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ABSTRACT
In this paper we establish some sufficient conditions for the oscillations of all solutions of the second order nonlinear
neutral advanced functional difference Equation
Alr(MAX(n) + p(mx(n+ )]+ a(n) f(n+0))=0: nxny, *)
2 1

where Z
n=n, r(n)

improve some known results in the literature.

<ooand 0< p(n) < p, <o, T isaninteger, and o is a positive integer. The result proved here
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1. INTRODUCTION
In this paper we consider the following second order nonlinear neutral advanced functional difference equations of the
form:

Alr(n)A(x(n)+ p(n)x(n+7))]+ q(n)f(x(n+))=0: n>n,, (1)

where A is the forward difference operator defined by Ax(n): x(n +1)— x(n), N is a positive integer, N, is a
fixed positive integer, X is a delay function.

The following conditions are assumed to hold through the paper;
@ {r(n)}fzno is a sequence of positive real numbers;

(b) {p(n)}::no is a sequence of nonnegative real numbers with the property that 0 < p(n) < Py <o,
© fan

)}::no is a sequence of nonnegative real numbers and q(n) is not identically zero for large values of N

f(u
(d) L >k >0 for u=0, Kis constant;
u
\and
Ol isan integer and o is a positive integer.

We shall consider the following two cases, separately

=1
2" ®
and
1
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We note that the second order neutral functional difference equations have applications in problems dealing with
vibrating masses attached to elastic ball and in some variational problems. In recent years there has been an increasing
interest in obtaining sufficient conditions for the oscillation or nonoscillation of solutions of different classes of
difference equations. We refer [1, 2, 6, 7, 13]. Also the oscillatory behaviour of neutral functional difference equations
has been the subject of intensive study, see for example, [3-5, 8-12, 14].

In [12], Zhang et al. established that every solution of the equation

Ala(n)A(x(n)— px(x = 7))+ f(n,x(c(n)))=0; n>n, 4)
is either oscillatory or eventually
where p,dq, a(n) are non-negative constants, f isabounded set, a(n) is a positive constant.

X(n) < plx(n—7)

NgE

a(s) p' =,

m
s=n i=0

where

f(n’u)Zq(n)>O for u=0.
u

In [3], Budincevic established that every solution of equation
Ala(n)a(x(n) + px(n —n, )]+ a(n) (x(n—m, ))=0 )
is either oscillatory or else x(n) —>0a N>,

In [7], Murugesan et al. established that every solution of equation (1) is oscillatory if 7 >0, 0 < p(n)é p, <co and
at least one of the first order advanced difference inequalities
where Q, (n) Q, (n) are non-negative functions

Lo (nw(n+o)>0 ©

Aw(n)—1 )

1

1+ p,
has no positive solution .

Aw(n) - Q,(Nw(n+c)>0 )

In this paper our aim is to obtain sufficient conditions for oscillation of all solution of equation (1) under the condition

=1
=1
Z_<°O'
or ”:”or(n)

Let N, be a fixed nonnegative integer. By a solution of (1) we mean a nontrival real sequence {x(n)} which is defined
for n = n, and satisfies equation (1) forn > n, . A solution {x(n)} of (1) is said to be oscillatory if for every positive

integer integer N > 0, there exists an N > N such that x(n)x(n + 1) < 0 otherwise {x(n)} is said to be

nonoscillatory. Equation (1) is said to be oscillatory if all it solutions are oscillatory. In the sequel for the sake of
convenience, where we write a functional inequality without specifying its domain of validity we
assume that it hold for all sufficiently large n

2. MAIN RESULTS

In this section, we establish some new oscillation criteria for oscillatory of equation (l) For the sake of convenience,
we define the following notations

Q(n):=min{g(n),a(n + 7)},
(Ap(n)). =max{0, ap(n)},
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Theorem 2.1: Assume that (2) holds and 7 > 0. Moreover suppose that there exist a positive real valued sequence

{p(n )}::no such that

: . ((L+ por(shap(s)). )’
limsup ko(s)Q(s)— B
s Z (s)(s) ap(s)
Then every solution of equation (1) is oscillatory.

= 00,

Proof: Assume the contrary. without loss of generality we assume that {x(n)} is an eventually positive solution of (1)
.Then there exists integer N, = N, such that x(n)> 0 forall n>n,. Define

z(n) =x(n)+ p(n)x(n + 7). ©)
Then z(n)> 0 forall n > n, From (1), we have
A(r(n)az(n))< —ka(n)x(n + &) <0; n>n, (10)

Therefore the sequence {r(n)Az(n)} is non-increasing. We claim that

Az(n)>0 for n>n,. (11)

If not, there exists an integer N, = N, such that Az(n2 ) < 0. Then from (10), we obtain

r(n)az(n)<r(n,)Az(n,), n>n,.

z(n)< z(n, )+ r(nz)Az(nZ):z;%.

Letting N — o0 we get z(n)—> co. This contradiction proves that Az(n)> 0 forn=n,.On the other hand, using

Here

the definition of z(n) and applying (1) for all sufficiently large values of N,
Alr(n)az(n)]+ ka(n)x(n + &)+ p,Alr(n + 7)Az(n + 7)]+ pokq(n + z)x(n+ o+ 7)< 0
A[r(n)Az(n)]+ poA[r(n + 7)Az(n + 7)]+ kQ(n)z(n + &)< 0.

Since Az(n)> 0 we have z(n + G)Z z(n) and hence

Alr(n)az(n)]+ poA[r(n + z)az(n + 7)]+ kQ(n)z(n) < 0. (12)

Define

wln)= pn)02Z0) s

z(n) (13)
Clearly W(n) > 0. From (9) we have
r(n+1)Az(n +1) < r(n)Az(n).
From (13), we have
win ] A(r(n)az(n)) ~ p(n)r(n+1)Az(n+1) an r(n +1)Az(n +1) i
Awln)=pln) ((z)(n)( N ()z(r&)z(n+1) ( A)() oeny o)
r(n)Az w’(n+1) w(n+1
<Al ) z(n) p*(n+2)r(n) ’ ,(o(n(+;)) apln)
Arazln)_ plawe(n ) (ap(n),
<) z(n) pl(n+r(n)  p(n+1 (n-+1) 14
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Similarly, we define

v(n)= p(n) r(n + rz)éAnz)(n +7) nzn, .

From (9) we have r(n+7 +1)Az(n+7 +1)< r(n)Az(n).

Using this in (15), we have
Av(n)< p(n) Alrlh+7)az(n+7))  p(npv?(n+1) s Ap(n) v(n+1) )

2(n) p*(n+1)r(n)  pln+1)

It follows from (14) and (16), that
Aw(n)+ p,Av(n)< p(n) Alr(n)az(n)] + pyp(n) Alr(n+ 7)Az(n + 7)]

— 5  th

z(n z(n)
 pnw?(n+1) .\ (Ap(n)), w(n +1) p pnv(n+1)
ngn +(1))r) n)  pn+1) " p?(n+2)r(n)
Ap(n)),
Py 2 v(n+1)

In view of (12) and the above inequality, we obtain

w(n)+ p,Av(n)<—ko(n n—p(n) (n+1) (4p(n)). w(n +
)+ () ko) - 2EMEE L EO B
).

pi(n+r(n

Summing the above inequality from N ton—1, we have

W)+ pov(n) <w(n,)+ pev(n,) - "zi{kp@)q(s)— L+ 0o r(sKap(s)). )" |

4p(s)
It follows that
n-1 (1+ Po )r(s)((Ap(S))+ )2 <wl(n, )+ p,vin
sznll:kp(s)Q(s)_ 4p(S) :I— ( 1) Po ( 1).

which contradicts (8). This completes the proof. Choosing p(n) = R(n + 0'). By Theorem 2.1 we have the following
results.

Corollary 2.2: Assume that (2) holds and 7 > 0. If

limsup S_iikR(S”)Q(S)‘4r(£1):e?§)+a)}:“’ )

then every solution of equation (1) is oscillatory.

Corollary 2.3: Assume that (2) holdand 7 > 0. If
. 1+
liminf ——— ZR (s+o)Q(s) po, (18)

- InR by

then every solution of equatlon (1) is oscillatory.
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Proof: From (18), there exists an & >0 such that for all large N,

n-1
L ZR(S+G)Q(S)>1+ Po y ¢

InR(n+0) & 4k

It follows that

Zn:R(s+a)Q(s)—(1+ pojln R(s+0)>&INR(+0).

= 4k
n-1
That is S_Z%|:R(S+(7)Q(S)— 4kr(sl)+RFEO5+UJ >¢ln R(n+6)+(1zkpoJln R(n0 +0) (19)

Now, it is obvious that (19) implies (17) and the assertion of corollary 2.3 follows from corollary 2.2
Corollary 2.4: Assume that (2) holds and 7 > 0. If

liminf [Q(n)Rz(n+a)r(n)]>1;—k%, (20)
then every solution of (1) is oscillatory.

Proof: It is easy to verify that (20) yields the existence & >0 such that for all large N,

QMR (n + a)r(n)zlz_kh ¢

Multiplying by R( ) on both sides of the above inequality, we have
n

+o)r(n

1+p £
R(s+ o )Q(s)— 0 >
(s+ols) 4kr(s)R(s +o)  R(s+ao)r(s)
which implies that (17) holds. Therefore by Corollary 2.2. every so solution of equation (1) is oscillatory.

Next, choosing p(n) =N. By Theorem 2.1 we have the following result.

Corollary 2.5: Assume that (2) holds and 7 > 0. if

|iTjupi{st(s)-w} — o, (1)

o o 4(s)
then every solution of equation (1) is oscillatory.

Theorem 2.6: Assume that (3) holds, 7 >0 and o < 7. Suppose also that there exists a positive real valued sequence
{o(n)}i, such that (8) holds, and

=00 (22)

0 —
n—o  sop

IimsupZn:{k5(5+1)Q(S_T)_451(JSF)§? ((ssi)l)}

Then every solution of equation (1) is oscillatory.

Proof: Assume the contrary. without loss of generality; we may suppose that {x(n)} is an eventually positive solution
of equation (1) Then there exists an integer N, > N, such that x(n +0 — ’l') >0 forall n>n, . From (1) it follows
that {r(n)Az(n)} is non-increasing eventually, where z(n) is defined by (9). Consequently, it is easy to conclude
that there exist two possible cases of the sign of Az(n), that is, Az(n) >0 or Az(n) < 0 eventually. If Az(n) >0
eventually, then we are back to the case of Theorem 2.1 and we can get a contradiction to (8). If Az(n)< 0,

n=n, 2N, then we define the sequence {v(n)} by

r(n)Az(n)

V(n)z T, n2n3:n2+f. (23)
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Clearly v(n)< 0. Noting that {r(n)Az(n)} is N non increasing, we get
r(s)az(s)< r(n)az(n), s>nx>n,.

Dividing the above by r(s) and summing it from N to | —1, we obtain

2(1)< 2(n) + r(n)Az(n)SZ;%.,

Letting | — oo in the above inequality, we see that
0<z(n)+r(n)az(n)s(n), n>n,.
Therefore,
r(n)az(n) s(n)=-1 n=xn,.

2(n)

From (23), we have

-1<v(n)6(n)<0, n>n,

I>n>n,

(24)

Similarly, we introduce the sequence {w(n)} where
_r(n-7)Az(n-7)
w(n)= ) , n>n, 5)
Obviously W(n)< 0. Noting that {r(n)Az(n)} is non increasing, we have r(n - Z')AZ(n - 7)2 r(n)Az(n) . Then
W(n) 2 v(n). From (24), we have
—-1<w(n)&(n)<0, n>n,. (26)

From (24) and (25), we have
S Ar(maz(n) v (n)
MO )
AW(n):A(r(n—r)Az(n—r)) w? (n)

2(n) “rny @9

In view of (27) and (28) we obtain,

A(r(n-7)Az(n-7))  A(r(n)Az(n)) w?(n) v?(n)

- — . 29
2z (n) P (@)

On the otherhand, proceeding as in the proof of theorem 2.1, we have

A(r(n - 7)Az(n - 7))+ pyA(r(n)az(n)) < —kQ(n — 7)z(n).

Using the above inequality in (29), we have

(27)

and

Aw(n)+pyAv(n) <

Aw(n)+ pOAv(n)g—kQ(n—r)—%—%. (30)

Multiplying (30) by 5(n +l) and summing from n, to n-—1, we have

Sl ()~ o0, + Dl )+ 5340 52 8 s )

+ Pod(n(n) = pod(ng +1(ng)+ py i%

s=ng

)
., S“z;V:(S) 5(s+1)+k :Z;Q(s (s +1)<0,
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From the above inequality, we have

S(n)w(n)-&(n, +1)w(n,)+ p,&(n)v(n)—p,s(ny +1)v(n,)

+k:_Z;3 5(S+1)Q(S_T)_(l+4p0)g r(s)‘;£2+l) =0

Thus, it follows from the above inequality that

s(n)w(n)+ poa(n)v(n)+§ k(s +1)Q(s—7)- (1+py)d(s)

bary 4r(s)o*(s+1)
< 8(ng +1w(ng)+ pes(ng +1(n; )

By (24) and (26), we get a contradiction with (22) and this completes the proof.

Corollary 2.7: Assume that (3) holds, 7 >0 and o < 7. Further assume that (22) one of the conditions (17), (18),
(20) and (21) holds. Then every solution of equation (1) is oscillatory.

Theorem 2.8: Assume that (3) holds, 7 >0 and ¢ < 7. Furthermore suppose that there exists a positive real valued
sequence {p(n)}::no such that (8) holds, and

i n

limsup > 5% (s+1)Q(s—7) =0 (31)

0 —
n—o  sop

Then every solution of equation (1) is oscillatory.

Proof: Assume the contrary. Without loss of generality, we assume that {x(n)} is an eventually positive solution of
equation (1). Then there exists an integer n, = n, such that x(n —T) >0 forall n, >n,. By (1) {r(n)Az(n)} is
non-increasing, eventually where z(n) is defined by (9) . Consequently, it is easy to conclude that there exist two
possible cases of the sign of Az(n) that is, Az(n)> 0 or Az(n)< 0 eventually. If Az(n)< 0, n=n, >n,, then
we define w(n) and v(n) as in theorem 2.6, Then proceed as in the proof of theorem 2.6, we obtain (24), (26) and
(30) Multiplying (30) by 52(n +1) and summing from n; to N— 1 where n;>n +7, we get

52 (Ww(n)- 57 (n, + win, +1) +252n () (“)1) + o (V)

= 0,5 (n, +10(n, i v(s)s(s +1) le )Zs+1)

by rs+1 by r(s)
n—lVZ(S) n-1
+p0:z r(s) (s +1) +kZQ(s—r (s+1)<0. (32)

It follows from (3) and (24) that
(s +1)| = |w(s)3(s +1) Lo 1

& W(s)S <o
S_Zn:z r(s+1) ‘ Szn: r(s+1) _S_Zn:ar(s+1) ’

”Z%‘wz(s)y(s +1)S i 1

and
st r(s) Sr(s)

In view of (26), we have

S v(s)ss+1) _ <

Szzng r(s+1) |~

= v2(s)o%(s+1) & 1
<

T AW
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From (32), we get

limsup 25 s+1Q(s—7)< o

0
n—- s=n,

which is a contradiction with (31). This completes the proof.

Corollary 2.9: Assume that (3) holds, 7 >0 and o <7 Suppose se also that one of conditions (17), (18) and (20)
and (21) holds, also condition (31) holds The every solution of equation (1) is oscillatory.

Theorem 2.10: Assume that (2) holds and 7 < 0. Also, suppose that there exist a positive real valued sequence
{p(n)}::no such that

"mffpszn: ()0 (s )_(1+po)r(zz(rg)(Ap(s)+) . @)

Then every solution of equation (1) is oscillatory.

Proof: Assume the contrary. Without loss of generality we may assume that {x(n)} is an eventually positive solution
of equation (1). Then there exists an integer N, > N, such that x(n —r)> 0 for all n >n. Define z(n) by (9).

Similar to the proof of Theorem 2.1, there exists an integer N, = N, such that Az(n + z') >0 forn >n,and

A[r(n)az(n) ]+ p[r(n+7)Az(n+7)]+kQ(n)z(n+7)<0 fo rnxn,.

(34)
Define the sequence {W(n)} by
w(n)= p(n)%, n>n,. (35)
Then w(n) >0. By (10) we get
d r(n+1)Az(n+1) < r(n+7)Az(n+7),
win)< ofn A(r(n)az(n))  p(nw?(n+1) .\ w(n +1) ’
)< P s i) o)
< o(n A(r(n)Az(n))  p(n)w?(n+1) .\ w(n +1) i
S e e T e R ey L ) 9
Again define the sequence {v(n)} by
v(n)= p(n) r(n+z)Az(n + 1')’ nzn,. -

z(n+7)
The rest of the proof is similar to that of Theorem 2.1 and so is omitted. This completes the proof.

Choosing p(n): R(n + r). By Theorem 2.10 we have the following oscillation criteria.

Corollary 2.11: Assume that (2) holds and 7 < 0. If

limsup Z{kR s+7)Q(s)- L+ Py }=oo. (38)

S 4r(s +7)R(s +7)

Then every solution of equation (1) is oscillatory.

Corollary 2.12: Assume that (2) hoIds and 7 <0. If

liminf ——— ZR (s+7)Q(s)

now N R n +7
Then every solution of equatlon (1) is oscillatory.

(39)
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Corollary 2.13: Assume that (2) holdsand 7 < 0. If

* Po
liminf ,
imin [Q(n)R?(n+7)r( n+r]> m

(40)
then every squtlon of equation (1) is oscillatory.
Corollary 2.14: Assume that (2) holds and 7 < 0. If
1+ py)ris+7
Ilmsup Z{st ( poz ( )}=oo, (41)
—0 S
s=ng

then every solution of equation (1) is oscillatory.

Next, we will give the following results under the case when (3) holdsand o < 7.

Theorem 2.15: Assume that (3) holds,7 <0 and o <—7. Further, suppose that there exists a positive real valued
sequence {p(n)}::n such that (33) holds. Suppose also that one of the following holds:

IlmsupZ[M s+1)Q(s+7)— M}zw, (42)

N—  s=n, 4r(3)52(8 +1)
Ilmsup252 s+1)Q(s+7)=00. (43)

Then every solution of equation (1) is oscillatory.

Proof: Assume the contrary. Without loss of generality. we may assume that {x(n)} is an eventually positive
solution of equation (1). Then there exists an integer N, =N, such that X(n)>0for all n=n,. From (1)
{r(n)Az(n)} is non-increasing eventually where z(n) is defined by (9). Consequently, it is easy to conclude that there
exist two possible cases of sign of Az(n). That is, Az(n)> 0 or Az(n)< O eventually. If Az(n) > 0 eventually,
then we are back of the case of theorem 2.10 and we can get a contradiction to (33). If Az(n)< 0 eventually, then
there exists an integer N, > N, such that Az(n) <0 forall n>n,.

Define the sequences {W(n)} and { ( )} as follows:
W( ) (n+z')A (n+z')

2(n)

rin+2z)Az(n+ 2z
v(n): ( ) ( )for n=n,=n,+27
2(n)
The rest of the proof can be proceed as in theorem 2.6 or theorem 2.8 we can obtain a contradiction to (42) or (43)
respectively. This completes the proof.

for nzn,=n, +27

and

3. EXAMPLES

Example 3.1: Consider the second order neutral advanced difference equation

A[(n+7)Ax(n)+p(n)x(n+7)]+; f(x(n+0))=0,n=123,.., (44)
where r(n): N+7, 7 and o are positive integers , p(n)=n+r, f(x)= x(1+ Xz)

0< p(n)< p, <o, q(n):% and 4 >0. Let K=1.Then

con St LR HDT o P i 20

n—o0

_ . o 1+ p,
Hence by theorem 2.1, every solution of equation (44) is oscillatory for A > ——.
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Example 3.2: Consider the following second order neutral advanced difference equation

where

Al(n=7)Ax(n)+ p(n)x(n+7)]+a(n) f (x(n+o))=0, n=x1, (45)

A
r(n):n—r, q(n)=—, 0< p(n)S P, <oo, Tis a negative integer, o is a positive integer, and
n

f (X): X(l+ X2) and A > 0. Itis easy to see that

Hence,

by Corollary 2.14 every solution of equation (45) is oscillatory.

Example 3.3: Consider the following second order neutral advanced difference equation

A[e” (x(n)+ p(n)x(n+2))]+e2“f (x(n+1))=0, n=1, (46)

where 0 < p(n)< p, <o, f(x)= X(1+ XZ), r(n)=e", g(n)=e®". Itiseasy to see that

=01
zm<oo.

na l
Choose k =1
limsup Y 6% (s+1)Q(s-2) = IimsupZ;Zez(”‘z) =
noe =l n—ow =1 eZn (e—l)

Also

2
IiranLnf[Q(n)Rz(n+1)r(n):|:Iirnllipf e“(%j e" >1+Tp0

Then by Corollary 2.9 every solution of equation (46) is oscillatory.

REFERENCES

1.

10.
11.

12.

13.

14.

R. P. Agarwal, Difference Equations and Inequalities: Theory, Methods and Applications, Marcel Dekker,
New York, 1999.

R.P. Agarwal and P. J. Y. Wong, Advanced Topics in Difference Equations, Kluwer, Dodrecht, 1997.

R.P. Aggarwal, M. M. S. Manual and E. Thandapani, Oscillatory and non oscillatory behaviour of second -
order neutral delay difference equations Il, Appl. Math. Lett., 10(1997), 103-109.

R.P. Agarwal, et al. Oscillatory and nonoscillatory behaviour of second order neutral delay difference
equations, Math.Comput.Modelling, 24(1996), 5-11.

M. Budincevic, Oscillations and the asymptotic behaviour of certain second order neutral difference equations,
Univ. u Novom sadu Zb. Rad. Prirod.-Mat. Fak. Ser. Mat., 21(1991), 165-172.

Bi Ping and Maoan Han, Oscillation of second order difference equations with advanced argument,
proceedings of the fourth international conference on Dynamical Systems and Differential equations, May
24-27, 2002, Wilmington NC, USA, P.P. 108-112.

I. Gyori and G. Ladas, Oscillation Theory of Delay Differential Equations with Applications, Clarendon Press,
Oxford, 1991.

W.T.Li and S.S. Cheng, Classifications and existence of positive solutions of second order nonlinear neutral
difference equations, Funkcialaj Ekvac., 40(1997), 371-393.

A. Murugesan and K. Ammamuthu, Sufficient conditions for oscillation of second order neutral advanced
difference equations, Int. Jour. Appl. Math, 98(2015), 145-156.

A. Murugesan, Oscillation neutral advanced difference equation. Glob. J. Pure. Appl. Math., 9(2013) 83-92.
R.N. Rath et al., Oscillatory and assymptotic behaviour of a homogenous neutral delay difference equation of
second order, Academica Sinica (New series), 3(2008), 453-467.

A. Sternal and B. Szmanda; Assymptotic and oscillatory behaviour of certain difference equations, Le
Mathematiche Vol. 51, No. 1(1996), 77- 86.

A.K.Tripathy, Oscillatory behaviour of a class of nonlinear second order mixed difference equations,
EJQTDE, 48(2010), 1-19.

Z. Zhang, X. Lv and T. Yu, Oscillation criteria of second order neutral difference equations, J. Appl. Math. of
Computing, 13(2003), 125-128.

Source of support: Nil, Conflict of interest: None Declared.

[Copy right © 2018. This is an Open Access article distributed under the terms of the International Journal
of Mathematical Archive (IJMA), which permits unrestricted use, distribution, and reproduction in any
medium, provided the original work is properly cited.]

© 2018,

IUJMA. All Rights Reserved 283




