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ABSTRACT
The purpose of the present paper is to introduce new subclasses of the function class of bi-univalent functions by using
Salagean operator. Furthermore, we obtain estimates on the coefficients and for functions of these subclasses. Relevant
connections of well-known results are briefly indicated.
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1. INTRODUCTION

Let A denote the class of analytic functions f () of the form

f(z):ZJrianzn (1.1)
n=2

in the unit disc y — {Z 1|z <1} and let S denote the subclass of A consisting function of the type (1.1) which are

normalized and univalent in U.

It is well known thatevery f € S has aninverse f ! defined by

f2(f(z))=2 zeU
f(f—l(w)):w, (|W|<I’0(f), ro(f)z%j,

where
f(w)=w-a,w’ +(2a —a,)w’ — (5a5 —5a,a, +a,)W* +......

A function f(z) e Ais said to be bi-univalent in U if both f(z) and f ™(z) are univalent in U . Let Y. denote
the class of bi-univalent functions in U given by the Taylor-Maclaurin series expansion (1.1). Examples of functions in

. log(1— Z),l log (H—Zj and so on.
2 1-z

the class > are ,
-Z

However, the familiar Koebe function is not a member of 2. Other common examples of functions in S such as
2
YA

Z—— and are also not members of 2.
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Lewin [3] investigated the Bi-univalent function class 2 showed that |a2| <1.5.
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Subsequently by Brannan and Clunie [1] conjectured that |a2| <42

The study of Bi-univalent functions is a recent topic of study in Geometric Function Theory. Several researchers for
example see ([5], [7], [8]) introduced the various new subclass of the bi-univalent function class 2 and obtained non

sharp bounds on the initial coefficients |a2| and |a3|.
To prove our main results, we shall require the following lemma due to [2].

Lemma 1.1: If he P then |Ck| < 2 for each K, where P is the family of all functions hanalytic in U for which

Re{h(z)}>0, h (z)=1+c,z+¢,2> +C, 2° +.......for z€U.
2. MAIN RESULT

Definition 2.1: A function f ( yA ) given by (1.1) is said to be in the class R¥  if the following conditions are satisfied
f €2 and

n+1
arg(%(z)j‘<%(ZEU,0<a31) (2.1)

n+1
arg(D%(V\/)j‘<a—;(WeU,0<asl) (2.2)

where the function g is given by
g(w)=w-a,w +(2a; —a, )W’ —(a; —5a,a; +a, )W' +..... (2.3)
and D" stands for the differential operator introduced by Salagean [6].

We first state and prove the following result.

Theorem 2.1: Let f (Z) given by (1.1) be in the function class RS, Then

2 (3n+1a + 22n+1 )

|a2| S a\/a3n+1 + (1_ a)22n+1 and |a3| < 2a 3n+1.22n+1 (24)
Proof: We can write the argument inequalities in (2.1) and (2.2) equivalently as follows:

Dn+1f 7 u Dn+1 w "

DI (2 rand 29 o (wyy, 23
respectively, where Q(z) and L (W) satisfy the following inequalities

R{Q(z)}>0(zeU)and R{L(w)}>0(weU)

(2.6)
Furthermore, the functionsQ(z ) and L (W) have the forms:

Q(z)=1+cz+cC 2% +...... (2.7)
and

L(w)=1+kw+L,w +.... (2.8)

n+l n+1

respectively. Now, equating the coefficients of %(Z) with [Q( yA )]“ and the coefficient of m
with [L(w)]"

2"™a, =ac, (2.9)

3"a,=ac, + @cf (2.10)
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-2"a,=al, (2.12)
ala-1
3m (2a22 —a, ): al, +le (2.12)
From (2.9) and (2.11), we get
¢ =-h
and
2"%al = a? (17 +¢f) (2.13)

Also, from (2.10), (2.12) and (2.13), we find that
ala-1
2(3")af =a(l, + 02)+¥(If +cf)

Therefore, we have
o
a: = L +c
2 2(a3n+l+(1_a)22n+1)( 2 2)

Which, in conjunction with the following well-known inequalities (see [2], page 41)
|c;| <2 and |I,| <2,

gives us the desired estimate on |6l2 | as asserted in (2.4).

Next, in order to find the bound on|a3| by subtracting (2.12) from (2.10), we get
a(a-1 a(la-1
Upon substituting the values of a22 from (2.13) and observing that

¢t =12

It follows that

@ (e, 1)

a3 2( 3n+1 )

= 4n+l

The familiar inequalities (cf. [2], page 41)
|c,| <2 and |I,|<2

would now yield

n+1 2n+1
YU SR CAChli

| a3 | < 4+ o 2( 3n+l ) 3n+1.22n+l

This completes the proof of Theorem 2.1.

3. COEFFICIENT BOUNDS

Coefficient Bounds for the function class Ry , (/)
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Definition 3.1: A function f (Z) given by (1.1) is said to be in the class Ry () (0 < S <1) if the following

conditions are satisfied f € 2 and

R WJ>’B(WEU’OSﬂ<l)’ (3.1)
R MJ>IB(WEU,O<IB<1), (3.2)

where the function g is given by (2.3).

Theorem 3.1: Let f (Z) given by (1.1) be in the function class Ry ,(B) (0 < S <1). Then

20-p
3n+l

|a3|s(1_ﬂ{2]2-n +3r12+1 _ﬂj

Proof: First of all, the argument inequalities in (3.1) and (3.2) can easily be rewritten in their equivalent forms:

D@ pra-po) ad 8 _piaopyiw), 69

22 <

and

respectively, where Q(z) and L (W) satisfy the following mequalltles
R{Q(z)}>0(zeU)and R{L(w)}>0(weU) (3.4)

Moreover, the functions Q( z ) and L (W) have the following forms:

Q(z)=14CZ+CZ% + e, (3.5)
and
L(w)=1+kw+ LW +........... , (3.6)

As in the proof of Theorem 2.1, by suitably comparing coefficient, we get

2"a, =(1-p)q 3.7)
3"a, =(1-B)c, (3.8)
—2"a, =(1- B (3.9)
3" (2a) —a5)=(1- ), (3.10)
From (3.7) and (3.9), we get
¢, =-h
and
22%a2 = (1- ) (12 +¢?) (3.11)

Also, from (3.8) and (3.10), we find that

2(3n+1)a22 =3"a, +(1-B), =(1-B)c, +(1- B)l, =(1- B)(c, +1,). (3.12)

Therefore, we have
1-4 1-4 2 1-p
( )(||2|+|C2|) ( ) ( )

|a‘2 | = 3n+l (3n+1 ) - (3n+l )

This gives the bound on |a, |, as asserted in (3.3).
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Next, in order to find the bound on |a3 | , by subtracting (3.10) from (3.8), we get

2(3n+1a3 -3"a] ) =(1-8)(c, - 1,),

which, upon substituting the values of a§ from (3.11), yields

2(3n+l)a3 :%(1_ﬂ)2(|12 +C12)+(1_ﬂ)(cz _IZ),

This last equation, together with the well-known estimates:

lc.|<2,|L]<2]c,|<2and,|l,|<2

would lead us to the following inequality:

2(3"")ay :23;—:2(1—[3)2.8+(1—ﬂ).4.

Therefore, we have

2l < (@-5) gt g )

This completes the proof of theorem 3.1.

Remarks 1: If we put n = 0 then we obtain the corresponding results of Srivastava et.al [7].
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