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ABSTRACT 
The department of fuzzy group automata in monads (in twin form) is introduced. A monad of extensional fuzzy sets in 
sets with parallel relations and a monad of fuzzy objects in spaces with fuzzy partitions is introduced and relationships 
between fuzzy automata in sets with the parallel relation or in spaces with fuzzy partitions, on one hand, and fuzzy type 
automata in corresponding monads, on the other, are investigated. 
 
Keywords: Fuzzy Automata; Fuzzy morphism; Fuzzy states; Fuzzy Partitions; Fuzzy SPACE FP; Fuzzy Power set and 
Fuzzy algebra. 
 
 
INTRODUCTION 
 
A view of fuzzy automata was introduced by several Authors and, move over several further generalizations of this  
notion appeared which seem to cover almost all known types of fuzzy and standard automata, including 
nondeterministic automata. On the other hand legal attempts still appear to extend various definitions of fuzzy automata 
in a way which could cover at least various value lattices of fuzzy set or existing special types of automata. In that way 
new variants of fuzzy automata have been proposed in different applications and different generalizations. It very early, 
categorical theory has been used to describe efficiently constructions in automata theory. It has led to a great 
development of studying automata using departmental methods. Monads over a department have been used in fuzzying 
mathematical objects, especially automata. The twin form of a category K is most suitable in this direction and 
empresses as basic idea of a fuzzyfication. The idea of using monads for fuzzyfication is based on extension of objects 
𝑿 of a department K to another object (𝑋) ∈  |𝑲|, which may be regarded as an object of a  “ Twin of fuzzy stages” 
with a morphism  𝜂:𝑋 → 𝑇(𝑋), representing " twin " states in the object of " fuzzy states ". Then a "fuzzy morphism"  
𝑓:𝑋 → 𝑌 is simply a morphism 𝑓:𝑋 → 𝑇(𝑌) in the department K and a composition of fuzzy morphisms is defined by 
a special operation ◊. The result of these constructions is a triple T = (T,, η), which is known as fuzzy theory and which, 
in fact, is a monad or algebraic theory in a twin form. A system of objects of a department K with fuzzy morphisms and 
a composition ◊ of fuzzy morphisms is then a Kle isli category in the category K. Kleisli department was firstly used in 
definitions of non-deterministic automata by Manes and Arbib and also extended to the case of Q – valued fuzzy 
automata, with Q – valued transition function X × ∑→T(X) from states and inputs to fuzzy states. The manuscripts 
continue in the development of automata theory in monads in twin form. The definition of T – automaton, Where T is a 
monad in twin form in a department K and also a department Aut K (T) of T – automata and prove that classically 
defined departments of non-deterministic automata and Q – valued fuzzy automata and newly defined and departments 
of automata defined in spaces with fuzzy partitions are isomorphic to departments Aut set (T), for appropriate monads 
T in the department of set. 
 
PRELIMINARIES 
 
Q denotes a complete residuated lattice. The category set (Q) with objects Q-sets, i.e., couples (A, δ), where A is set 
and δ is a Q-valued similarity relation in A and with  morphism f:(A, δ)→(B, γ) defined as a map f:A→B , such that      
γ(f(x),f(y) ) ≥ δ( x, y), for all x, y ∈A. Within morphisms in the category Set (Q), we will are extensional fuzzy sets in 
(A, λ).  Let F (A, λ) be the set of all extensional fuzzy sets in (A, λ). Then F: Set (Q) → Set is a covariant functor. The 
Definition of Space FP, which is based on Q-valued fuzzy partitions.  
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Definition I: Let X be a set. A system A = {𝐴𝜆: 𝜆 ∈   }of normal Q – valued fuzzy sets in X is a fuzzy partition of X, if 
{𝑐𝑜𝑟𝑒 (𝐴𝜆): 𝜆 ∈   } is a partition of X. A pair (𝑋,𝐴) is called a space with fuzzy partition. The index set of 𝐴  will be 
denoted by |𝐴| .Now introduced the category Space FP of spaces with fuzzy partitions. 
 
Definition II: The category Space FP is defined by a) Fuzzy partitions (𝑋,𝐴), as objects, b) Morhisms (𝑔,𝜎) : 
(𝑋, { 𝐴𝜆: 𝜆 ∈   }) → (𝑌, {𝐵 :  ∈ 𝛺 }, such that i) 𝑔:𝑋 → 𝑌 𝑖𝑠 𝑎 𝑚𝑎𝑝,  ii) 𝜎:  → 𝛺 𝑖𝑠 𝑎 𝑚𝑎𝑝, iii) ∀ 𝜆 ,  𝐴𝜆(x)≤   𝐵 𝜎(𝜆)(g(x)), 
for each 𝑥 ∈ 𝑋. c) The composition of morphisms in Space FP is defined by (ℎ,𝒯)𝑜(𝑔,𝜎) = (ℎ 𝑜 𝑔,𝒯 𝑜 𝜎). 
 
We have to prove that there exists a full and Faithfull functor :𝑆𝑒𝑡(𝑄) ↪ 𝑺𝒑𝒂𝒄𝒆𝑭𝑷. If ↔ is a bi-residuum operation in 
Q, then (𝑄,↔). It can be |𝑆𝑒𝑡(𝑄)| and put (𝑄,𝒬) = 𝐼(𝑄,↔). It can be proved that |𝒬| = 𝑄. By 𝑅(𝑋,𝐴). We denote the 
set of all fuzzy sets 𝑓:𝑋 → 𝑄, for which there exists a fuzzy set [f]: |𝐴| → 𝑄,such that (𝑓, [𝑓]: (𝑋,𝐴) → (𝑄,𝒬) is a 
morphism in Space FP. To prove that for any space with a fuzzy partition (𝑋,𝐴) it is possible to construct two Q-sets 
�𝑋, 𝛿𝑋,𝐴� and �|𝐴|,𝜌𝑋,𝐴�, with similarity relations called characteristic similarity relations of (𝑋,𝐴), such 𝑓 ∈ 𝑅(𝑋,𝐴) 
iff f is an extensional fuzzy set with  𝛿𝑋,𝐴 respectively. 
 
MONADS IN SOME CATEGORIES 
 
Now Bring to mind the definitions and basic properties of monads (in twin form) and we also all some basic facts about 
these structures. We recall examples of the monad ( in twin form )  P based on the classical power set functor 𝑃: 𝑠𝑒𝑡 →
𝑠𝑒𝑡, such that P(𝑋) =  2𝑋, and the monad ( in twin form ) Z, based on the Zadeh’s power set functor Z : 𝑠𝑒𝑡 → 𝑠𝑒𝑡, 
such that Z (𝑋) =  𝑄𝑋, where Q is a complete residuated lattice. Moreover, in the departments Set (Q) and Space FP to 
construct new monads (in twin form), based on power set functors F and R. 
 
Definition III: If T = (T, ◊ , 𝜂) is an monad (is twin form) (or algebraic theory) in a category K, then the following 
conditions are satisfied: 
(1) 𝑇: |𝐾| → |𝐾| is an object function, 
(2) 𝜂  is a system of K-morphism 𝜂𝐴:𝐴 → 𝑇(𝐴), for any object A, 
(3) For each pair of K-morphisms 𝑓:𝐴 → 𝑇(𝐵),𝑔:𝐵 → 𝑇(𝐶), there exists a composition 𝑔 ◊ f: A → T(C),which is 

associative, 
(4) For every K-morphism 𝑓:𝐴 → 𝑇(𝐵), 𝜂𝐵 ◊ f = f , 
(5) ◊ is compatible with composition o of morphisms of K, i.e., for each K-morphisms 𝑓:𝐴 → 𝐵,𝑔:𝐵 → 𝑇(𝐶), we 

have 𝑔 ◊ (𝜂𝐵o f) = g o f. 
It should be noted that if ( T, ◊ , 𝜂 ) is a monad ( in twin form ) in a category K, then 𝑇: |𝐾| → |𝐾| is a functor, such 
that for each morphism 𝑓:𝐴 → 𝐵, 𝑇(𝑓) = (𝜂𝐵o f) ◊ 1T(A). Moreover, 𝜂 represents identities on both sides for ◊, 
that is, for each 𝐴 → 𝑇(𝐵), 𝜂𝐵 ◊ f = f, f ◊ 𝜂𝐴=f. In that case 𝜂: 1𝐾 → 𝑇 is a natural transformation. 

 
After that, the following object functions of power set fuzzy objects functors 𝐾 → 𝑆𝑒𝑡.  
(1) K = Set, P(A) = 2A , A∈ |𝑆𝑒𝑡|, 
(2) K = Set, Z(A) = QA , A∈ |𝑆𝑒𝑡|, 
(3) K = Set(Q), F(A,𝛿) =  Hom  Set(Q) ((A,𝛿), (𝑄,↔)), (A,𝛿) ∈ |𝑆𝑒𝑡(𝑄)|, 
(4) K = Space FP, 𝑅(𝑋,𝐴) Hom  Space FP ((𝑋,𝐴) → (𝑄,𝒬), (𝑋,𝐴) ∈ |𝑆𝑝𝑎𝑐𝑒 𝐹𝑃|. 

For these object functions in a category K we provide monads in K. Algebraic theories corresponding to functors P 
and Z were introduced in many previous papers, recall,e.g., 

 
Proposition I: Let P = (P, ◊ , 𝜂 ) be a structure, such that 
(1) For each 𝑋 ∈ |𝑆𝑒𝑡|,𝑃(𝑋) = 2𝑋 , 
(2) For each 𝑋 ∈ |𝑆𝑒𝑡|, define 𝜂𝑋:𝑋 → 𝑃(𝑋) by 𝜂𝑋(𝑥) = {𝑥}. 
(3) For each 𝑓:𝑋 → 𝑃(𝑌),𝑔:𝑌 → 𝑃(𝑍), define 𝑔 ◊ f: X → P(Z), by (𝑔 ◊ f)(x) = ⋃ g(y).y∈f(x)  
Then P is a monad ( in dual form ) in the department Set. 
In that case, P : 𝑠𝑒𝑡 → 𝑠𝑒𝑡  is a factor, such that for any 𝑓:𝑋 → 𝑌  in Set, 𝑓𝑃→ = 𝑃(𝑓):𝑃(𝑋) → 𝑃(𝑌)  is defined by 
𝑓𝑃→ (𝑆) ≔ (𝜂𝑌 𝑜𝑓) ◊ 1R(X) = f(S). 
 
Proposition II: Let Z = (Z, ◊, 𝜒) be a structure, such that 
(1) For each  𝑋 ∈ |𝑆𝑒𝑡|, 𝑍 : |𝑠𝑒𝑡| → |𝑆𝑒𝑡| is defined by 𝑍(𝑋) =  𝑄𝑋 , 
(2) For each 𝑋 ∈ |𝑆𝑒𝑡|, (𝜒𝑋):𝑋 → 𝑄𝑍 is a characteristic map 𝑋 → 𝑄 𝑜𝑓 {𝑥} in X, 
(3) For each 𝑓:𝑋 → 𝑄𝑍  𝑏𝑦  [(𝑔 ◊ f)(x)](z) = ⋁ (f(x)(y)  ⊗ �g(y)�(z).y∈Y  Then Z is a monad (in dual form) in a 

category Set. In that case, 𝑍  : |𝑠𝑒𝑡| → |𝑆𝑒𝑡|  is a functor, such that for each morphism 𝑓:𝑋 → 𝑌  in Set,               
𝑓𝑍→ = 𝑍(𝑓) = (𝜒𝑌 𝑜 𝑓) ◊ 1Z(x): 𝑄𝑋 → 𝑄𝑌 is defined by 𝑓𝑍→(𝑠)(𝑦) = ⋁ 𝑠(𝑥).𝑥∈𝑋,𝑓(𝑥)=𝑦  
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Next Introduce a monad (in dual form) F in the category Set (Q), based on the object function of a power set of 
extensional fuzzy sets object functor 𝐹: 𝑆𝑒𝑡(𝑄) → 𝑆𝑒𝑡, defined by 𝐹(𝑋, 𝛿) = {𝑠 ∈ 𝑄𝑋 : s is extensional with respect to 
𝛿}, and for each morphism 𝑓: (𝑋, 𝛿) → (𝑌, 𝛾),𝐹(𝑓)(𝑠)(𝑦) =  ⋁ s(x)  ⊗γ(f(x), y).x∈  
 
Proposition III: Let 𝐹 = (ℱ, ◊, 𝜂) be a structure, such that  
(1) ℱ: |𝑆𝑒𝑡(𝑄)| → |𝑆𝑒𝑡(𝑄)| is defined by ℱ(𝑋, 𝛿) = (𝐹(𝑋, 𝛿).𝜎(𝑋, 𝛿), where the similarity relation 𝜎 is defined by 

𝜎(𝑋,𝛿)(𝑠, 𝑡) = ⋀ 𝑠(𝑥) ↔ 𝑡(𝑥),𝑥∈𝑋  for each 𝑥, 𝑡 ∈ 𝐹(𝑋, 𝛿), 
(2) For each (𝑋, 𝛿) ∈ |𝑆𝑒𝑡(𝑄)|, 𝜂(𝑋,𝛿): (𝑋, 𝛿) → ℱ(𝑋, 𝛿) is defined by 𝜂(𝑋,𝛿)(𝑎)(𝑥) = 𝛿(𝑎, 𝑥), for each 𝑎, 𝑥 ∈ 𝑋, 
(3) For each 𝑓: (𝑋, 𝛿) →  ℱ(𝑌, 𝛾), for each 𝑔; (𝑌, 𝛾) → ℱ(𝑍,𝜔)𝑖𝑛 𝑆𝑒𝑡(𝑄),𝑑𝑒𝑓𝑖𝑛𝑒 𝑔 ◊ f: (X, δ) →  ℱ(𝑍,𝜔) 

 𝑏𝑦 [(𝑔 ◊ f)(x)](z) = ⋁ � f(x)�(y) ⊗ (g(y)(z).y∈Z  
        Then F is a monad (in dual form) in the department Set (Q). 
 
Next to construct a new monad (in dual form) in the department Space FP, which is based on the object function 
𝑅(𝑋,𝐴). To begin with a definition of the structure 𝑅 = (𝓡, ,𝒗). Let (𝑋,𝐴) be a set with a fuzzy partition and let 𝜎𝑋,𝐴 
be a fuzzy relation on 𝑅(𝑋,𝐴)  defined by 𝜎(𝑋,𝐴)(𝑠, 𝑡) = ⋀ 𝑠(𝑥) ↔ 𝑡(𝑥),𝑥∈𝑋  for each 𝑠, 𝑡 ∈ 𝑅(𝑋,𝐴).  Then 𝜎𝑋,𝐴  is a 
similarity relation on 𝑅(𝑋,𝐴) and we can consider a space with a fuzzy partition �𝑅(𝑋,𝐴),𝐶𝜎(𝑋,𝐴)� = 𝐼(𝑅(𝑋,𝐴),𝜎(𝑋,𝐴). 
It is clear that �𝐶𝜎(𝑋,𝐴)� = 𝑅(𝑋,𝐴) 𝑎𝑛𝑑  

  
𝐶𝜎(𝑋,𝐴)

=   �𝐶𝑓
𝑋,𝐴: 𝑓 ∈ 𝑅(𝑋,𝐴)� 𝑤ℎ𝑒𝑟𝑒 𝐶𝑓

𝑋,𝐴(𝑔) =  𝜎𝑋,𝐴 (𝑓,𝑔).  
 

𝐀𝐔𝐓𝐎𝐌𝐀𝐓𝐀 𝐈𝐍 𝐌𝐎𝐍𝐀𝐃𝐒 
 
We introduce a notion of a T-automaton in a category K, where T is a monad ( in dual form ) in a department K and we 
construct several examples of T-automata for different monads and departments. Moreover, for a monad T we 
introduce the department 𝐴𝑢𝑡𝐾[𝑇] of T-automata and we prove for various monads T, that this category is isomorphic 
to traditionally defined departments of non-deterministic automata, Q-valued fuzzy automata, newly defined 
departments of automata in sets with similarity relation, or automata in spaces with fuzzy partitions. We also introduced 
a department Monad of monads in various departments and we show that any morphism in Monad generates a functor 
between corresponding departments of T-automata. 
 
The idea to use monads (in dual form), or Kleisli departments in automata theory is not new. Kleisli department was 
firstly used in definitions of non-deterministic automata by Manes and Arbib and also extended to the case of Q-valued 
fuzzy automata, with Q-valued transition function 𝑋 x ∑ → 𝑇(𝑋) from states and inputs to fuzzy states. 
 
Definition IV.1: Let K be a category and let T = (T, ◊, 𝜂) be a monad ( in dual form ) in K. Then a T-automaton in a 
department K is a system ( S,(M,*)𝛿) , such that 
1)  𝑆 ∈ |𝐾| ,  
2)  (M ,* ) is a monoid,  
3)  𝛿: (𝑀,∗) → (𝐻𝑜𝑚𝐾�𝑆,𝑇(𝑆)�, ◊) is a monoid homomorphism, i.e., 

𝑖) for each 𝑚 ∈ 𝑀, 𝛿(𝑚): 𝑆 → 𝑇(𝑆) is a morphism in K, 
𝑖𝑖)  𝛿(1𝑀) =  𝜂𝑆, iii) for each 𝑚,𝑛 ∈ 𝑀, 𝛿(𝑚 ∗ 𝑛) = 𝛿(𝑛) ◊𝛿(𝑚). 

Remember that if T is monad ( in dual form ) , then T is a function, such that for each morphism  
𝑓:𝐴 → 𝐵,𝑇(𝑓) = (𝜂𝐵𝑜 𝑓) ◊1𝑇(𝐴). To classify a department of T-automata in a department K. 

 
𝐃𝐞𝐟𝐢𝐭𝐢𝐨𝐧 𝐈𝐕.2: Let T = (T, ◊ ,  𝜂) be a monad ( in dual form ) in a department K. Then the category 𝐴𝑢𝑡𝐾[𝑇] of T-
automata in a department K is defined by 
(𝟏) Objects of 𝐴𝑢𝑡𝐾[𝑇] are t-automata (S, (M,*)𝛿) in K, 
(𝟐) Morphisms (𝑓,𝛼): ( S, (M,∗)𝛿) → (R, (N,×),ω ) are defined by  

a)  morphisms 𝑓: 𝑆 → 𝑅 𝑖𝑛 𝐾, 
b) Morphisms 𝛼: (𝑀,∗),→  (N,×) of monoids, 
c) For each 𝑚,∈ 𝑀, the commutative diagrams: 

𝑆    
     𝛿  (𝑚)
�⎯⎯⎯⎯�         𝑇(𝑠) 

                                  𝑓                              𝑇(𝑓) = (𝜂𝑅𝑜 𝑓) ◊1𝑇(𝑆). 

  R       
𝜔(𝛼(𝑚))
�⎯⎯⎯⎯�           𝑇(𝑅). 

d) Composition of morphisms is defined by compositions of corresponding parts of morphisms. 
 
Lemma IV.1: 𝐴𝑢𝑡𝐾[𝑇] is a category. 
The examples of T-automata in the following well known types of automata, including non-deterministic automata and 
Q-valued fuzzy automata are, in fact, T-automata for some monad ( in dual form ) T and some departments. Moreover, 
we introduce new fuzzy type automata defined in spaces with fuzzy partitions and prove that also these new types of 
fuzzy automata are T-automata for some monads and categories. 
 
 



M Suresh Babu1,*, E. Keshava Reddy2 / Departments of Fuzzy Group Automata in Monads / IJMA- 9(2), Feb.-2018. 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                       132  

 
1)  Non-deterministic automata: Let set be the category of sets with maps as morphisms. Recall firstly, that a system 
( S, (M,∗)𝑑)  is a non-deterministic automaton over a monoid (M,*), if 𝑆 ∈ |𝑆𝑒𝑡|  and 𝑑: 𝑆 × 𝑀 → 2𝑆  is a non-
deterministic transition function, such that 
i) ∀𝑥 ∈ 𝑋,𝑑(𝑥, 1𝑀) = {𝑥}, 
ii) ∀𝑚,𝑛 ∈ 𝑀, 𝑥 ∈ 𝑆,𝑑(𝑥,𝑚 ∗ 𝑛) = ⋃ 𝑑(𝑦,𝑛).𝑦∈𝑑(𝑥,𝑚)  
 
The stands for department of non-deterministic automata with morphisms  
(𝑓,∝): (S, (M,∗)𝑑) → (𝑅, (𝑁,×), ℎ), 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 
i) 𝑓: 𝑠 → 𝑅 is a map and ∝: (𝑀,∗) → (𝑁,×) is a monoid homorphism, 
ii) 𝑓𝑜𝑟 𝑒𝑎𝑐ℎ 𝑥 ∈ 𝑆,𝑚 ∈ 𝑀, 𝑓�𝑑(𝑥,𝑚)� = ℎ�𝑓(𝑥),∝ (𝑚)�. Then the following proposition holds. 
 
𝐏𝐫𝐨𝐩𝐨𝐬𝐢𝐭𝐢𝐨𝐧 𝐈𝐕. 𝐈: Let P = (P, ◊ , 𝜂) be the monad (in dual form) from proposition. Then the departments Non-
deterministic automata 𝐴𝑢𝑡𝑆𝑒𝑡|𝑃| are isomorphic. 
 
𝟐) Q-Valued fuzzy automata: Let Q be a complete residuated lattice. Recall that (𝑆, (𝑀,∗),𝑑) is a (Q-valued) fuzzy 
automaton over a monoid (M,*), If S∈ |𝑆𝑒𝑡| and 𝑑: 𝑆 × 𝑀 × 𝑆 → 𝑄 is a fuzzy transition function, such that  

(𝐢) For each𝑠, 𝑡 ∈ 𝑆,𝑑(𝑠, 1𝑀 , 𝑡) = �
1𝑄    𝑖𝑓 𝑎𝑛𝑑 𝑜𝑛𝑙𝑦 𝑖𝑓 𝑠 = 𝑡
𝑂𝑄    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒               

�  

(𝐢𝐢) For each 𝑠, 𝑡 ∈ 𝑆,𝑚,𝑛 ∈ 𝑀,𝑑(𝑠,𝑚 ∗ 𝑛, 𝑡) = ⋁ 𝑑(𝑠,𝑚, 𝑥)𝑥∈𝑠 ⊗ d(x, n, t). 
 
By  Fuzzy we denote the department of Q-valued fuzzy automata with morphisms (𝑓,∝): (𝑆,𝑀,∗),𝑑) → (𝑅, (𝑁,×), ℎ), 
such that 
(i) ∝: (𝑀,∗) → (𝑁,×) is a monoid homomorphism, 
(ii) 𝐹or each 𝑠 ∈ 𝑆, 𝑟 ∈ 𝑓(𝑠) ⊆ 𝑅,𝑚 ∈ 𝑀, ℎ(𝑓(𝑠),∝ (𝑚), 𝑟) = ⋁ 𝑑(𝑠,𝑚, 𝑥)𝑥∈𝑆,𝑓(𝑥)=𝑟  holds. 
 
Proposition IV.2: Let Z = (Z, ◊, 𝜂) be the monad (in twin form) in the department Set, then the departments Fuzzy and 
𝐴𝑢𝑡𝑆𝑒𝑡|𝑍| are isomorphic. 
 
Definition IV.3: ((𝑆, 𝜏), (𝑀,∗),𝑑) is a (Q-valued) automaton in a set with similarity relation, if 
(i) (𝑆, 𝜏) ∈ |𝑆𝑒𝑡(𝑄)|, (𝑀,∗) is a monoid, 
(ii) 𝑑: 𝑆 × 𝑀 → 𝐹(𝑆, 𝜏), such that  
             𝑎)  For each 𝑠, 𝑥 ∈ 𝑆,𝑑(𝑠, 1𝑀)(𝑥) = 𝜏(𝑠, 𝑥), 
            𝑏)  For each 𝑠, 𝑡 ∈ 𝑆,𝑚,𝑛 ∈ 𝑀,𝑑(𝑠,𝑚 ∗ 𝑛)(𝑡) = ⋁ 𝑑(𝑠,𝑚)(𝑥)𝑥∈𝑠 ⊗ d(x, n)(t), 
            𝑐)  For each 𝑠, 𝑡, 𝑥 ∈ 𝑆,𝑚 ∈ 𝑀, 𝑑(𝑠,𝑚)(𝑥) ⊗ τ(s, t) ≤ d(t, m)(x).  
 
By  Similarity we denote the category of automata in sets with similarity relations with morphisms  
(𝑓,∝): ((𝑆, 𝜏), (𝑀,∗),𝑑) → �(𝑅, 𝛾), (𝑁,×), ℎ�, such that 
(i) 𝑓: (𝑆, 𝜏) → (𝑅, 𝛾) is a morphism in the department Set(Q), 
(ii) ∝: (𝑀,∗) → (𝑁,×) is a monoid homorphism, 
(iii) For  𝑠 ∈ 𝑆, 𝑟 ∈ 𝑅,𝑚 ∈ 𝑀,⋁ 𝑑(𝑠,𝑚)(𝑥𝑓)𝑥∈𝑆 ⊗ γ ( f(x), r) = h�f (s),∝ (m)�(r) holds. 
 
Proposition IV.3: Let 𝑭 = (ℱ, ◊, 𝜂) be the monad (in twin form) in the department Set (Q), Then the department 
Similarity and 𝐴𝑢𝑡𝑆𝑒𝑡(𝑄)|𝑭| are isomorphic. 
 
Proof: A functor ∏: 𝑆𝑖𝑚𝑖𝑙𝑎𝑟𝑖𝑡𝑦 →𝐴𝑢𝑡𝑆𝑒𝑡(𝑄)|𝑭| is defined by  
(i) For ((𝑆, 𝜏), (𝑀,∗),𝑑) ∈ |𝑆𝐼𝑀|,∏�(𝑆, 𝜏), (𝑀,∗, )𝑑) = ((𝑆, 𝜏), (𝑀,∗), 𝛿� 
       where 𝛿: (𝑀,∗) → ( ℱ(𝑆, 𝜏)(𝑆,𝜏), ◊) is defined by �𝛿(𝑚)(𝑠)(𝑡)� = 𝑑(𝑠,𝑚)(𝑡), 𝑠, 𝑡 ∈ 𝑆,𝑚 ∈ 𝑀. 
(ii) For a morphism (𝑓,∝): ((𝑆, 𝜏), (𝑀,∗),𝑑) → ((𝑅, 𝛾), (𝑁,×), ℎ) in SIM,∏(𝑓,∝) ≔ (𝑓,∝). 
       From the property (ii) © in definition IV.3, It follows, that 𝛿(𝑚): (𝑆, 𝜏) →  ℱ(𝑆, 𝜏) = (𝑆, 𝜏),𝜎(𝑆,𝜏)) is a morphism 

in Set(Q), and 𝛿(1𝑀)(𝑠)(𝑥) = 𝑑(𝑠, 1𝑀)(𝑥) = 𝜏(𝑠, 𝑥) = 𝜂(𝑠,𝜏)(𝑠)(𝑥).  Since 𝛿(𝑚 ∗ 𝑛)(𝑠)(𝑡) = 𝑑(𝑥,𝑚 ∗ 𝑛)(𝑡) =
⋁ 𝑑(𝑠,𝑚)(𝑥)𝑥∈𝑆 ⊗ d(x, n)(t) = (δ(n) ◊𝛿(𝑚)(𝑠)(𝑡), 𝛿(𝑚) is a monoid homomorphism. 

       For ∏�(𝑅, 𝛾), (𝑁,×), ℎ� = �(𝑅, 𝛾), (𝑁,×),𝜔�, we have  
𝐹(𝑓)(𝛿(𝑚)(𝑠)(𝑟) = (𝜂(𝑅,𝛾)𝑜𝑓)  ◊ 1𝐹(𝑆,𝜏)(𝛿(𝑚)(𝑠)(𝑟) = ⋁ 𝛿(𝑚)(𝑠)(𝑥)𝑥∈𝑆 ⊗ γ(f(x), r = ⋁ ℎ�𝑓(𝑠),∝ (𝑚)�(𝑟),𝑥∈𝑆  
and it follow that ∏(𝑓,∝) is a morphism in 𝐴𝑢𝑡𝑆𝑒𝑡(𝑄)|𝑭|. Hence, ∏ 𝑖𝑠 a functor and it could be verified easily that 
∏ 𝑖𝑠 an isomorphism. 
4. Automata in spaces with fuzzy partitions: Spaces with fuzzy partitions represent new ground category for 

some mathematical constructions and applications. These structures generalize classical sets and also sets with 
similarity relations and it is natural to define automata theory in these structures. 

 
 
 



M Suresh Babu1,*, E. Keshava Reddy2 / Departments of Fuzzy Group Automata in Monads / IJMA- 9(2), Feb.-2018. 

© 2018, IJMA. All Rights Reserved                                                                                                                                                                       133  

 
Definition IV.4: A system ((𝑆,𝐴), (𝑀,∗),𝑑) is called a (Q – valued) automaton in a space with a fuzzy partition, if 
1)  (𝑆,𝐴) ∈ |𝐒𝐩𝐚𝐜𝐞 𝐅𝐏| is a space of automata states, 𝐴 = {𝐴𝜆: 𝜆 ∈∧}, 
2)  (𝑀,∗) is a monoid of inputs, 
3)  𝑑: 𝑆 × 𝑀 → 𝑅(𝑆,𝐴) is a map, such that  

𝑖) 𝑑(𝑠, 1𝑀) = 𝛿𝑆,𝐴 , where 𝛿𝑆,𝐴  is the characteristic similarity relation of (𝑆,𝐴), 
𝑖𝑖)  For each 𝑠, 𝑡 ∈ 𝑆,𝑚,𝑛 ∈ 𝑀,𝑑(𝑠,𝑚 ∗ 𝑛)(𝑡) = ⋁ 𝑑(𝑠,𝑚)(𝑥)𝑥∈𝑆  ⊗𝑑(𝑥,𝑛)(𝑡), 
𝑖𝑖𝑖) For each 𝑠, 𝑥 ∈ 𝑆, 𝑠′ ∈ 𝑐𝑜𝑟𝑒(𝐴𝜆),𝑚 ∈ 𝑀,𝑑(𝑠,𝑚)(𝑥) ⊗𝐴𝜆(𝑠) ≤ 𝑑(𝑠′,𝑚)(𝑥). 

        From the condition (iii) it follows 
iii) For each 𝜆 ∈∧ , 𝑠, 𝑠′ ∈ 𝑐𝑜𝑟𝑒(𝐴𝜆),𝑑(𝑠,𝑚) = 𝑑(𝑠′𝑚). 
By Automaton Space FP we denote the department with Q – valued automata in spaces with fuzzy partitions as 
objects and with morphisms.  
(𝑓,𝑢,∝): �(𝑆,𝐴), (𝑀,∗),𝑑� → ((𝑅,ℬ), (𝑁,×), ℎ) defined by 
𝑖)    (𝑓,𝑢): (𝑆,𝐴) → ( 𝑅,ℬ) a morphism in the department Space FP, 
ii) ∝: (𝑀,∗) → (𝑁,×) a monoid homomorphism, 
iii) For each 𝑠 ∈ 𝑆, 𝑟 ∈ 𝑅,𝑚 ∈ 𝑀, ℎ�𝑓(𝑠),∝ (𝑚)�(𝑟) = ⋁ 𝑑(𝑠,𝑚)(𝑥)𝑥∈𝑠 ⊗ δℛ,ℬ(f(x), r). 

       Then the following proposition holds. 
 
Proposition IV.4: Let 𝑅 = (ℛ, , 𝑣) be the monad (in twin form) in the category SpaceFP, Then the categories 
Automaton Space FP and 𝐴𝑢𝑡𝑺𝒑𝒂𝒄𝒆𝑭𝑷 [R] are isomorphic. In this section we introduce an extended version of a monad 
morphism and introduce a department of monads Monad. It is prove that for any morphism of monads 𝐑 → 𝐒 in 
departments C, D respectively, there exists a functor 𝑨𝒖𝒕𝑪[𝑹] → 𝑨𝒖𝒕𝑫[𝑹]. This construction allows us to show that 
there exist functions among various departments of fuzzy automata. A notion of a monad morphism was introduced in 
various papers. We need a modified version of that morphism, which will allow to define in a tangible way a morphism 
between corresponding Kleisli departments. Once Recall a definition of Klesili Department 𝐂𝐓, defined by a monad ( in 
dual form ) 𝑇 = (𝑇, ◊ , 𝜂)be a monad ( in twin form ) in C. Then the Kleisli department 𝐂𝐓 of T is defined by 
1) |𝐂𝐓| =|C| , 
2)     𝐹𝑜𝑟 any objects 𝑎, 𝑏 ∈ |𝐶|,𝐻𝑜𝑚𝐂𝐓(𝑎, 𝑏) = 𝐻𝑜𝑚𝐾(𝑎,𝑇𝑏). Morphisms in 𝐂𝐓 are denoted by 𝑎 ⇝ 𝑏. 
3)     A composition of morphisms 𝑓: 𝑎 ⇝ 𝑏,𝑔:𝑏 ⇝ 𝑐 𝑖𝑠 𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 𝑔◊f. 

Let T = (T, ◊, 𝜂) and R = (ℛ, , 𝜇) be monad ( in twin form ) in departments C and D, respectively and let natural 
transformation. Then we can construct maps  
∀𝑎, 𝑏 ∈ |𝐾|,∅�𝑎,𝑏 ∶ 𝐻𝑜𝑚𝐂𝐓(𝑎, 𝑏) → 𝐻𝑜𝑚𝐷𝑅(𝐻𝑎,𝐻𝑏),𝑑𝑒𝑓𝑖𝑛𝑒𝑑 𝑏𝑦 ∅�𝑎,𝑏(𝑓) = ∅�𝑏𝑜 𝐻(𝑓). Then ∅�, defined by  
∀𝑎, 𝑏 ∈ |𝐾|, 𝑓: 𝑎 ⇝ 𝑏, ∅�(𝑎) = 𝐻𝑎,  ∅� (𝑓) = ∅�𝑎,𝑏(𝑓), is a factor 𝐂𝐓 → 𝐃𝐑 of Kleisli departments, if and only if for 
each morphisms 𝑓: 𝑎 ⇝ 𝑏,𝑔: 𝑏 ⇝ 𝑐 in 𝐂𝐓, the following equalities hold:  
∅�𝑐𝑜 𝐻(𝑔 ◊ 𝑓) =  (∅�𝑐𝑜 𝐻(𝑔)) □ (∅�𝑐𝑜 𝐻(𝑓))  and  ∅�𝑐𝑜(𝐻. 𝜂) = 𝜇.𝐻.   

 
Definition IV.6: The department Monad is defined by  
1) Objects are monads ( in twin form ) in departments, 
2) For monads T = (T, ◊, 𝜂) and R = (ℛ, , 𝜇) ( in twin form ) in departments C and D, respectively, ∅ ∶ 𝐓 → 𝐑 is a 

morphism in Monad, if 
a) There exists a function 𝐻:𝐂 → 𝐃 , 
b) ∅ ∶ 𝐻 𝑜 𝑇 → 𝑅 𝑜 𝐻  is a natural transformation, 
c) ∅�: 𝐂𝐓 → 𝐃𝐑 is a functor between corresponding Kleisli departments. 

3) Let ∅ ∶ 𝐓 → 𝐑  and Ѱ: 𝐑 → 𝐒 be morphisms in Monad ( in departments C,D AND E respectively), with respect to 
functors  𝐻 ∶  𝐂 → 𝐃 and 𝐻 ∶  𝐃 → 𝐄, respectively. Then the composition Ѱ ● ∅ :=  H o G∅. 

 
In the following proposition we show a relationship between morphisms in the department Monad and functors of 
departments of automata in monads. By Aut we denote the department with objects 𝐴𝑢𝑡𝐶[𝑇],  where C are deprtments 
and T are monads (in twin form) in C and with functors between departments as morphisms. 
 
Proposition IV.5: A functor ˄: Monad→ 𝐴𝑢𝑡. 
 
Proposition IV.6: In the department Monad, there exist the following morphisms: 

1) 𝐏 → 𝐙 with respect to the identity functor 1𝑠𝑒𝑡 . 
2) 𝐙 → 𝐅 with respect to the identity functor 𝐒𝐞𝐭 ↪ 𝐒𝐞𝐭(𝐐), 
3) 𝐅 → 𝐑, with respect to the functor 𝐼: 𝐒𝐞𝐭(𝐐) → 𝐒𝐩𝐚𝐜𝐞𝐅𝐏. 
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𝐂𝐨𝐫𝐨𝐥𝐥𝐚𝐫𝐲 𝐈𝐕.𝟏:The following diagram of functors between departments of fuzzy type automata commutes. 

𝐴𝑢𝑡𝑠𝑒𝑡[𝑃]        
≅
→           𝑁𝐷 

↓                                 ↓ 
𝐴𝑢𝑡𝑠𝑒𝑡[𝑍]         

≅
→             𝐹𝑈𝑍 

↓                                 ↓ 
𝐴𝑢𝑡𝑠𝑒𝑡(𝑄)[𝐹]    

≅
→           𝑆𝐼𝑀 

↓                                 ↓ 
𝐴𝑢𝑡𝑆𝑝𝑎𝑐𝑒𝐹𝑃[𝑅]    

≅
→       𝐴𝑈𝑇𝑆𝑃 

 
CONCLUSION 
 
The purpose of this section is to show how the abstract pattern recognition problems developed can be used to examine 
the faithfulness of a device F which decodes message transmitted across a noisy channel. We first give a quick review 
of the results for the sake of completeness. We have indicated that using topological and fuzzy topological ideas in the 
study of intuitionist fuzzy machines/automata, introduced may be beneficial. Although we have confined here ourselves 
by only showing, e.g., that intuitionistic fuzzy sub-systems and intuitionistic strong fuzzy subsystems have meaningful 
topological interpretations. We developed fuzzy automata monads have some results on, what may be called, separated, 
connected, strongly connected and retrievable intuitionistic fuzzy automata monads. 
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