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ABSTRACT 
A total k-coloring of the graph G is adjacent vertex distinguishing, if a mapping : ( ) ( ) {1, 2, , }f V G E G k∪ →  , 

+∈k  such that any two adjacent or incident elements in ( ) ( )V G E G∪  have different colors and ( ) ( )f fC u C v≠  

whenever uv ∈ E(G), where )(vC f is the color class of the vertex v (with respect to f), we denote ( )fC v  as C(v). 

C(v) = } }{{{ })(|)(f(v) GEvwvwf ∈∪   

C (v) = },{1,2, k \C(v) 
In this paper, we present an algorithm to obtain the adjacent vertex distinguishing total coloring of the family of ladder 
graph. Also, we prove the existence of the adjacent vertex distinguishing total coloring of some family of ladder graph 
in detail.  
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1. INTRODUCTION 
 
A graph G consists of a set of vertices ( )V G  and a set of edges ( )E G . For every vertex , ( )u v V G∈ ,the edge 
connecting two vertices is denoted by ( )uv E G∈ . All graphs considered here are finite, simple and undirected. The 
degree of a vertex v is denoted by deg(v) or d(v). Let ( )G∆   denote the maximum degree of a graph G . The minimum 
number of colors required to give an adjacent vertex distinguishing total coloring (abbreviated as AVDTC) to the graph 
G is denoted by )(Gavtχ . For all other standard terminology and concepts of graph theory, we refer [1], [2], [3]. For 

graphs 1G and 2G , 1 2G G∪  denotes their union, and is defined as 1 2 1 2( ) ( ) ( )V G G V G V G∪ = ∪  and 

1 2 1 2( ) ( ) ( )E G G E G E G∪ = ∪ . If a simple graph G  has two adjacent vertices of maximum degree, then  

( ) ( ) 2avt G Gχ ≥ ∆ + . Otherwise, if a simple graph G  does not have two adjacent vertices of maximum degree, then  

( ) = ( ) 1avt G Gχ ∆ + . The well-known AV DTC conjecture, made by Zhang et al [10] says that every simple graph G  

has  ( ) ( ) 3avt G Gχ ≤ ∆ + . The adjacent vertex distinguishing total chromatic number of tensor product of graphs, 
triangular snake, Quadrilateral snake family of graph has been obtained in the literature [6], [7], [8]. Also, AVDTC of 
line and splitting graph of some graph and line graph of snake graph family has been obtained in the literature [5], [9]. 
The definitions and other information which are useful for the present investigation are given below. 
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Definition 1.1:  The ladder graph denoted by nL  is obtained from two path nP  with 1 2{ , , , }nv v v and 

1 2{ , , , }nu u u  vertices by joining the vertices iivu   for ni ≤≤1 . 
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Here 2)()()()( 11 ==== nn ududvdvd  and )( ivd = )( iud =3 for 12 −≤≤ ni . 
 
Definition 1.2: The graph [4] 1AKLn  is obtained from a ladder nL  by join iu  and iv with the new vertices iu' and 

iv' respectively, for ni ≤≤1 . The resultant graph is 1AKLn whose vertex set and edge set are  
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Here 1 1( ) ( ) ( ) ( ) 3n nd v d u d v d u= = = = , ( ' ) ( ' ) 1i id v d u= =  for  1 i n≤ ≤  and ( ) ( ) 4i id v d u= =  for 2 1i n≤ ≤ − . 
 
Definition 1.3:  The Triangular ladder TLn is obtained from a ladder Ln by adding edges 1+iivu  for 1 1i n≤ ≤ − .  
 
Definition 1.4: The graph TLnAK1 is obtained from a ladder TLn by join iu  and iv  with the new vertices  iu' and iv'
respectively, for ni ≤≤1 . The resultant graph is T LnAK1 whose vertex set and edge set are  

        







∪∪∪ )''(=][
1=

1 iiii

n

i
n vuvuAKTLV



  

and 
















∪∪∪








∪∪ +++

−

)''()(=][
1=

111

1

1=
1 iiiiii

n

i
iiiiii

n

i
n vvuuvuvuuuvvAKTLE



. 
Here 1 1( ) ( ) 3, ( ) ( ) 4n nd v d u d v d u= = = = , ( ' ) ( ' ) 1i id v d u= =  for1 i n≤ ≤  and ( ) ( ) 5i id v d u= = for 2 1i n≤ ≤ −  
 
Definition 1.5: The diagonal ladder DLn is a ladder with additional edges 1+iivu  and ii vu 1+  for 1 1i n≤ ≤ − . 
 
Definition 1.6:  The graph DLnAK1 is obtained from a ladder DLn by join iu  and iv  with the new vertices  iu' and iv'  
respectively, for ni ≤≤1 . The resultant graph is DLnAK1 whose vertex set and edge set are 
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Here 1 1( ) ( ) ( ) ( ) 4n nd v d v d u d u= = = = , ( ' ) ( ' ) 1i id v d u= =  for  1 i n≤ ≤  and ( ) ( ) 6i id v d u= =  for 2 1i n≤ ≤ −  
 
2. RESULTS 
 
In this section, we present an algorithm to obtain the AVDTC of Ladder graph nL , LnAK1, Triangular ladder TLn, 
TLnAK1 and the diagonal ladder DLn, DLnAK1. Also, we discuss their color classes in detail. Let {v1, v2,…,vn} be the 
vertices of the graph G. Define },{1,2,)()(: kGEGVf →∪ . Here f(vi) denotes the color of the vertex vi and 
f(vivj ) denotes the color of the edge vivj . 
 
Algorithm 2.1: Procedure: Adjacent vertex distinguishing total coloring of ladder graph nL , for n≥3. 

Input:  G(V [ nL ], E[ nL ])  

for 1 ≤ i ≤ n do   
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f(uivi) = 5   

if i ≡ 0(mod 2)   
f(ui) ← 1; f(vi) ← 2 

 
 

else   

f(ui) ← 2; f(vi) ← 1 
 
 

end for   

for 1 ≤  i ≤   n - 1 do   

if i ≡ 1(mod 2)   
f(uiui+1) = f(vivi+1) ← 3 

 else   

f(uiui+1) = f(vivi+1) ← 4 
 end for   

end procedure  
 
Output: Adjacent vertex distinguishing total colored of Ln, for n≥3. 
 
Theorem 2.1: The ladder graph nL  admits AV DT C and  5)( =navt Lχ  for n≥3. 
 
Proof: By definition (1.1), we have �V ( nL )� = 2n and �E( nL )� = 3n - 2. We color the graph Ln by defining a function 
f : V(Ln) ∪ E(Ln) → {1, 2,…,5} by using the algorithm (2.1). Now the color classes for n ≥  3, we have 
C(v1) = {1, 3,  5} ,  C(u1) = {2, 3, 5} 
 

C(un) =�
{1, 3, 5}, if n ≡  0(mod 2)
{2, 4, 5}, if n ≡  1(mod 2)

�  and  C(vn) =�
{2, 3, 5}, if n ≡  0(mod 2)
{1, 4, 5}, if n ≡  1(mod 2)

� 

 
For 2≤ i ≤ n - 1 

C�(ui) =�
{2}, if i ≡  0(mod 2)
{1}, if i ≡  1(mod 2)

�  and C�(vi) =�
{1}, if i ≡  0(mod 2)
{2}, if i ≡  1(mod 2)

� 

 
Clearly, the color classes of any two adjacent vertices are different. 
 
Hence 5)( =navt Lχ  for n≥3. 
 
Algorithm 2.2: Procedure: Adjacent vertex distinguishing total coloring of LnAK1, for n≥3 
 
Input:  G(V [LnAK1], E[LnAK1]) 

for 1 ≤ i ≤ n do   
f(u’i) = f(v’i)← 3; f(uivi) ←5; f(uiu’i) = f(viv’i)←6     

if i ≡1(mod 2)   
f(ui) ← 1; f(vi) ← 2 

 
 

else   

f(ui) ← 2; f(vi) ← 1 
 
 

end for   

for 1 ≤  i ≤   n - 1 do   

if i ≡ 1(mod 2)   
           f(uiui+1) = f(vivi+1) ← 3   

else   

f(uiui+1) = f(vivi+1) ← 4 
 end for   

end procedure  
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Output: Adjacent vertex distinguishing total colored of LnAK1, for n≥ 3. 
 
Theorem 2.2: The graph LnAK1 admits AV DT C and 6)( 1 =AKLnavtχ  for n≥ 3. 
 
Proof:  By definition (1.2), we have the vertex set and edge set of LnAK1 and |V(LnAK1 )|= 4n and                    
|E(LnAK1 )| = 5n - 2. Now the color classes for n ≥ 3, using algorithm (2.2) we have 
C(v1) = {2, 3, 5, 6} ,  C(u1) = {1, 3, 5, 6} 
 

C(un) =�
{2, 3, 5, 6}, if n ≡  0(mod 2)
{1, 4, 5, 6}, if n ≡  1(mod 2)

�  and C(vn) =�
{1, 3, 5, 6}, if n ≡  0(mod 2)
{2, 4, 5, 6}, if n ≡  1(mod 2)

� 

 
For 2 ≤ i ≤ n - 1 

C�  (ui) =�
{1}, if i ≡  0(mod 2)
{2}, if i ≡  1(mod 2)

�  and  C�(vi) =�
{2}, if i ≡  0(mod 2)
{1}, if i ≡  1(mod 2)

� 

 
Clearly, the color classes of any two adjacent vertices are different.  
∴    6)( 1 =AKLnavtχ , for n≥3. 
 
Algorithm 2.3: Procedure: Adjacent vertex distinguishing total coloring of triangular ladder TLn  , for  𝑛 ≥ 3. 

Input:             V[TLn] ← 
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𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑛  𝑑𝑜 
        𝑓(𝑢𝑖𝑣𝑖) ← 5 
        𝑖𝑓 𝑖 ≡ 1(𝑚𝑜𝑑 2) 
             𝑓(𝑢𝑖) ← 3; 𝑓(𝑣𝑖) ← 1 
       𝑒𝑙𝑠𝑒 
             𝑓(𝑢𝑖) ← 4; 𝑓(𝑣𝑖) ← 2 
𝑒𝑛𝑑 𝑓𝑜𝑟 
𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑛 − 1  𝑑𝑜 
        𝑓(𝑢𝑖𝑣𝑖+1) ← 6 
         𝑖𝑓 𝑖 ≡ 1(𝑚𝑜𝑑 2) 
                𝑓(𝑢𝑖𝑢𝑖+1) ← 1; 𝑓(𝑣𝑖𝑣𝑖+1) ← 3 
         𝑒𝑙𝑠𝑒 
                𝑓(𝑢𝑖𝑢𝑖+1) ← 2; 𝑓(𝑣𝑖𝑣𝑖+1) ← 4 
𝑒𝑛𝑑 𝑓𝑜𝑟 
𝒆𝒏𝒅 𝒑𝒓𝒐𝒄𝒆𝒅𝒖𝒓𝒆 
 
Output: Adjacent vertex distinguishing total colored of TLn, for 𝑛 ≥ 3. 
 
Theorem 2.3: The triangular ladder TLn admits AVDTC and 

𝑥𝑎𝑣𝑡(𝑇𝐿𝑛) = 6, 𝑓𝑜𝑟 𝑛 ≥ 3. 
 
Proof: The vertex set and edge set of 𝑇𝐿𝑛 as given in the algorithm (2.3), we have the color classes for 𝑛 ≥ 3. 
𝐶(𝑣1) = {1, 3, 5} ,𝐶(𝑢1) = {1, 3, 5, 6} 
 

𝐶(𝑢𝑛) = �
{1, 4, 5}, 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 2)
{2, 3, 5}, 𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑 2)

�  and  𝐶(𝑣𝑛) = �
{2,3,5,6}, 𝑖𝑓 𝑛 ≡ 0(𝑚𝑜𝑑 2)
{1,4,5,6}, 𝑖𝑓 𝑛 ≡ 1(𝑚𝑜𝑑 2)

� 

 
For 2 ≤ 𝑖≤ 𝑛 − 1 

𝐶̅(𝑢𝑖) = �
{3}, 𝑖𝑓 𝑖 ≡ 0(𝑚𝑜𝑑 2) 
{4}, 𝑖𝑓 𝑖 ≡ 1(𝑚𝑜𝑑 2)

� and  𝐶̅(𝑣𝑖) = �
{1}, 𝑖𝑓 𝑖 ≡ 0(𝑚𝑜𝑑 2)
{2}, 𝑖𝑓 𝑖 ≡ 1(𝑚𝑜𝑑 2)

� 

 
Clearly, the color classes of any two adjacent vertices are different. 
∴    𝑥𝑎𝑣𝑡(𝑇𝐿𝑛) = 6, 𝑛 ≥ 3. 
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Algorithm 2.4: Procedure: Adjacent vertex distinguishing total coloring of TLnAK1, for 𝑛 ≥ 3. 
 
Input:  𝐺(𝑉[𝑇𝐿𝑛𝐴𝐾1],𝐸[𝑇𝐿𝑛𝐴𝐾1]) 
𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑛 𝑑𝑜 
      𝑓(𝑢𝑖𝑣𝑖) ← 5; 𝑓(𝑢𝑖′) ← 1;𝑓(𝑣𝑖′) ← 3;𝑓(𝑢𝑖𝑢𝑖′) = 𝑓(𝑣𝑖𝑣𝑖′) ← 7 
            𝑖𝑓 𝑖 ≡ 1(𝑚𝑜𝑑 2) 
                   𝑓(𝑢𝑖) ← 3; 𝑓(𝑣𝑖) ← 1 
             𝑒𝑙𝑠𝑒 
                   𝑓(𝑢𝑖) ← 4; 𝑓(𝑣𝑖) ← 2 
𝑒𝑛𝑑 𝑓𝑜𝑟 
𝑓𝑜𝑟 1 ≤ 𝑖 ≤ 𝑛 − 1 𝑑𝑜 
         𝑓(𝑢𝑖𝑣𝑖+1) = 6 
          𝑖𝑓 𝑖 ≡ 1(𝑚𝑜𝑑 2) 
                𝑓(𝑢𝑖𝑢𝑖+1) ← 1; 𝑓(𝑣𝑖𝑣𝑖+1) ← 3 
            𝑒𝑙𝑠𝑒 
                  𝑓(𝑢𝑖𝑢𝑖+1) ← 2; 𝑓(𝑣𝑖𝑣𝑖+1) ← 4 
𝑒𝑛𝑑 𝑓𝑜𝑟 
end procedure 
 
Output: Adjacent vertex distinguishing total colored of TLnAK1, for 𝑛 ≥ 3. 
 
Theorem 2.4: The graph T LnAK1 admits AV DT C and 7)( 1 =AKTLnavtχ   for n ≥ 3.  
 
Proof: By definition (1.4), we have |V (T LnAK1)| = 4n and |E(T LnAK1)| = 6n − 3. We have the  color classes for n ≥ 3, 
using algorithm (2.4) 
C(v1) = {1, 3, 5, 7}, C(u1) = {1, 3, 5, 6, 7}, C(uˈi) = {1, 7}, C(vˈi) = {3, 7} for 1 ≤ i ≤ n. 
 

C(un) =�
{1, 4, 5, 7}, if n ≡  0(mod 2)
{2, 3, 5, 7}, if n ≡  1(mod 2)

�   and  C(vn) =�
{2, 3, 5, 6, 7}, if n ≡  0(mod 2)
{1, 4, 5, 6, 7}, if n ≡  1(mod 2)

� 

 
For 2 ≤ i≤ n – 1 

C�  (ui) =�
{3}, if i ≡  0(mod 2)
{4}, if i ≡  1(mod 2)

�   and  C�(vi) =�
{1}, if i ≡  0(mod 2)
{2}, if i ≡  1(mod 2)

� 

 
Clearly, the color classes of any two adjacent vertices are different. 
       ∴   χavt(T LnAK1) = 7, n ≥ 3. 
 
Algorithm 2.5: Procedure: Adjacent vertex distinguishing total coloring of Diagonal ladder DLn, for n ≥ 3. 

Input:       V[DLn] ← 
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for 1 ≤ i ≤ n do 
f (uivi) ← 5 
if i ≡ 1(mod 2) 

f(ui) ← 3;  f(vi) ← 1 
else 

f(ui) ← 4;  f(vi) ← 2 
end for 
for 1 ≤ i ≤ n − 1 do 

f(uivi+1) ← 6;  f(ui+1vi) ← 7 
if i ≡ 1(mod 2) 

f(uiui+1) ← 1; f(vivi+1) ← 3 
else 

f(uiui+1) ← 2; f(vivi+1) ← 4 
end for 
end procedure 
 
Output: Adjacent vertex distinguishing total colored of DLn, for n ≥ 3. 
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Theorem 2.5: The Diagonal ladder DLn admits AV DTC and χavt(DLn) = 7, for n ≥ 3. 
 
Proof: The vertex set and edge set of DLnis given in the algorithm (2.5). 
 
By definition (1.5), we have |V (DLn)| = 2n and |E(DLn)| = 5n − 4. We have the color classes for n ≥ 3 
C(v1) = {1, 3, 5, 7} , C(u1) = {1, 3, 5, 6} 

 

C(un) =�
{1, 4, 5, 7}, if n ≡  0(mod 2)
{2, 3, 5, 7}, if n ≡  1(mod 2)

�   and  C(vn) =�
{2, 3, 5, 6}, if n ≡  0(mod 2)
{1, 4, 5, 6}, if n ≡  1(mod 2)

� 

 
For 2 ≤ i≤ n – 1 

C�  (ui) =�
{3}, if i ≡  0(mod 2)
{4}, if i ≡  1(mod 2)

�  and  C�(vi) =�
{1}, if i ≡  0(mod 2)
{2}, if i ≡  1(mod 2)

� 

 
Clearly, the color classes of any two adjacent vertices are different. 
∴χavt(DLn) = 7, n ≥ 3. 
 
Algorithm 2.6: Procedure: Adjacent vertex distinguishing total coloring of DLnAK1, for n ≥ 3. 
Input:     G (V [DLnAK1], E[DLnAK1]) 
for 1 ≤ i ≤ n do 

f(uivi) ← 5; f(uˈi) = f(vˈi) ← 5; f(uiuˈi) = f(vivˈi) ← 8 
if i ≡ 1(mod 2) 

f(ui) ← 3; f(vi) ← 1 
else 

f(ui) ← 4; f(vi) ← 2 
end for 
for 1 ≤ i ≤ n − 1 do 

f(uivi+1) ← 6; f(ui+1vi) ← 7 
if i ≡ 1(mod 2) 

f(uiui+1) ← 1; f(vivi+1) ← 3 
else 

f(uiui+1) ← 2; f(vivi+1) ← 4 
end for 
end procedure 
 
Output: Adjacent vertex distinguishing total colored of DLnAK1, for n ≥ 3. 
 
Theorem 2.6: The graph DLnAK1admits AV DTC and χavt (DLnAK1) = 8 for n ≥ 3. 
 
Proof: By definition (1.6), we have |V (DLnAK1)| = 4n and |E(DLnAK1)| = 7n − 4. We have  colored the graph using 
algorithm (2.6). Now the color classes for n ≥ 3, 
C(v1) = {1, 3, 5, 7, 8} , C(u1) = {1, 3, 5, 6, 8} , C(uˈi) = C(vˈi) = {5, 8}, for 1 ≤ i ≤ n 
 

C(un) =�
{1, 4, 5, 7, 8}, if n ≡  0(mod 2)
{2, 3, 5, 7, 8}, if n ≡  1(mod 2)

�   and  C(vn) =�
{2, 3, 5, 6, 8}, if n ≡  0(mod 2)
{1, 4, 5, 6, 8}, if n ≡  1(mod 2)

� 

 
For 2 ≤ i≤ n – 1 

C�  (ui) =�
{3}, if i ≡  0(mod 2)
{4}, if i ≡  1(mod 2)

�     and     C�(vi) =�
{1}, if i ≡  0(mod 2)
{2}, if i ≡  1(mod 2)

� 

 
Clearly, the color classes of any two adjacent vertices are different. 
∴χavt (DLnAK1) = 8, n ≥ 3. 
 
Remark: The adjacent vertex distinguishing total chromatic number of triangular snake and Quadrilateral snake family 
of graph has been obtained in the literature [6,7]. Also, this conjecture is true for the graphs TnAK1, DTnAK1, QnAK1 and 
DQnAK1. 
 
CONCLUSION 
 
We found the adjacent vertex distinguishing total chromatic number of family of ladder graph such as ladder graph, 
triangular ladder and diagonal ladder. We are investigating to obtain the class of graph which admits adjacent vertex 
distinguishing total coloring. 
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