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ABSTRACT 
In this paper an effort has been made to study the squeeze film effects of two circular stepped plates.  The generalized 
form of Reynolds equation governing the flow for two symmetrical surfaces are used to obtain the velocity profiles of 
the lubricant. The squeeze film pressure and the load carrying capacity are analysed to find the squeeze time.  
Theoretical results on the effects of velocity slip and viscosity variations are also presented for the circular stepped 
plates. 
 
Keywords: squeeze pressure, velocityslip, circular stepped plates. 
 
 
1. INTRODUCTION 
  
The squeeze film bearings are found to be very useful because of squeezing action between the surfaces due to which 
high pressure and more load can be generated. Squeeze film lubrication has several applications such as clutches, 
breaks, gears, machine tools, etc. A considerable work has been done for the calculation of stresses induced in circular 
plates due to different loading and boundary conditions. The stepped plates are one of these plates which are widely 
used in engineering applications. Several researchers studied the squeeze film bearings lubricated with Newtonian 
fluids. Dowson [1] unified the various attempts in generalizing the Reynolds Equation by considering the variation of 
fluid properties across as well as along the fluid film thickness by neglecting the slip effects at the bearing surfaces. 
Rao et al. [2] studied the effects of velocity‐slip and viscosity variation in squeeze film lubrication of two circular 
plates.   Raghavendra Rao [3] studied the effects of velocity slip and viscosity variation for lubrication of Roller 
bearings. Rashidi et al. [4] Analytical Solution of Squeezing Flow between two circular plates by using homotopy 
analytical method. Hsu [5] observed the combined effects of surface roughness and rotating inertia on squeeze film 
characteristics between parallel circular disks. Naduvinamani and Gurubasavaraj [6] analysed the stochastic theory of 
hydrodynamic lubrication of rough surfaces and studied the effects of surface roughness on the performance of the 
squeeze film between circular curved plates. Bujurke et al. [7] analysed effect of surface roughness on the squeeze film 
lubrication between curved annular plates. Patel and Deheri [8] investigated the effect of surface roughness on the 
performance of a rough circular cylinder near a plane considering slip velocity. A theoretical analysis on the squeeze 
film characteristics between circular stepped plates lubricated with Rabinowitsch fluid is presented by Naduvinamani 
[13]. 
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Figure-1 

 
2. NOMENCLATURE 
 

h        Total film thickness 

fh
     

Final film thickness 

k        Ratio of the viscosities 
 l        Length of the bearing 

              P       Hydrodynamic Pressure 
              R       Radius of the surfaces in case of circular plates 

T       Squeezing time of for stiff surfaces 
V       Squeeze Velocity 
W      Load capacity for stiff surfaces 
µ       Viscosity of the purely hydrodynamic zone  
Q       Volume flux      
ρ       fluid density 

           ,u v       velocity components in the x,y direction  
η        viscosity 

           KR       The position of the step 0 1K< <  

            1p        Fluid film pressure in the region  0 r KR≤ ≤  

             2p       fluid film pressure in the region  KR r R≤ ≤  

V       velocity 
         1,V V        velocity vector   

            W        load - carrying capacity 

            *W        non-dimensional load-carrying capacity 
            1h          maximum film thickness 

            2h          minimum film thickness 
             a          thickness of the peripheral layer 

             h          dimensionless film thickness 
h
l

 = 
 

 

             1h         dimensionless film thickness after time t∆ 1h
l

 = 
 

 

             a a
l

=  

            r∗          non-dimensional radial 
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3. ANALYSIS  
 
The equations of motion for a Newtonian fluid in Cartesian co-ordinates are, 

2 2
3 3

2 2
3 3

p Du u v u w v u u wX
x Dt x x y x x z y x y z z x

p Dv v u v w u v v wY
y Dt y y x y y z x y x z z y

p
z

ρ ρ η η η η

ρ ρ η η η η

ρ

   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   + = + − + − + + + +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂      
       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂

+ = + − + − + + + +       ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂       
∂

+
∂

2 2
3 3

Dw w u w v w v w uZ
Dt z z x z z y y y z x x z

ρ η η η η







   ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂   = + − + − + + + +      ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂ ∂        

                      (1)
 

( ) ( ) ( )
0

u v w
t x y z

ρ ρ ρρ ∂ ∂ ∂∂
+ + + =

∂ ∂ ∂ ∂                                                                                                       (2) 
Assuming that the flow of the fluid is laminar between two symmetric triangular plates. The Navier-Stokes equation as 
obtained by Dowson [1], 

P u
x z z
P v
y z z

η

η

∂ ∂ ∂  =  ∂ ∂ ∂ 


∂ ∂ ∂  =   ∂ ∂ ∂  
                                                                                          (3) 

where P = p(x, y) is the pressure in the film and η is the viscosity.  The boundary conditions considering slip at the 
surfaces (3), (4) are as follows: at Z=H1 we have, 

( )

( )

1 11
1

1 1 11
1

( )

( )

uu u U
z
vv v V at Z H
z

λ

δ

∂ = = + ∂ 
∂ = = + = ∂ 

 

( )

( )

2 22
2

2 2 22
2

( )

( )

uu u U
z
vv v V at Z H
z

λ

δ

∂ = = − + ∂ 
∂ = = − + = ∂ 

                                                                           (4) 

where the suffixes 1 and 2 represent the values at z=H1 and z=H2, respectively. Here λ’s and δ’s are molecular mean of 
the free path for gas lubrication. They depend upon the lubricant temperature, pressure and viscosity. In liquid 
lubrication λ and δ depend on viscosity and the coefficient is sliding friction. 
 
From equation (3) and (4) we obtain, 

1
1

2 1 1
1 1 1 1

0 0

z
z

H
H

U U Fdz P zdz Pu U H
F F x x

α α
η η

     − ∂ ∂
− = + − + +     ∂ ∂     

∫ ∫
 

1
1

1
2 1 1

1 1 1 11 1
0 0

z
z

H
H

V V Fdz P zdz Pv V H
F F y y

β β
η η

     − ∂ ∂
− = + − + +     ∂ ∂     

∫ ∫
                                                       

(5) 

Where  F0 =
1

1 2

Z

H

dzα α
η

+ + ∫   ,
0

1

1
1 2

z

H

zdzF β β
η

= + + ∫ , 

F1=
2

1

1 1 2 2

H

H

zdzH Hα α
η

+ + ∫  ,
1

1
1 1 1 2 2

z

H

zdzF H Hβ β
η

= + + ∫  

( )
( )

( )
( )

( )
( )

( )
( )

1 2 1 2
1 2 1 2

1 2 1 2

, , ,
λ λ δ δ

α α β β
η η η λ

= = = =
                                                                                       

(6) 
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From equation (2)  

2 2 2

2

1

1 1 1

( ) ( ) ( ) 0
H H H

H
H

H H H

u vdz dz dz w
t x y
ρ ρ ρ ρ∂ ∂ ∂

+ + + =
∂ ∂ ∂∫ ∫ ∫

                                                                  

               (7) 

( ) ( )
2

2

1

1

1 1
2 1 2 1 1 1 1

2 2 2

( ) ( )

( ) ( ) ( )
H

H
H

H

P PF G F G H u v
x x y y x y

H u v dz w
x y y

ρ ρ

ρρ ρ ρ

   ∂ ∂ ∂ ∂ ∂ ∂ + + + + +     ∂ ∂ ∂ ∂ ∂ ∂     

 ∂ ∂ ∂
= + + + ∂ ∂ ∂ 

∫
                                                                    (8) 

Where 
2 2 2

1 1 1

1
11 1

2 2 31
0 0

, , ,
H H H

H H H

F Fz z zF z dz F z dz F dz
F F

ρ ρ ρ
η η η

   
= − = − =   

   
∫ ∫ ∫  

G1=
2

1 1 1

1
1 1 1

0

,
H z z

H H H

Fzdz dzz H dz
z F
ρ α α

η η

   ∂   + − +  ∂      
∫ ∫ ∫  

G1
1=

2

1 1 1

1
1 1 1

0

H z z

H H H

Fzdz dzz H dz
z F
ρ β β

η η

   ∂   + − +  ∂      
∫ ∫ ∫

 
2

1 1

2 1

H z

H H

dzG z dz
z
ρ α

η

  ∂ = +  ∂     
∫ ∫  

32

1 1 1

1
2 1 3,

HH z

H H H

dzG z dz G z dz
z z
ρ ρβ

η

  ∂ ∂ = + =  ∂ ∂    
∫ ∫ ∫                                                                                       (9) 

 
Assuming slip velocities at the bearing surfaces for couple stress fluid film lubrication 

1 2 1 2( ) ( ) ( ) ( ) 0λ λ δ δ= = = =  

1 2 1 2 0α α β β= = = =  
 
Using the concept of multiple layer lubrication, 

1 1( , ), ( , )x y x yρ ρ η η= = 1 1 1H z H h≤ ≤ +  

2 2( , ), ( , )x y x yρ ρ η η= = 1 1 1 1 2H h z H h h+ ≤ ≤ + +  

3 3( , ), ( , )x y x yρ ρ η η= = 1 1 2 1 1 2 3H h h z H h h h+ + ≤ ≤ + + +                                                           (10) 
 
Taking,   U1= U                 U2=V1=V2=0 

1 1α β= 2 2α β=  

0i

z
ρ∂

=
∂

       i=1, 2, 3 …                                                                                                                                 (11) 

 
From equation (8), 

( ) [ ] 2

1

2 2

3
2 2 2 1 11

0

( ) ( ) ( ) H

H

P PF F
x x y y

FH u v H u v U w
x y x y x F
ρ ρ ρ ρ ρ

 ∂ ∂ ∂ ∂  +   ∂ ∂ ∂ ∂   
    ∂ ∂ ∂ ∂ ∂

= + − + + +     ∂ ∂ ∂ ∂ ∂     
      (12)

 

where     31 2
0 1 2

1 2 3

hh hF α α
η η η

= + + + +  

3 1 1 2 31 1 1 2 1 1 2
1 1 1 2 2

1 2 3

(2 2 2 )(2 ) (2 2 )
2 2 2

h H h h hh H h h H h hF H Hα α
η η η

+ + ++ +
= + + + +
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3 3 1 1 2 31 1 1 1 2 2 1 1 2
3

1 2 3

(2 2 2 )(2 ) (2 2 )
2 2 2

h H h h hh H h h H h hF ρρ ρ
η η η

+ + ++ +
= + +  

( ) 1 1
1 1 1 11

0 0

1F Pu H U
F x F

αρ ρ α ρ
   ∂

= − + −   ∂   
 

( ) 1 2
3 2 2 32

0 0

F Pu H U
F x F

αρ ρ α ρ
  ∂

+ − =  ∂ 
 

( ) 1
1 1 11

0

F Pv H
F y

ρ ρ α
  ∂

= −  ∂ 
 

( ) 1
3 2 22

0

0F Pv H
F y

ρ ρ α
  ∂

+ − =  ∂ 
                                                                                                              (13) 

[ ] 2

1

1 1 2 2
1 1 2 2( ) ( ) ( ) ( )H

sH

H H H Hw u v V u v
x y x y

ρ ρ ρ ρ ρ∂ ∂ ∂ ∂
+ + + = +

∂ ∂ ∂ ∂
 

where sV is the resultant velocity towards the film. Considering three symmetrical incompressible layers between two 
solid boundaries. 
 
We have, 1 2η η=  and 1 2 3ρ ρ ρ= =  

  H1=0      2 1 3 2( ) , / 2, ( )H h a h h h a h h a= + = = = = −  

 1 2 1 2 1α α β β β= = = =                                                                                                          (14) 
Hence, 

4 4 ( )P PF F U h V
x x y y x

 ∂ ∂ ∂ ∂ ∂  + = −  ∂ ∂ ∂ ∂ ∂   
                                                                                (15) 

where F4=
3 3 2 2 2

2 1

( ) 3 ( ) 3 ( )
12 12 2
h a a a h a a h a h
η η β
− + − + −

+ + , 1ηβ
λ

=   is the slip parameter. 

 
1. SQUUEEZE FILM LUBRICATION OF CIRCULAR STEPPED PLATES 
 
The Volume flux of the lubricant is given by 

42 dPQ r F
dr

π=  
  

                                                                                                     (16) 

3 3 2

4
( )( 1) 6

12
l h a k h hF

kµ β
− − += +

 
 
 

 

Integrating the continuity equation 
1

( ) 0
w

ru
r r z
∂ ∂

+ =
∂ ∂

 

( )
w

ru r
r z
∂ ∂

= −
∂ ∂

 

 
Using the boundary condition w=0 at z=0 & w=-V at z=h 

0 0

( )
h h w

ru dz r dz
r z
∂ ∂

= −
∂ ∂∫ ∫  

0
0

[ ] ( )
h

hr udz r w
r
∂

= −
∂ ∫  
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( 0)
2

r V
r

Qr
rπ

∂
= − − −

∂
 
  

 

2
Q

rV
r

π
∂

=
∂

 

2

12
2

Q r
dr V C

r
π

∂
= +

∂

 
 
 

∫  

2
1Q Vr Cπ= +  

 
Since Q=0 at r=0 

1 0C⇒ =  
2Q r Vπ=                                                                                                                           (17) 

 
From equations (16) & (17) we have 

2
42 dPr V r F

dr
π π= −  

  
 

4

p Vr
r F
∂

= −
∂

 

4

ip Vr
r F

∂
= −

∂
                                                                                                             (18) 

where 11,i h h= =  in the region  0 r KR≤ ≤  and 22,i h h= =  in the region KR r R≤ ≤  
 

In region I: ( )0 r KR≤ ≤  

1

5

p Vr
r F

∂
= −

∂
                                                                                                              (19) 

3 3 2
1 1 1

5
( )( 1) 6

12
l h a k h hF

kµ β
− − += +

 
 
 

 

 

In region II: ( )KR r R≤ ≤  

2

6

p Vr
r F

∂
= −

∂
                                                                                                             (20) 

3

6
(1 )( 1) 1 6

12
a kl

F
k βµ

− − +
+=  

 
 

 

 
Integrating (19) and (20) and using the boundary conditions 

1 2

2 0

p p at r KR
p at r R
= =

= =
 

2

1 1
5 2

V r
p C

F
= − +                                                                                                               (21) 
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Similarly, 

2

2 2
6 2

V r
p C

F
= − +                                                                                                             (22) 

 
Using 2 0p = at r R= in equation (22) we get 

2

2
6 2

V R
C

F
=  

 
Equation (22) changes to  

2 2

2
6

( )
2
V R r

p
F
−

=  

Since 1 2p p= at r KR=  
2 2 2 2

1
5 6

(1 )
2
V K R R K

C
F F

−
= +

 
 
 

 

 
Substituting the value of C1 in equation (21) we get       

2 2 2 2 2

1
5 5 6

(1 )
2 2
Vr V K R R K

p
F F F

−
= − + +

 
 
 

 

2 2 2 2 2

1
5 6

(1 )
2
V K R r R K

p
F F
− −

= +
 
 
 

                                                                                    (23) 

2 *2 2
* 1
1 2

5 6

(1 )
2 2

p K r K
p

F FR V

− −
= = +  

2 2

2
6

( )
2
V R r

p
F
−

=                                                                                                                      (24) 

*2
* 2
2 2

6

(1 )
2

p r
p

FVR

−
= =  

The load carrying capacity w is given by 

1 2
0

2 2
KR R

KR

W rp dr rp drπ π= +∫ ∫  

2 2 2 2 2 2 2

5 6 60

(1 ) ( )
2 2

2 2

KR R

KR

V K R r R K V R r
W r dr r dr

F F F
π π

− − −
= + +

    
    

    
∫ ∫  

2 2 3 2 2 2 3

5 5 6 6 60 0 0

(1 )KR KR KR R R

KR KR

K R r r R K r R r r
W V dr dr dr dr dr

F F F F F
π

−
= − + + −

 
 
 
∫ ∫ ∫ ∫ ∫  

4 4 4 4 2 4 2 2 4 2 4 4 4 4

5 6

1 1
2 4 2 2 2 2 4 4

K R K R K R K R R K R R K R
W V

F F
π= − + − + − − +

    
    
    

 

4 4 4

5 6

(1 )
4

VR K K
W

F F
π −

= +
 
 
 

                                                                                                                                (25) 
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4 4

4
5 60

1 (1 )
4

W K K
W

F FP lR V
∗ −
= = +

 
 
 

                                                                                           (26) 

Writing  
*
2dh

V
dT

= −  in equation (25), the time of approach is given by 

4 4
2

5 6

1 (1 )
4

dh K K
W

dT F F
−

= − +
  

      
 

4 4 4

*
5 62

(1 )
4

dT R K K
W F Fdh

−
= − +

 
 
 

 

*
4 4 4

2
5 61

(1 )
4

fh
R K K

dT dh
W F F

π −
= − +

 
 
 

∫ ∫  

0

4 4 4

2
5 6

(1 )
4

fh

h

R K K
T dh

W F F
−

= − +
 
 
 
∫                                                                          (27) 

3 3 2
2 2 2

5
( )( 1) ( ) 6( )

12
s s sl h h a k h h h hF

kµ β

+ − − + + +
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RESULTS AND CONCLUSION 
 
The non-Newtonian effects of Viscosity Variation in squeeze film lubrication of circular stepped plates are 
investigated.  This paper predicts the influence of couple stresses on the squeeze film characteristics of step bearings on 
the basis of Stokes couple stress fluid theory. 
 
LOAD CARRYING CAPACITY 

 
Figure-2: Variation of W ∗  with β  for different values of k with 0.6, 0.055, 0.6.h a K= = =  

 
The above figure indicates variation of  *W  with β  for 1, 3, 5, 7k k k k= = = = and 9k = .  We observe that for 

any value of β   dimensionless load carrying capacity  W ∗  increases for an increase in k .  
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Figure-3: Variation of W ∗  with β  for different values of h with 0.055, 3, 0.6.a k K= = =  

 
The above figure indicates variation of  W ∗  with β  for 0.3, 0.4, 0.5, 0.6h h h h= = = =  and 0.7h = .  We 

observe that for any value of β dimensionless load carrying capacity W ∗   increases for an increase in h .  

 
Figure-4: Variation of W ∗  with β  for different values of K with 0.6, 0.055, 3.h a k= = =  

 
The above figure indicates variation of  W ∗  with β  for 0.3, 0.4, 0.5, 0.6k k k k= = = =  and 0.7k = .  We 

observe that for any value of β dimensionless load carrying capacity  W ∗   increases for an increase in k .  
 
TIME-HEIGHT RELATIONSHIP  
 

 
Figure-5: Variation of T ∗  with fh∗  for different values of k with 0.6, 0.055, 0.6,h a K= = = 100,β = 3 0.15.h =  
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The above figure indicates variation of  T ∗  with β  for 1, 3, 5, 7k k k k= = = =  and 9k = .  We observe that for 

any value of fh∗ dimensionless load carrying capacity T ∗ increases for an increase in k .  
 

 
 Figure-6: Variation of T ∗  with fh∗  for different values of K with 3, 0.055, 100, 0.15.fk a hβ ∗= = = =  

 
The above figure indicates variation of  T ∗  with fh∗  for 0.3, 0.4, 0.5, 0.6k k k k= = = =  and 0.7k = .  We 

observe that for any value of fh∗  dimensionless load carrying capacity T ∗ decreases for an increase in k .  
 
The dimensionless load carrying capacity increases as ratio of the viscosities increases. Also the dimensionless load 
carrying capacity increases as the total film thickness increases.  The load carrying capacity increases as ratio of the 
viscosities increases. The dimensionless time increases as the ratio of viscosities increases. Also the dimensionless time 
decreases when the length of the circular stepped plate decreases.   

  
 REFERENCES 
  

1. D. Dowson: A generalized Reynolds equation for fluid film lubrication, Inst. J. Mech. Sci., Vol. 4, 
pp.159‐170, 1962. 

2. R.R.Rao, K.Gouthami, J.V.Kumar. “Effects of velocity-slip and viscosity variation in squeeze film lubrication 
of two circular plates”. Tribology in Industry, Vol-35, pp: 51-60, 2013.   

3. Raghavendra Rao, R. and Prasad, K, R. (2003), “Effects of velocity-slip and viscosity variation for lubrication 
of roller bearings”, Defence Science Journal, Vol-53, Iss-4, pp. 431-442. 

4. M.M. Rashidi, A.M. Siddiqui and M.T. Rastegari. “Analytical Solution of Squeezing Flow between Two 
Circular Plates”, International Journal for Computational Methods in Engineering Science and Mechanics, 
2013. 

5. Hsu, C.H., Chuan Lai, Lu, R.F and Jaw-Ren Lin “combined effects of surface roughness and rotating inertia 
on squeeze film characteristics between parallel circular disks”, Journal of Marine Science and Technology, 
Vol-17, No-1, pp: 60-66, 2009. 

6. N.B. Naduvinamani and G. Gurubasavaraj “Surface roughness effects on squeeze films in curved circular 
plates”, Industrial Lubrication and Tribology 56(6):346-352, 2004. 

7. N.M. Bujurke, N.B. Naduvinamani and D.P. Basti “Effect of surface roughness on the squeeze film 
lubrication between curved annular plates”, Industrial Lubrication and Tribology, Vol. 59 Iss: 4, pp.178 – 185, 
2007. 

8. Sejal J. Patel and G.M. Deheri “Combined effect of slip velocity and transverse surface roughness on the 
performance of a squeeze film for a circular cylinder near a plane”, ANNALS of Faculty Engineering 
Hunedoara – International Journal of Engineering, pp. 231-236, 2016. 

9. Lin JR. “Static and dynamic characteristics of externally pressurized circular Step thrust bearings lubricated 
with couple stress fluids”.  Tribology International 1999; 32:207–16. 

10. Christensen H. “Stochastic models for hydrodynamic lubrication of rough Surfaces”. Proceedings of the 
Institution of Mechanical Engineers Part I 1969– 70; 184(55):101–3. 

11. Christensen H, Tonder K. “The hydrodynamic lubrication of rough bearing surfaces of finite width”. 
Transactions of the ASME-Journal of Lubrication Technology 1971; 93:324–30. 

https://www.researchgate.net/researcher/71752434_G_Gurubasavaraj�
http://www.emeraldinsight.com/author/Bujurke%2C+NM�
http://www.emeraldinsight.com/author/Naduvinamani%2C+NB�
http://www.emeraldinsight.com/author/Basti%2C+DP�


K. Thangavelu1*, S. Sampathraj2 and V. Sudha3 /  
Effects of Viscosity Variation in Squeeze Film Lubrication of Circular stepped Plates / IJMA- 9(2), Feb.-2018. 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                      101  

 
12. Hsu CH, Lai C, Lu RF, Lin JR. “Combined effects of surface roughness and rotating inertia on the squeeze 

film characteristics of parallel circular disks”. Journal of Marine Science and Technology 2009; 17:60–6. 
13. N.B. Naduvinamani, M. Rajashekar, and A.K. Kadadi “Squeeze film lubrication between circular stepped 

plates: Rabinowitsch fluid model”.  Tribology International 2014; 73:78-82. 
14. N.B. Naduvinamani, B.N. Hanumagowda, and S T Fathima “Combined effects of MHD and surface 

roughness on couple-stress squeeze film lubrication between porous circular stepped plates”. Tribology 
International 2012; 56:19-29. 

15. A.M. Al-Jumaily and K. Jameel “Influence of the Poisson on the natural frequencies of stepped-thickness 
circular plate”. Journal of sound and vibration 2000; 234(5), 881-894. 

 
Source of support: Nil, Conflict of interest: None Declared. 

[Copy right © 2018. This is an Open Access article distributed under the terms of the International Journal 
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any 
medium, provided the original work is properly cited.] 
 


