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ABSTRACT
A total k-coloring of the graph G is adjacent vertex distinguishing, if a mapping f :V(G) U E(G) - {1,2,---,k},
k € Z" such that any two adjacent or incident elements in V (G) U E(G) have different colors and C, (u) # C, (V)

whenever uv € E(G), where Cf (V) is the color class of the vertex v (with respect to f), we denote C, (V) as C(v).

cw = {{ffv}u{f (w)lw e E(G)}
C (V) = {112) T k}\C(V)
In this paper, we present an algorithm to obtain the adjacent vertex distinguishing total coloring of the family of ladder

graph. Also, we prove the existence of the adjacent vertex distinguishing total coloring of some family of ladder graph
in detail.
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1. INTRODUCTION

A graph G consists of a set of vertices V (G) and a set of edges E(G) . For every vertex u,v eV (G) the edge
connecting two vertices is denoted by uv € E(G) . All graphs considered here are finite, simple and undirected. The

degree of a vertex v is denoted by deg(v) or d(v). Let A(G) denote the maximum degree of a graph G . The minimum
number of colors required to give an adjacent vertex distinguishing total coloring (abbreviated as AVDTC) to the graph
G is denoted by y,. (G) . For all other standard terminology and concepts of graph theory, we refer [1], [2], [3]. For

graphs G, and G, , G, UG, denotes their union, and is defined as V (G, UG,)=V(G,)UV(G,) and
E(G,UG,)=E(G)) UE(G,) . If a simple graph G has two adjacent vertices of maximum degree, then
X (G) = A(G) + 2. Otherwise, if a simple graph G does not have two adjacent vertices of maximum degree, then
X (G) = A(G) +1. The well-known AV DTC conjecture, made by Zhang et al [10] says that every simple graph G

has x,,(G) <A(G)+3. The adjacent vertex distinguishing total chromatic number of tensor product of graphs,

triangular snake, Quadrilateral snake family of graph has been obtained in the literature [6], [7], [8]. Also, AVDTC of
line and splitting graph of some graph and line graph of snake graph family has been obtained in the literature [5], [9].
The definitions and other information which are useful for the present investigation are given below.
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Definition 1.1: The ladder graph denoted by L, is obtained from two path P, with {v,,v,,---,v } and

n

{u,,u,,---,u_} vertices by joining the vertices U;v; for 1<i<n.

(s ()

Here d(v,) =d(v,)=d(u,) =d(u ) =2 and d(v,)=d(u,)=3for 2<i<n-1.

Definition 1.2: The graph [4] L, AK, is obtained from a ladder L by join U; and V; with the new vertices U"; and
V', respectively, for 1 <i < n. The resultant graph is L, AK, whose vertex set and edge set are

V[L,AK,]= {U(ui UV, U UV )}

i=1

and E[L, AK,]= {(U(Vivn1 U uiui+1)j ) (O(uivi GTAT AW YAV ))} .

i=1

Here d(v,) =d(u,) =d(v,) =d(u) =3 d(v})=d(u’)=Lfor 1<i<nand d(v,)=d(u)=4 for2<i<n-1,

Definition 1.3: The Triangular ladder TL, is obtained from a ladder L, by adding edges U,V,,; for 1<i<n-1

i+1

Definition 1.4: The graph TL,AK; is obtained from a ladder TL, by join U; and V; with the new vertices U'; and V',
respectively, for 1 <i <n The resultant graph is T L,AK; whose vertex set and edge set are

VI[TL,AK,] = {U(Ui UV, U uvy )}

i=1

and E[TLn AKl] = {(U(V|V|+1 YU uH—l Y u|V|+1)J (U(uivi Y uiu'iKJViV'i )J}

Here d(v,) =d(u,) =3,d(v,) =d(u) =4 d(v})=d(u’)=1forl<i<n and d(v)=d(u)="5fr2<i<n-1

Definition 1.5: The diagonal ladder DL, is a ladder with additional edges U;V,,; and U;,,V; for 1<i<n-1

i+1

Definition 1.6: The graph DL,AK; is obtained from a ladder DL, by join U; and V; with the new vertices U';and V',
respectively, for 1 <1 < n_The resultant graph is DL,AK; whose vertex set and edge set are

V[DL, AK,]= {Lnj(ui UV, Uu WV )}

i=1

i=1

and E[DL,AK, ] = {(U(W i YUl YUV, Y ui+lvi)] U (U(uivi SATHT LAY )J}
Here d(v,)=d(v,) =d(u,) =d(u,) =4 d(v’)=d(u’)=1for 1<i<n and d(y)=d(u)=6 for2<i<n-1
2. RESULTS

In this section, we present an algorithm to obtain the AVDTC of Ladder graph L, L,AK;, Triangular ladder TL,,

TL,AK; and the diagonal ladder DL,, DL,AK;. Also, we discuss their color classes in detail. Let {v;, V»,...,v,} be the
vertices of the graph G. Define f :V (G) U E(G) — {1,2,---,k}. Here f(v;) denotes the color of the vertex v; and
f(viv; ) denotes the color of the edge viv; .

Algorithm 2.1: Procedure: Adjacent vertex distinguishing total coloring of ladder graph L, for n>3.
Input: G(V [L,],E[L,])

forl1<i<ndo
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f(uivi) =5
if i = 0(mod 2)
f(u) « 1; f(vi) « 2
else
f(u) « 2, f(vi) « 1
end for

forl<i< n-1do
ifi = 1(mod 2)

f(uitiv) = f(Vivig) < 3
else

f(uillis) = f(Vivieg) < 4

end for
end procedure

Output: Adjacent vertex distinguishing total colored of L, for n>3.

Theorem 2.1: The ladder graph L, admits AV DT Cand y,,(L,) =5 forn>3.

Proof: By definition (1.1), we have |V (L)[=2nand |E( L,)| = 3n - 2. We color the graph L, by defining a function

f:V(Ly) U E(L,) — {1, 2,...,5} by using the algorithm (2.1). Now the color classes for n > 3, we have
C(v1) ={1,3, 5}, C(u;) ={2,3,5}

_({1,3,5}, ifn = 0(mod 2) _({2,3,5}, ifn = 0(mod 2)
C(un) —{{2,4,5}, ifn = 1(mod 2) and C(vo) ‘{{1,4, 5}, ifn = 1(mod 2)
For2<i<n-1

—, ({2}, ifi = 0(mod 2) —. . ({1}, ifi= 0(mod 2)

C(u) ‘{{1}, ifi = 1(mod 2y 2" C(V) ‘{{2}, ifi= 1(mod2)

Clearly, the color classes of any two adjacent vertices are different.
Hence y,.(L,) =5 forn>3.

Algorithm 2.2: Procedure: Adjacent vertex distinguishing total coloring of L,AKj, for n=3

Input: G(V [L,AKq], E[L,AK/])

forl<i<ndo
f(u’;) = (v« 3; f(uvy) 5; f(uiu’;) = f(viv’;))«<6
if i =1(mod 2)

f(u) « 1, f(vi) « 2
else

f(u) « 2; f(vi)) « 1
end for

forl1<i< n-1do
if i = 1(mod 2)

f(Uilli1) = f(Vivier) < 3
else

f(uilli) = f(Vivie) < 4

end for
end procedure
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Output: Adjacent vertex distinguishing total colored of L,AKj, for n> 3.
Theorem 2.2: The graph L,AK; admits AV DT Cand y,,(L,AK,) =6 forn>3.

Proof: By definition (1.2), we have the vertex set and edge set of L,AK; and |[V(L,AK; )= 4n and
|E(L,AK{ )| = 5n - 2. Now the color classes for n > 3, using algorithm (2.2) we have
C(v1) =4{2,3,5,6}, C(u) ={1,3,5, 6}

_({2,3,5,6}, ifn = 0(mod 2) _({1,3,5,6}, ifn = 0(mod 2)
Clun) '{{1, 4,5,6}, ifn = 1(mod 2) and C(vn) '{{2, 4,5,6}, ifn = 1(mod 2)
For2<i<n-1

- ({1}, ifi = 0(mod 2) —. . ({2}, ifi= 0(mod 2)

C (u) ‘{{2}, ifi = 1(mod2) 2" C) ‘{{1}, ifi= 1(mod2)

Clearly, the color classes of any two adjacent vertices are different.
Yar (L AK,) =6, for n>3.

Algorithm 2.3: Procedure: Adjacent vertex distinguishing total coloring of triangular ladder TL, , for n > 3.

Input: V[TL,] <« {Uui uvi}

i=1

E[TL.] < {(U(Viviﬂ YUl Y UiVi+1)] Y (U(uivi ]}

i=1 i=1
forl<i<ndo
fuv;) <5
if i =1(mod 2)
fw) «3;f(v) « 1
else
fw) « & f(v) « 2
end for
forl<i<n-—1do
fWviyq) < 6
if i =1(mod 2)
fuugq) <« 1 f(0ivi41) < 3
else
fuitiz) < 25 f(0ivipq) < 4
end for
end procedure

Output: Adjacent vertex distinguishing total colored of TL,, forn > 3.

Theorem 2.3: The triangular ladder TL, admits AVDTC and
xavt(TLn) = 6,fOT' n=3.

Proof: The vertex set and edge set of TL,, as given in the algorithm (2.3), we have the color classes for n > 3.
C(v) =1{1,3,5},C(uy) = {1,3,5,6}

{1,4,5},if n = 0(mod 2)

_ {2,3,5,6}, if n = 0(mod 2)
Cun) = {{2, 3,5),if n = 1(mod 2)

and C(v,) = {{1’4’5’6}’ if n=1(mod 2)
For2<i<n-1
{3}, if i =0(mod 2)

= _ {1}, if i = 0(mod 2)
Cw) = {{4}, if i = 1(mod 2)

and C(v;) = {{2}, if i = 1(mod 2)

Clearly, the color classes of any two adjacent vertices are different.
Xgpe(TLy) =6, n=>3.
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Algorithm 2.4: Procedure: Adjacent vertex distinguishing total coloring of TL,AK,, for n > 3.

Input: G(V[TL,AK,],E[TL,AK;])
forl1<i<ndo
fuv) < 5 f(w) « L f(v) « 3; fwup) = f(wvy) < 7
if i =1(mod 2)
fw) «3;f(v) <1
else
f) « 4 f(v) < 2
end for
forl<i<n-—1do
fwvig) =6
if i =1(mod 2)
fitiyr) < L f(0v344) < 3
else
funig) < 25 f(nivigq) < 4
end for
end procedure

Output: Adjacent vertex distinguishing total colored of TL,AK, for n > 3.

Theorem 2.4: The graph T L,AK; admits AV DT Cand y,, (TL,AK,) =7 forn>3.

Proof: By definition (1.4), we have |V (T L,AK,)| = 4n and |E(T L,AK;)| = 6n— 3. We have the color classes for n> 3,

using algorithm (2.4)
Cvy)={1,3,57}C@u)=41,3,56,7},Cuy)={1, 7}, Cv)={3,7}for1<i<n.

{1,4,5,7}, ifn

_ 0(mod 2)
C(un) ‘{{2, 3,5,7), ifn

1(mod 2)

{2,3,5,6,7}, ifn
{1,4,5,6,7}, ifn

0(mod 2)
1(mod 2)

and C(v,) :{

For2<i<n-1
{3}, ifi = 0(mod 2)

L {1}, ifi = 0(mod 2)
C (u) ‘{{4}, ifi= 1(mod 2)

and C(v) :{{2}, ifi = 1(mod 2)
Clearly, the color classes of any two adjacent vertices are different.
© xa(T LAAK) =7,n>3.

Algorithm 2.5: Procedure: Adjacent vertex distinguishing total coloring of Diagonal ladder DL, for n> 3.

Input:  V[DL,] «— {Uui uvi}

i=1

n-1 n
E[DLy] < {(U(Viviﬂ VUi YUV, YUY )j N (U(uivi j}
i=1 i=1
forl<i<ndo
f(uvi) < 5
if i = 1(mod 2)
f(u;) < 3; f(vi) < 1
else
f(u;) < 4; f(vi) <2
end for
forl<i<n-—1do
f(UiVis1) < 6; f(Ujsqvi) <7
if i = 1(mod 2)
f(Uilli+1) < 1; f(ViVis1) < 3
else
f(Uilli+1) < 2; f(ViVis) < 4
end for
end procedure

Output: Adjacent vertex distinguishing total colored of DL, for n> 3.
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Theorem 2.5: The Diagonal ladder DL, admits AV DTC and y,«(DL;) = 7, for n > 3.
Proof: The vertex set and edge set of DL,is given in the algorithm (2.5).

By definition (1.5), we have |V (DL,)| = 2n and |E(DL,)| = 5n — 4. We have the color classes for n >3
C(v1)={1,3,5,7},C(u) ={1,3,5, 6}

{1,4,5,7}, ifn

_ 0(mod 2)
C(un) ‘{{2, 3,5,7}, ifn

1(mod 2)

{2,3,5,6}, ifn
{1,4,5,6}, ifn

0(mod 2)
1(mod 2)

and C(v,) ={

For2<i<n-1
{3}, ifi = 0(mod 2)

F : {13}, ifi = 0(mod 2)
C (w) —{{4}, ifi = 1(mod 2) =

and C(v) :{{2}, ifi = 1(mod 2)

Clearly, the color classes of any two adjacent vertices are different.
fan(DLy) = 7,n>3.

Algorithm 2.6: Procedure: Adjacent vertex distinguishing total coloring of DL,AK;, for n> 3.
Input: G (V [DL,AK,], E[DL,AK4])
forl<i<ndo
f(uivi) < 55 f(u i) = f(vi) « 5; f(uu i) = f(viv i) < 8
if i = 1(mod 2)
f(u) « 3; f(vi) < 1
else
f(ui) «— 4, f(Vi) —2
end for
forl<i<n-1do
f(UiViea) < 6; f(UisaVi) < 7
if i = 1(mod 2)
f(Ulis1) < 1; f(vivier) < 3
else
f(Uilise) < 2; f(Vivis1) < 4
end for
end procedure

Output: Adjacent vertex distinguishing total colored of DL,AK,, for n > 3.
Theorem 2.6: The graph DL,AK;admits AV DTC and y,, (DL,AK;) = 8 for n > 3.

Proof: By definition (1.6), we have |V (DL,AK;)| = 4n and |[E(DL,AK;)| = 7n— 4. We have colored the graph using
algorithm (2.6). Now the color classes for n> 3,
C(v1)={1,3,5,7,8},C(u) ={1,3,5,6,8},C(uy) =C(vi) ={5,8}, for1 <i<n

{1,4,5,7,8}, ifn

_ 0(mod 2)
C(un) ‘{{2, 3,5,7,8), ifn

1(mod 2)

{2,3,5,6,8}, ifn
{1,4,5,6,8}, ifn

0(mod 2)
1(mod 2)

and C(v,) ={

For2<i<n-1
{3}, ifi = 0(mod 2)

For 2. (13, ifi
C (u) ‘{{4}, ifi = 1(mod 2)

(2}, ifi

0(mod 2)

and  C(v) ={ Lmod 2

Clearly, the color classes of any two adjacent vertices are different.
< Xavt (DLnAKl) =8,n>3.

Remark: The adjacent vertex distinguishing total chromatic number of triangular snake and Quadrilateral snake family
of graph has been obtained in the literature [6,7]. Also, this conjecture is true for the graphs T,AK;, DT,AK;, Q,AK; and
DQ,AK;.

CONCLUSION

We found the adjacent vertex distinguishing total chromatic number of family of ladder graph such as ladder graph,
triangular ladder and diagonal ladder. We are investigating to obtain the class of graph which admits adjacent vertex
distinguishing total coloring.
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