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ABSTRACT 
In this paper, we define the subclass of analytic function by using S𝑎�l𝑎�gean Carlson-Shaffer Operator. The objective 
of this article is to obtain the result concerning the coefficient estimates of the class 𝑀𝜆(𝑎, 𝑐,𝑚,𝛼). 
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1. INTRODUCTION 
 
Let 𝐴 denote the class of analytic functions 𝑓 of the form  

   𝑓(𝑧) = 𝑧 + ∑ 𝑎𝑚𝑧𝑚∞
𝑚=2                                                   (1.1) 

 
which are analytic in the open unit disc 𝑈 = {𝑧; |𝑧| < 1}. Let 𝑀(𝛼) be the subclass of 𝐴 consisting of functions 
𝑓 which satisfies the inequality,  

ℝ�
𝑧𝑓′
𝑓
� < 𝛼, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 > 1. 

 
Let 𝑁(𝛼) be the subclass of 𝐴 consisting of functions 𝑓 which satisfies the inequality, 

ℝ�1 +
𝑧𝑓′′
𝑓′
� < 𝛼, 𝑓𝑜𝑟 𝑠𝑜𝑚𝑒 𝛼 > 1. 

 
Then we observed that 𝑓 ∈ 𝑁(𝛼) if and only if 𝑧𝑓′ ∈ 𝑀(𝛼).  For 𝑛 ∈ ℕ0 𝑎𝑛𝑑 𝜆 ≥ 0, 𝑎, 𝑐,∈  ℝ \ℤ, let a linear operator 
[2] defined by  

𝑆𝐿𝜆𝑓(𝑧) = (1 − 𝜆)[(𝑘 ∗ 𝑘 ∗ ⋯∗ 𝑘) ∗ 𝑓] + 𝜆[𝜙(𝑎, 𝑐) ∗ 𝑓](𝑧),          𝑧 ∈ 𝑈,                                     (1.2) 
 
where 𝑘(𝑧) = 𝑧(1 − 𝑧)−2 is the Koebe function and  

𝜙(𝑎, 𝑐; 𝑧) =  ∑ (𝑎)𝑚−1
(𝑐)𝑚−1

𝑧𝑚 ,∞
𝑚=2   |𝑧| < 1,   𝑎, 𝑐 ≠ 0,−1,−2,⋯ , 

is the incomplete beta function.  For functions 𝑓 ∈ 𝐴 of the form (1.1), we have             
𝑆𝐿𝜆𝑓(𝑧) = 𝑧 + ∑ 𝐵𝜆(𝑎, 𝑐,𝑚,𝑛)∞

𝑚=2 𝑎𝑚𝑧𝑚,                      (1.3) 
𝑤ℎ𝑒𝑟𝑒    

𝐵𝜆(𝑎, 𝑐,𝑚,𝑛) =  �(1 − 𝜆)𝑚𝑛 + 𝜆 (𝑎)𝑚−1
(𝑐)𝑚−1

�.                                            (1.4) 
 
Here (𝑎)𝑚 is the Pochhammer symbol defined interms of the Gamma function by, 

(𝑎)𝑚 =
Γ(𝑎 + 𝑚)
Γ(𝑎)

=  �
1,                                                          𝑓𝑜𝑟 𝑚 = 0

𝑎(𝑎 + 1)(𝑎 + 2) … … . (𝑎 + 𝑚 − 1)  𝑓𝑜𝑟  𝑚 ∈ ℕ.
� 
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Now using the linear operator 𝑺𝑳𝝀 we define the class 𝑴𝝀(𝒂, 𝒄,𝒎,𝜶) consisting functions of the form (1.1) satisfying 
the condition  

        ℝ�𝑧[𝑺𝑳𝝀𝑓]′
𝑺𝑳𝝀𝑓

� < 𝛼.                                                                                                                        (1.5) 
 
Note that 𝑎 = 𝑐 = 1, 𝑎𝑛𝑑 𝜆 = 1 the class reduces to 𝑀(𝛼) and 𝑎 = 2, 𝑐 = 1, 𝑎𝑛𝑑 𝜆 = 1 the class reduces to 𝑁(𝛼) 
defined by Owa and Nishwaki [3].  
 
2. INCLUSION THEOREM INVOLVING COEFFIEICIENT INEQUALITIES 
 
Theorem 2.1: If 𝑓 ∈ 𝐴 satisfies 

∑ {(𝒎− 𝒌) + |𝒎 + 𝒌 − 𝟐𝛼|}𝑩𝜆(𝒂, 𝒄,𝒎,𝒏)|𝒂𝒎 | ≤ 𝟐(𝛼 − 𝟏),∞
𝒎=𝟐                                                (2.1) 

 
for some 𝟎 ≤ 𝒌 ≤ 𝟏, 𝒕𝒉𝒆𝒏 𝒇 ∈ 𝑴𝝀(𝒂, 𝒄,𝒎,𝜶).  
 
Proof: Let us suppose that 

� {(𝒎− 𝒌) + |𝒎 + 𝒌 − 𝟐𝛼|}𝑩𝜆(𝒂, 𝒄,𝒎,𝒏)|𝒂𝒎 | ≤ 𝟐(𝛼 − 𝟏),
∞

𝒎=𝟐

  𝒇 ∈ 𝑨. 

 
It suffices to show that,  

�

𝑧[𝑆𝐿𝜆𝑓]′
𝑆𝐿𝜆𝑓

− 𝑘

𝑧[𝑆𝐿𝜆𝑓]′
𝑆𝐿𝜆𝑓

− (2𝛼 − 𝑘)
� < 1, (𝑧 ∈ 𝑈). 

 
We note that,  

�

𝑧[𝑆𝐿𝜆𝑓]′
𝑆𝐿𝜆𝑓

− 𝑘

𝑧[𝑆𝐿𝜆𝑓]′
𝑆𝐿𝜆𝑓

− (2𝛼 − 𝑘)
�  ≤  �

(1 − 𝑘) + ∑ (𝑚 − 𝑘)𝑩𝜆(𝒂, 𝒄,𝒎,𝒏)𝒂𝒎𝒛𝒎−𝟏∞
𝑚=2

(1 + 𝑘 − 2𝛼) + ∑ (𝑚 + 𝑘 − 2𝛼)𝑩𝜆(𝒂, 𝒄,𝒎,𝒏)𝒂𝒎𝒛𝒎−𝟏∞
𝑚=2

� 

 ≤ (1−𝑘)+∑ (𝑚−𝑘)𝑩𝜆(𝒂,𝒄,𝒎,𝒏)|𝒂𝒎| |𝒛𝒎−𝟏|∞
𝑚=2

(2𝛼−1−𝑘)− ∑ |(𝑚+𝑘−2𝛼)𝑩𝜆(𝒂,𝒄,𝒎,𝒏)||𝒂𝒎| |𝒛𝒎−𝟏|∞
𝑚=2

   
 
 < (1−𝑘)+∑ (𝑚−𝑘)𝑩𝜆(𝒂,𝒄,𝒎,𝒏)|𝒂𝒎|∞

𝑚=2
(2𝛼−1−𝑘)− ∑ (𝑚+𝑘−2𝛼)𝑩𝜆(𝒂,𝒄,𝒎,𝒏)|𝒂𝒎| ∞

𝑚=2
  

 
This expression is bounded above by 1 if,  

(1 − 𝑘) + � (𝑚 − 𝑘)𝑩𝜆(𝒂, 𝒄,𝒎,𝒏)|𝒂𝒎| < 
∞

𝑚=2

(2𝛼 − 1 − 𝑘) −  � (𝑚 + 𝑘 − 2𝛼)𝑩𝜆(𝒂, 𝒄,𝒎,𝒏)|𝒂𝒎| 
∞

𝑚=2

 

 
which is equivalent to condition (2.1). Hence the proof. 
 
Example: The function 𝑓 given by 

𝑓(𝑧) =  𝑧 +  ∑ 4(𝛼−1)
𝑚(𝑚+1){(𝑚−𝑘)+|𝑚+𝑘−2𝛼|}𝑩𝜆(𝒂,𝒄,𝒎,𝒏)

 𝑧𝑚∞
𝑚=2   belong to the class 𝑴𝝀(𝒂, 𝒄,𝒎,𝜶). 

 
Now we discuss the coefficient estimates of functions  𝒇 ∈   𝑴𝝀(𝒂, 𝒄,𝒎,𝜶). 

 
Theorem 2.2:  𝒇 ∈   𝑴𝝀(𝒂, 𝒄,𝒎,𝜶), 𝒕𝒉𝒆𝒏  

|𝑎𝑚| ≤  
∏ (𝑗+2𝛼−4)𝑚
𝑗=1

𝑩𝜆(𝒂,𝒄,𝒎,𝒏)(𝒎−𝟏)!
                                                                                                                     (2.2) 

 
Proof:  Let us define the function 𝑝(𝑧) by, 

𝑝(𝑧) =  
𝛼 − 𝑧[𝑆𝐿𝜆𝑓]′

𝑆𝐿𝜆𝑓
𝛼 − 1

 
 
for  𝒇 ∈   𝑴𝝀(𝒂, 𝒄,𝒎,𝜶). Then  𝑝(𝑧) is analytic in 𝑈,   𝑝(0) = 1 𝑎𝑛𝑑  ℝ{𝑝(𝑧)} > 0.  If  

𝑝(𝑧) = 1 + � 𝑝𝑚𝑧𝑚
∞

𝑚=1

,    𝑡ℎ𝑒𝑛 |𝑝𝑚| ≤ 2,     (𝑚 ≥ 1). 

Since, 
𝛼𝑆𝐿𝜆𝑓 − 𝑧[𝑆𝐿𝜆𝑓]′ = (𝛼 − 1)𝑝(𝑧)𝑆𝐿𝜆𝑓 
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We obtain that,  

(1 −𝑚)𝑩𝜆(𝒂, 𝒄,𝒎,𝒏)𝒂𝒎 = (𝛼 − 1){𝒑𝒎−𝟏 + 𝒑𝒎−𝟐𝑩𝜆(𝒂, 𝒄,𝟐,𝒏)𝒂𝟐 + ⋯+ 𝒑𝟏𝑩𝜆(𝒂, 𝒄,𝒎− 𝟏,𝒏)𝒂𝒎−𝟏}. 
 
If 𝑚 = 2, 𝑡ℎ𝑒𝑛 𝑩𝜆(𝒂, 𝒄,𝟐,𝒏)𝒂𝟐 ≤ (𝛼 − 1)𝑝1𝑖𝑚𝑝𝑙𝑖𝑒𝑠 𝑡ℎ𝑎𝑡    

|𝑎2| ≤  (𝛼−1)|𝑝1|
𝑩𝜆(𝒂,𝒄,𝟐,𝒏)

 ≤  2(𝛼−1)
𝑩𝜆(𝒂,𝒄,𝟐,𝒏)

. 
 
Hence the coefficient estimate for (2.2) is true for 𝑚 = 2. Let us suppose that the coefficient estimate,  

|𝑎𝑘|  ≤  
∏ (𝑗 + 2𝛼 − 4)𝑘
𝑗=2

𝑩𝜆(𝒂, 𝒄,𝒌,𝒏)(𝒌 − 𝟏)!
 

is true for all 𝑘 = 2,3,4,⋯ ,𝑚. Then we have,  
−𝑚𝑩𝜆(𝒂, 𝒄,𝒎 + 𝟏,𝒏)𝒂𝒎+𝟏 = (𝛼 − 1){𝒑𝒎 + 𝒑𝒎−𝟐𝑩𝜆(𝒂, 𝒄,𝟐,𝒏)𝒂𝟐 + ⋯+ 𝒑𝟏𝑩𝜆(𝒂, 𝒄,𝒎,𝒏)𝒂𝒎} 

 
So that,  
𝑚𝑩𝜆(𝒂, 𝒄,𝒎 + 𝟏,𝒏)|𝒂𝒎+𝟏|  ≤ (𝟐𝜶 − 𝟐)(𝟏 + 𝑩𝜆(𝒂, 𝒄,𝟐,𝒏)|𝒂𝟐| + ⋯+ 𝑩𝜆(𝒂, 𝒄,𝒎,𝒏)|𝒂𝒎|) 

                                     ≤ (𝟐𝜶 − 𝟐) �𝟏 + (𝟐𝜶 − 𝟐) +
(𝟐𝜶 − 𝟐)(𝟐𝜶 − 𝟏)

𝟐!
+ ⋯+

∏ (𝒋 + 𝟐𝜶 − 𝟒)𝒎
𝒋=𝟐

(𝒎− 𝟏)!
� 

                                     = (𝟐𝜶 − 𝟐) �
(𝟐𝜶 − 𝟏)𝟐𝜶(𝟐𝜶 + 𝟏)⋯ (𝟐𝜶 + 𝒎− 𝟒)

(𝒎− 𝟐)!
+

(𝟐𝜶 − 𝟐)(𝟐𝜶 − 𝟏)𝟐𝜶⋯ (𝟐𝜶 + 𝒎− 𝟒)
(𝒎− 𝟏)!

� 

                                 =
∏ (𝒋+𝟐𝜶−𝟒)𝒎+𝟏
𝒋=𝟐

(𝒎−𝟏)!
. 

 
This implies  

|𝒂𝒎+𝟏| ≤  
∏ (𝒋+𝟐𝜶−𝟒)𝒎+𝟏
𝒋=𝟐

𝑩𝜆(𝒂,𝒄,𝒎,𝒏)𝒎!
. 

 
Hence the coefficient estimate (2.2) holds true for the class 𝑘 = 𝑚 + 1. Hence the theorem.   
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