:Znesnkni [ten,, @ncoy
We notice that b;; = by, because the number n(t) of columns cannot be changed in the two expansions of b;;
so (adj A)T is constant.

Theorem 5.4: For an n x n fuzzy matrix A we have the following
a. If Ais symmetric, then adj A is symmetric
b. If A is transitive, then adj A is transitive

Proof:
a. LetB = adj A.Then b;;= Znesnjni Htenj Aer(t) = Znesninj ]'[ten]. Aen(r) = byj(because A is symmetric)

b. Let D=A4;;. We can determine the elements of D in terms of the elements of A as

A, lfh <ik </J,
_ ] A+ ifh>ik<j,
dpi=

Apk+1y if h < i,k =],
La(h+1)(k+1)' ifh=ik= ]J
Where A;; denotes the (n-1)x(n-1) fuzzy matrix obtained from A by deleting the i" row and column j. Now we show
that A Ap, < Ag, forevery te{1,2, ...n}. Let R=Ag;, C=A.,, F=Ag,, W=A,;A, and note that A is transitive. Then
Wij= XRC17ijChj

=Y aya < ay; = fiy (if i<s, k<t, j<u)
= TR21 Qi) Gigan) = fij (if i<s, k<t, j=u)
= TR21 Qg 1) A1) FiGian) < Qj = fij (if i<s, k=t, j<u)
= Yhol Qe+ ) A (+1) < Aig+n) = fij (if i<s, k=t, j<u)
= YRo1 QG+k kg < Agan)j = fij (ifiz=s, k=t j<u)
= ZR21 Qs ke ) Aern)) S Qv = fij (if i=s, k=t, j<u)

= YRI1 A1) e A (+1) S Qe+ = fij

(if i=s, k=t, j<u)
= YRC1 Ak k(1) S Qe+ = fiy  (iFi=s, k=t j<u)
Thus W;; < f;; in every case and therefore a;, Ay, < Ay, for every te {1,2,...,n}.
By theorem. we get |Ag |1 Aw| < |AsiAwl < |Agl.
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This means by by < by, ie,. by bs < by, for every te {1,2,...,n}.
Hence B = adj A is transitive.

Theorem 5.5: To construct a transitive fuzzy matrix from a given TFM through adjoint matrix. For any n X n TFM A,
the TFM A(adjA) is transitive.

Proof:
Let C = [C;;] = A(adjA)
Then C;; = Ypoq aw|Ajk| = aif|Aif| for some f € {1,2,......n}
and C?;; = X7, CisCs; = Yoy [Chyan AaD (T ag |4je])]
= Z?zl(aihlAshl)(asu|Aju|) for some h,u € 1,2,...n
= ain|Agn||ag||Ajul
< a4
< ae|4je| = C;

Thus C?;; < C;; and s0 (A adjA)? < A(adjA)
Hence A(adjA) is transitive.

6. NUMERICAL EXAMPLE
A = ([(—2, -1,3),(=1,0,4), (3,4,8)][(=3,-2,2), (=2,—1,3), (2,3,7)])
- [(0,1,5),(1,2,6), (5,6,10)] [(1,2,6),(2,3,7),(6,7,11)]

Then |4] = [(-10, -5,15), (—5,0,20), (15,20,40)] — [(0,1,5), (1,2,6), (5,6,10)]
= [(-20,-11,10), (=11, —2,19), (10,19,40)]

Now, R(|A|)= 54/9

ie., R(JA])= 6.
Also,

sia - ([126),237),(6711)] [(=7,—3,-2),(=3,1,2), (=2,2,3)]

adja = ([(—10,—6,—5), (=6,-2,-1), (=5,—1,0)] [(=2,—1,3),(—1,0,4), (3,4,8)]>

Aladid) = ([(—2, ~1,3),(=1,0,4), 3,4,8)][(=3, —2,2), (2, —1,3), (2,3,7)])
I =\10,1,5), (1,2,6), (5,6,10)] [(1,2,6), (2,3,7), (6,7,11)]
( [(1,2,6), (2,3,7), (6,7,11)] [(=7,-3,-2),(=3,1,2), (=2,2,3)] )
[(=10,—6,—5), (=6, —2, —1), (=5,—-1,0)] [(=2,—1,3), (—=1,0,4), (3,4,8)]
6 0
-6
=6(0 1)
ie., A(adjA) = R (|ADI?
 I26),(23,7), (6,7,11)] [(=7,-3,-2),(=3,1,2), (=2,2,3)]
(adja)a = ([(—10, —6,-5), (=6,-2,—1), (=5,—1,0)] [(=2,—1,3), (=1,0,4), (3,4,8)])
[(=2,-1,3), (=1,0,4), (3,4,8)][(=3,—2,2), (2, —1,3), (2,3,7)]
( [(0,1,5), (1,2,6), (5,6,10)] [(1,2,6), (2,3,7), (6,7,11)] )
6 0
-4
=6(0 1)

ie., (adjA)A = R (|A])I?
7. CONCLUSION

In this article, adjoint of triangular fuzzy matrix are defined and also some special properties of adjoint of Triangular
Fuzzy Matrices are proved. Using these results of Triangular Fuzzy Matrices, some important properties of Triangular
Fuzzy Matrices involving the notion like inverse of matrix can be studied in future.
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