International Journal of Mathematical Archive-9(4), 2018, 1-14
@§mAvailable online through www.ijma.info ISSN 2229 - 5046

I'-SEMI NORMAL SUB NEAR-FIELD SPACES
OF AT'-NEAR-FIELD SPACE OVER NEAR-FIELD PART IV

Dr N VNAGENDRAM

Professor of Mathematics,
Kakinada Institute of Technology & Science (K.L.T.S.),
Department of Humanities & Science (Mathematics), Tirupathi (Vill.) Peddapuram (M),
Divili 533 433, East Godavari District. Andhra Pradesh. INDIA.

(Received On: 04-02-18; Revised & Accepted On: 09-03-18)

ABSTRACT

In this paper, | Dr N V Nagendram as an author introduce the Gamma-semi normal sub near-field spaces in 7-near-
field space over a near-field PART 1V, Dr. N V Nagendram together investigate the related properties of generalization
of a Gamma-semi normal sub near-field spaces in /=near-field space over a near-field.
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SECTION-1: INTRODUCTION

In this paper, Part IV consisting important sections | introduce the T'-semi normal sub near-field spaces in T'-near-field
space over a near-field, and Dr. N VV Nagendram being an author investigate the related properties of generalization of a
I'-semi normal sub near-field spaces in I'-near-field space over a near-field.

As a generalization of a I'-semi normal sub near-field spaces in I'-near-field space over a near-field, introduced the
notion of I'-semi normal sub near-field spaces in I"-near-field space over a near-field, extended many classical notions
of I'-semi normal sub near-field spaces in I'-near-field space over a near-field. In this paper, | develop the algebraic
theory of I"'-semi normal sub near-field spaces in I'-near-field space over a near-field.

The notion of a I'- semi normal sub near-field spaces in I'-near-field space over a near-field is introduced and some
examples are given. Further the terms; commutative I'-semi normal sub near-field spaces in I'-near-field space, quasi
commutative I'-semi normal sub near-field spaces in I'-near-field space, normal I'-semi normal sub near-field spaces
in I-near-field space, left pseudo commutative I'-semi normal sub near-field spaces in I'-near-field space, right pseudo
commutative I'-semi normal sub near-field spaces in I'-near-field space are introduced. It is proved that (1) if Sis a
commutative I'-semi normal sub near-field spaces in I'-near-field space then S is a quasi commutative I'-semi normal
sub near-field spaces in I'-near-field space, (2) if S is a quasi commutative I'-semi normal sub near-field spaces in
I'-near-field space then S is a normal Gamma-semi normal sub near-field spaces in I'-near-field space, (3) if S is a
commutative I"-semi normal sub near-field spaces in I'-near-field space, then S is both a left pseudo commutative and
a right pseudo commutative I'-semi normal sub near-field spaces in I'-near-field space over a near-field. Further the
terms; left identity, right identity, identity, left zero, right zero, zero of a Gamma-semi normal sub near-field spaces in
I'-near-field space over a near-field are introduced. It is proved that if a is a left identity and b is a right identity of a
I'-semi normal sub near-field spaces in I'-near-field space, then a = b. It is also proved that any I'"-semi normal sub
near-field spaces in I'-near-field space has at most one identity. It is proved that if a is a left zero and b is a right zero
of a I'-semi normal sub near-field spaces in I'-near-field space, then a = b and also it is proved that any I"-semi normal
sub near-field spaces in I'-near-field space over a near-field has at most one zero element.
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SECTION-2: MAIN RESULTS ON SEMI NORMAL SUB NEAR-FIELD SPACES INT-NEAR-FIELD SPACE
OVER A NEAR-FIELD

Semi normal sub near-field spaces have greater importance in the theory of I"-semi normal sub near-field spaces. In this
section, the terms left I'- semi normal sub near-field space, right I'- semi normal sub near-field space, I'- semi normal
sub near-field space, proper I'- semi normal sub near-field space, trivial I'- semi normal sub near-field space, maximal
left T'- semi normal sub near-field space, maximal right I'- semi normal sub near-field space, maximal I'- semi normal
sub near-field space, left I'- semi normal sub near-field space generated by a sub near field space, right I'- semi normal
sub near-field space generated by a sub near-field space, I'- semi normal sub near-field space generated by a sub near-
field space, principal left I'- semi normal sub near-field space, principal right I'- semi normal sub near-field space,
principal T'- semi normal sub near-field space of a I'-semi normal sub near-field space are introduced. Also left duo
I'- semi normal sub near-field space, right duo I'- semi normal sub near-field space, duo I'- semi normal sub near-field
space, left simple I'- semi normal sub near-field space, right simple I'- semi normal sub near-field space, simple I'- semi
normal sub near-field space are introduced. It is proved that (1) the nonempty intersection of any two left I'- semi
normal sub near-field spaces of a I"- semi normal sub near-field space S is a left I'- semi normal sub near-field space of
S, (2) the nonempty intersection of any family of left I'- semi normal sub near-field spaces of a I'- semi normal sub
near-field space S is a left I'- semi normal sub near-field space of S, (3) the union of any two left I"- semi normal sub
near-field spaces of a I'- semi normal sub near-field space S is a left I'- semi normal sub near-field space of S and (4)
the union of any family of left I'- semi normal sub near-field spaces of a I'- semi normal sub near-field space S is a left
I'- semi normal sub near-field space of S.

It is also proved that (1) the nonempty intersection of any two right I'- semi normal sub near-field spaces of a I'- semi
normal sub near-field space S is a right I'- semi normal sub near-field space of S, (2) the nonempty intersection of any
family of right I'- semi normal sub near-field space of a I"- semi normal sub near-field space S is a right I"- semi normal
sub near-field space of S, (3) the union of any two right I"- semi normal sub near-field spaces of a I"- semi normal sub
near-field space S is a right I'- semi normal sub near-field space of S and (4) the union of any family of right I"- semi
normal sub near-field spaces of a I'- semi normal sub near-field space S is a right I'- semi normal sub near-field space
of S. Further it is proved that (1) the nonempty intersection of any two I'-ideals of a I'- semi normal sub near-field
space S is a I'- semi normal sub near-field space of S, (2) the nonempty intersection of any family of T"- semi normal
sub near-field spaces of a I'- semi normal sub near-field space S is a I"- semi normal sub near-field space of S, (3) the
union of any two I'- semi normal sub near-field spaces of a I'- semi normal sub near-field space S is a semi normal sub
near-field space | of S and (4) the union of any family of I'- semi normal sub near-field spaces of a I'- semi normal sub
near-field space S is a I'- semi normal sub near-field space of S. It is proved that if S is a I'- semi normal sub near-field
space and a € S then (i) L(a) = auSTI'a, (ii) R(a) = aval'S, (iii) J(@) =a U al'SuU ST'a U STral'S.

It is proved that a I'- semi normal sub near-field space S is a duo I'- semi normal sub near-field space if and only if
XI'S; = S;I'x for all x € S. Further it is also proved that every normal I'- semi normal sub near-field space is a duo
I'- semi normal sub near-field space. It is proved that (1) a I'- semi normal sub near-field space S is a left simple
I'- semi normal sub near-field space if and only if ST"a = S for all I'- semi normal sub near-field spaces 47 a € S, (2) a
I'- semi normal sub near-field space S is right a simple I'- semi normal sub near-field space if and only if aI'S = S for
all a € S, (3) aI'- semi normal sub near-field space S is a simple I'- semi normal sub near-field space if and only if
Srar'S=Sforalla €S.

We now introduce the term of a right I'-semi normal sub near-field space in a I'-semi normal sub near-field space.

Definition 1.2.1: A nonempty sub near-field space A of a I'- semi normal sub near-field space S is said to be a right
I'- semi normal sub near-field space of S if seS, acA,a eI’ = aas €A

Note 1.2.2: A nonempty sub near-field space A of a I'- semi normal sub near-field space S is a left I'-semi normal sub
near-field space of S < AI'S CA.

Theorem 1.2.9: The nonempty intersection of any two right IT'- semi normal sub near-field spaces of a I'- semi normal
sub near-field space S is a right I'- semi normal sub near-field space of S.

Proof: Let A, B be two right I'-ideals of S. Leta € ANB,se Sandy €T,
ae ANB=acAanda€eB.

a€EASES, yeT, AisarightT-ideal of S=ays €A,
aeB,seS,yeTl,BisarightT-ideal of S=> ays € B.

ayseA ayseB=ayseANB and hence ANB is a right I'-ideal of S.

Theorem 1.2.10: The nonempty intersection of any family of right I'- semi normal sub near-field spaces of a I'- semi
normal sub near-field space S is a right I'- semi normal sub near-field space of S.
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Proof: Let {A, } acA be a family of right I'- semi normal sub near-field spaces of S and let A = m A,
ael
Letae A, seS,yer.
acA=ac ﬂAa _a€EA,VaeA.
ael
a€eA,seS, yer, €A, isaright '-semi normal sub near-field space of S= a)s € A, .
apseA, forallae A=>aps e ﬂ A, >ayseA Therefore A is a right T'- semi normal sub near-field space of S.

acA

Theorem 1.2.11: The union of any two right I'- semi normal sub near-field spaces of a I'- semi normal sub near-field
space S is a right T'- semi normal sub near-field space of S.

Proof: Let A;, A, be two right I'- semi normal sub near-field spaces of a I'- semi normal sub near-field space S. Let A
= A1UA2.

Clearly A is a nonempty sub near-field space of S. Leta€ A,s€ S,y €eT.
aeA=acAUA,>acAoracA,.

Ifae Ajthenae Ay, s€ S,y €T, Ajisaright I'-ideal of S
>aseEA CAIVA, A asEA

Ifae Ay thena€e Ay, sE€ S,y €T, Ayisaright I'-ideal of S

2arseEA CAUA=A>asEA.

~a€eA seS, yeTl thenays € A Therefore A is a right I'- semi normal sub near-field space of S. This completes the
proof of the theorem.

Theorem 1.2.12: The union of any family of right I"- semi normal sub near-field spaces of a I'- semi normal sub near-
field space S is a right I'- semi normal sub near-field space of S.

Proof: Let {A, } aeA be a family of right I'- semi normal sub near-field spaces of S and let A = U A, -
aeA

Clearly Ais a nonempty subset of S. Leta€ A,s€ S, a €T.
acA>ac UAa = a €A, for some a € A.

ael
a€eA,sES, yerl, A, isaright I'-semi normal sub near-field space of S= a)s € A, < U Aa =A=ap€EA

aeA

Therefore A is a right I'- semi normal sub near-field space of S.
This completes the proof of the theorem.
We now introduce the notion of a I'- semi normal sub near-field space of a I'- semi normal sub near-field space.

Definition 1.2.13: A nonempty subset A of a I'- semi normal sub near-field space S is said to be a two sided I'- semi
normal sub near-field space or simply a I'- semi normal sub near-field space of Sifs€ S,ae A, o €I = saa € A,
aos € A.

Note 1.2.14: A nonempty subset A of a I'- semi normal sub near-field space S is a two sided I'- semi normal sub near-
field space iff it is both a left I'- semi normal sub near-field space and a right I'- semi normal sub near-field space of S.

Example 1.2.15: Let N be the set of natural numbers and I = 2N. Then N is a I'- semi normal sub near-field space and
A = 3N is aI'-ideal of the I'- semi normal sub near-field space N.

Theorem 1.2.16: The nonempty intersection of any two I'- semi normal sub near-field spaces of a I'- semi normal sub
near-field space S is a I'- semi normal sub near-field space of S.

Proof: Let A, B be two I'- semi normal sub near-field spaces of S. Leta€ ANBands€e S,y eT.
aceANB=>a€AandacB.

a€A seS,yeT, Aisal-semi normal sub near-field space of S=sya,ays€A.
a€B,s€S,yer,Bisal-seminormal sub near-field space of S=sya,ays€B.
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~Sya,ayseA,sya,ayseB=>sya ayseANB.
Therefore ANB is a I'- semi normal sub near-field space of S.

Theorem 1.2.17: The nonempty intersection of any family of I'-semi normal sub near-field spaces of a I -semi normal
sub near-field space S is a I' -semi normal sub near-field space of S.

Proof: Let {A, } acAbe a family of I'-ideals of Sand let A= A, Va eT.

Letae AjseS,yeT.

aeEA=>aenA, Vael'=>a€eA,,VaeTl, foreacha € A.

aeA,seS,yer, A,isal-seminormal sub near-field space of S=sya,ays€A,.
sya,ayseA,foralloe A=>sAa aASENA, VYael=>sya ayseA

Therefore A is a I'- semi normal sub near-field space of S. This completes the proof of the theorem.

Theorem 1.2.18: The union of any two I'- semi normal sub near-field spaces of a I'-semi normal sub near-field space S
is a I'-semi normal sub near-field space of S.

Proof: Let A;, A, be two I'- semi normal sub near-field spaces of a I'- semi normal sub near-field space S. Let
A= A1UA2.

Clearly A is a nonempty sub near-field space of S. Leta€ A,s€ S,y €eT.
aeA=acAUA,>acAoracA,.

Ifae Ajthenae A, s€ S, y €T, Ay is a I'-semi normal sub near-field space of S=>sya,ayseA; € AJUA, = A
=syaayseA.

Ifae Ay thena€e A, s€ S,y €T, Ayis al-semi normal sub near-field space of S=sya,ayse Ay S AJUA, = A
=syaayseA.

Thus,a€A,seS,yeI'=>sya,ays € A. Therefore A is a I'- semi normal sub near-field space of S. This completes
the proof of the theorem.

Theorem 1.2.19: The union of any family of I" - semi normal sub near-field spaces of a I" - semi normal sub near-field
space SisaT - semi normal sub near-field space of S.

Proof: Let {A, } ac4 be a family of I'-ideals of S and let A = U A,V o € T".Clearly A is a nonempty subset of S. Let
a€eAsesS el

Letae A/jseS,yeT.
aeEA=>aeU A, VYael'>a€eA,,Vael,foreacha € A.
aeA,seS,yer, A,isal-seminormal sub near-field space of S=sya,ays€A,.

sya,ayseA,foralloeA=>sAa aASeE A, ,Yael =syaayseA

Therefore A is a I'- semi normal sub near-field space of S. This completes the proof of the theorem.

We now introduce a proper I'- semi normal sub near-field space, trivial I'- semi normal sub near-field space, maximal
left T'- semi normal sub near-field space, maximal right I'- semi normal sub near-field space, maximal I'- semi normal
sub near-field space and globally idempotent I'- semi normal sub near-field space of a I'- semi normal sub near-field

space.

Definition 1.2.20: A T'- semi sub near-field space A of a I'- semi normal sub near-field space S is said to be a proper
I'- semi normal sub near-field space of S if A is different from S.

Definition 1.2.21: A I'- semi sub near-field space A of a I'- semi normal sub near-field space S is said to be a trivial
I'- semi sub near-field space provided S\A is singleton.

Definition 1.2.22: A T'- semi sub near-field space A of a I'- semi normal sub near-field space S is said to be a maximal
left T-semi sub near-field space provided A is a proper left T'-semi sub near-field space of S and is not properly
contained in any proper left I'-semi sub near-field space of S.
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Definition 1.2.23: A I'-semi sub near-field space A of a I'- semi normal sub near-field space S is said to be a maximal
right T-semi sub near-field space provided A is a proper right I'-semi sub near-field space of S and is not properly
contained in any proper right I'-semi sub near-field space of S.

Definition 1.2.24: A I'-semi sub near-field space A of a I'- semi normal sub near-field space S is said to be a maximal
I'-semi sub near-field space provided A is a proper I'-semi sub near-field space of S and is not properly contained in
any proper I'-semi sub near-field space of S.

Definition 1.2.25: A I'-semi sub near-field space A of a I'- semi normal sub near-field space S is said to be globally
idempotent if ATA = A.

Theorem 1.2.26: If A is a I"-semi sub near-field space of a I'- semi normal sub near-field space S with unity 1 and
leAthenA=S.

Proof: Clearly AC S. Lets € S.
1 e A s€eS, Aisal-semisub near-field space of S= IIsC A=>se A. ThusSSA. AcS,SC A= S=A This
completes the proof of the theorem.

Theorem 1.2.27: If S is a I'- semi normal sub near-field space with unity 1 then the union of all proper I'"-semi sub
near-field spaces of S is the unique maximal I"-semi sub near-field space of S.

Proof: Let M be the union of all proper I"-semi sub near-field spaces of S. Since 1 is not an element of any proper I'-
semi sub near-field space of S, 1 ¢ M. Therefore M is a proper subset of S. By theorem 1.2.19, M is a I"'-semi sub near-
field space of S. Thus M is a proper I'-semi sub near-field space of S. Since M contains all proper I'-semi sub near-field
spaces of S,

M is a maximal I'-semi sub near-field space of S. If M1 is any maximal I'-semi sub near-field space of S, then M; € M
c S and hence M; = M. Therefore M is the unique maximal I'-semi sub near-field space of S.

We now introducing left T'-semi sub near-field space generated by a subset, right T'-semi sub near-field space generated
by a subset, I'-semi sub near-field space generated by a subset of a I'-semi normal sub near-field space.

Definition 1.2.28: Let S be a I'- semi normal sub near-field space and A be a nonempty sub near-field space of S. The
smallest left I'-semi sub near-field space of S containing A is called left I'-semi sub near-field space of S generated by
A.

Theorem 1.2.29: The left I'-semi sub near-field space of a I'-semi normal sub near-field space S generated by a
nonempty sub near-field space A is the intersection of all left I'-semi sub near-field spaces of S containing A.

Proof: Let A be the set of all left I'-semi sub near-field spaces of S containing A. Since S itself is a left I'-semi sub
near-field space of S containing A, S € A.

SOA#O.

Let

T = na eATO‘ '

Since AcTforallTEA ACT.

So, T* is a left '-semi sub near-field space of S.

Let K is a left I'-semi sub near-field space of S containing A.

Clearly A € Kand K is a left '-semi sub near-field space of S.

Therefore K € A =T* c K.

Therefore T* is the left I'-semi sub near-field space of S generated by A. This completes the proof of the theorem.
Definition 1.2.30: Let S be a I'- semi normal sub near-field space and A be a nonempty sub near-field space of S. The

smallest right T"-semi sub near-field space of S containing A is called right I'-semi sub near-field space of S generated
by A.
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Theorem 1.2.31: The right I'-semi sub near-field space of a I'-semi normal sub near-field space S generated by a
nonempty sub near-field space A is the intersection of all right I'-semi sub near-field spaces of S containing A.

Proof: Let A be the set of all right I'-semi sub near-field spaces of S containing A. Since S itself is a right I'-semi sub
near-field space of S containing A, S € A. S0 A # ®.

LetT = ﬂa T, -Since Ac Tforall TE€A ACT .

By theorem 1.2.10, T* is a right I'- semi sub near-field space of S.

Let K is a right I'- semi sub near-field space of S containing A.

Clearly A € Kand K is a right T'- semi sub near-field space of S.

Therefore Ke A =T* c K.

Therefore T* is the right I'- semi sub near-field space of S generated by A. This completed the proof of the theorem.

Definition 1.2.32: Let S be a I'- semi normal sub near-field space and A be a nonempty sub near-field space of S. The
smallest I"- semi sub near-field space of S containing A is called I'- semi sub near-field space of S generated by A.

Theorem 1.2.33: The I'- semi sub near-field space of a I'- semi normal sub near-field space S generated by a nonempty
sub near-field space A is the intersection of all I'- semi sub near-field spaces of S containing A.

Proof: Let A be the set of all I'-semi sub near-field spaces of S containing A.

Since S itself is a I'-semi sub near-field space of S containing A, S € A. S0 A # @.

LetT"= (") T, SinceAc Tforall Te A ACT.

By theorem 1.2.17, T* is a I'- semi sub near-field space of S.

Let K is a I'- semi sub near-field space of S containing A.

Clearly A € Kand K is a I'- semi sub near-field space of S.

Therefore Ke A =T* c K.

Therefore T* is the I"- semi sub near-field space of S generated by A. This completes the proof of the theorem.

We now introduce a principal left I'- semi sub near-field space of a I'- semi normal sub near-field space and
characterize principal left I"- semi sub near-field space.

Definition 1.2.34: A left T'- semi sub near-field space A of a I'- semi normal sub near-field space S is said to be the
principal left I'- semi sub near-field space generated by a if A is a left I'- semi sub near-field space generated by {a} for
some a € S. It is denoted by L(a).

Theorem 1.2.35: If S is a I'- semi normal sub near-field space and a € S then L(a) =a U ST'a.

Proof: Letse S, reauSlraandy eT.
reauSla=r=aorr=toaforsometeSs, a€r.

Ifr=athensyr=syaeSlracau Sla.
Ifr=taathensyr=sy(taa)=(syt)aa EST'a < a U STa.

Therefore s y a € a U ST'a and hence a U ST'a is a left T'- semi sub near-field space of S. Let L be a left I'- semi sub
near-field space of S containing a.

LetreauSlra. Thenr=aorr=toaforsometeS, a€r.
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Ifr=athenr=a€elL.Ifr=taathenr =tea € L.

Therefore auSI'a € L and hence auSrI'a is the smallest left I'- semi sub near-field space containing a. Therefore
L(a) = auSI'a. This completes the proof of the theorem.

Note 1.2.36: If S is a I'- semi normal sub near-field space and a € S then L (a) = S1Ta.

We now introduce principal right I'- semi sub near-field space of a I'- semi normal sub near-field space and
characterize principal right I'- semi sub near-field space.

Definition 1.2.37: A right I"- semi sub near-field space A of a I'- semi normal sub near-field space S is said to be the
principal right T'- semi sub near-field space generated by a if A is a right T"- semi sub near-field space generated by {a}
for some a €S. It is denoted R(a).

Theorem 1.2.38: If Sis aT - semi normal sub near-field space and a € S then R(a) =a U aI'S.

Proof: Letse S,reauarls.

NowreauvalS=r=aorr=aatforsometes, a€T.

Ifr=athenrys=ayseal'Scauarls.

Ifr=aatthenrys=(aat)ys=ac(tys) eal'Scau als.

Therefore r ys € a U aI'S and hence a U al'S is a right I'- semi sub near-field space of S. Let R be a right I'- semi sub
near-field space of S containing a.

LetreauvalS.Thenr=aorr=aot forsometesS, a€r.
Ifr=athenr=a€eR. Ifr=aatthenr =aat € R.

Therefore a U aI'S € R and hence a U STa is the smallest right I'- semi sub near-field space containing a. Therefore
R(a) = aval'S. This completes the proof of the theorem.

Note 1.2.39: If S is a I'- semi normal sub near-field space and a € S then R (a) = aI'S1.

We now introduce a principal T'- semi sub near-field space of a I'-semi normal sub near-field space and characterize
principal T'- semi sub near-field space.

Definition 1.2.40: A I'- semi sub near-field space A of a I'- semi normal sub near-field space S is said to be a principal
I'- semi sub near-field space provided A is a I'- semi sub near-field space generated by {a} for some a € S. It is denoted
by J[a] or <a>.

Theorem 1.2.41: If S is aI'- semi normal sub near-field space and a € Sthen J(a) =a U al'S U ST'a U ST'al’S.

Proof: Letse S, reauval'Su Srau SrarSandy er.
reavalrSuSrausSralr'S=r=aorr=aatOrr=taa or r = taafu for some
ttueSand o, BET.

If r =athen rys = ays € al'S and syr = sya € STa.
If r = aat then rys = (aat)ys = aa(tys) € aI'S and syr = sy(aat) = syaat € SI'al’S.
If r = toa then rys = (tad)ys = taays € STal'S or syr = sy(taa) = (syf)oa € ST'a.

If r =teapu then rys = (taapu)ys = taaf(uys) € Srar's
and syr = sy(taafpu) = (syf)aapu € Srrar's.

But al'S, ST'a, ST'aI'S are all sub near-field spaces of al'S U ST'a U ST'al'S.

Therefore rys, syr € a U al'S U ST'a U SI'al’'S and hence a U aI'S U SI'a U SI'al’S is a I'- semi sub near-field space of
S.
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Let J be a I'- semi sub near-field space of S containing a. Letr € a u al'S U SI'a U SI"al’S.
Thenr=aorr=aatorr=taaorr=tcapu forsomet,u€eSand o, SET.

Ifr=athenr=ael. Ifr=aatthenr=aat €.

Ifr=tecathenr=tea €J. If r=tcapu thenr =teapu € J.

Therefore,au al'S U ST'a U SI'al’'S c J.

Hence a U aI'S U ST'a U STal’'S is the smallest I'- semi sub near-field space of S containing a. Therefore
J(@)=auval'Su Srau Srar's. This completes the proof of the theorem.

Note 1.2.42: If S is a I'- semi normal sub near-field space and a € S, then <a> =a U aI'S U SI'a U STal'S = S1l'a
I'sil.

Theorem 1.2.43: In any I'- semi normal sub near-field space S, the following are equivalent. (1) Principal I'-semi sub
near-field spaces of S form a chain. (2) I'-semi sub near-field spaces of S form a chain.

Proof: To prove (1) = (2): Suppose that principal I'- semi sub near-field spaces of S form a chain.
Let A, B be two I'- semi sub near-field spaces of S. Suppose if possible A ¢ B, B ¢ A.

Then there exists a € A\B and b € B\A.

aeA=><a>cCAandbeB=<b>cB.

Since principal I'- semi sub near-field spaces form a chain, either<a><c <b>or<b>Cc<a>.
If<a>c <b> thenae<b>cB.Itisa contradiction.

If<b>c<a>thenbe<a>c A. ltisalso a contradiction.

Therefore, either A € B or B € A and hence I'- semi sub near-field spaces from a chain.

To prove (2) = (1): Suppose that I'-semi sub near-field spaces of S form a chain.

Then clearly principal I'-semi sub near-field space of S forms a chain.

Duo semi normal sub near-field spaces played an important role in the theory of semi normal sub near-field spaces.
This completes the proof of the theorem.

We now introduce a left duo I'-semi normal sub near-field space, a right duo I'-semi normal sub near-field space and a
duo I'-semi normal sub near-field space.

Definition 1.2.44: A T- semi normal sub near-field space S is said to be a left duo I'- semi normal sub near-field space
provided every left I'- semi sub near-field space of S is a two sided I'- semi sub near-field space of S.

Definition 1.2.45: A T'- semi normal sub near-field space S is said to be a right duo I'- semi normal sub near-field space
provided every right I'-semi sub near-field space of S is a two sided I'- semi sub near-field space of S.

Definition 1.2.46: A T'- semi normal sub near-field space S is said to be a duo I'- semi normal sub near-field space
provided it is both a left duo I'- semi normal sub near-field space and a right duo I'- semi normal sub near-field space.

We now characterize duo I'-semi normal sub near-field spaces.

Theorem 1.2.47: A T-semi normal sub near-field space S is a duo I'- semi normal sub near-field space if and only if
XISt =S'Tx forallx € S.

Proof: Suppose that S is a duo I'-semi normal sub near-field space and x € S.
Lett € XI'S™. Then t=xys for some s € S*, y € T".

Since S'I'x is a left I'-semi sub near-field space of S, S'T'x is a I'-semi sub near-field space of S.
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So xeS'Tx, y eI, seS, S'Tx is a I'-semi sub near-field space
= xyseSTx=t eS'Tx.

Therefore, xI'S*c S'T'x. Similarly we can prove that S'I'x € xI'S* . Therefore S'I'x = xI'S™.
Conversely suppose that S'T'x = xI'S for all x € S. Let A be a left I'-semi sub near-field space of S.

Letx € A, s € Sand o € I'. Then xas € xI'S1 = S1I'x = xas = tpx for some t €S*, § €T
xe A, teS, Bel, Ais a left I'-semi sub near-field space of S= tfxe A= xa seA.

Therefore A is a right T'-semi sub near-field space of S and hence A is a I'-semi sub near-field space of S.
Therefore S is left duo I'-semi normal sub near-field space.

Similarly we can prove that S is a right duo I'-semi normal sub near-field space. Hence S is duo I'-semi normal sub
near-field space. This completes the proof of the theorem.

Theorem 1.2.48: Every normal I'- semi normal sub near-field space is a duo I'- semi normal sub near-field space.
Proof: Suppose that S is normal T'-semi normal sub near-field space.
Then aI'S=STI'a for all a € S=al'S' = S'T'a for all a S. By theorem 1.2.47, S is a duo I'-semi normal sub near-field

space. This completes the proof of the theorem.

We now introduce a left simple T'-semi normal sub near-field space and characterize left simple I'-semi normal sub
near-field spaces.

Definition 1.2.49: A T'-semi normal sub near-field space S is said to be a left simple I'-semi normal sub near-field
space if S is its only left I'-semi sub near-field space.

Theorem 1.2.50: A I'-semi normal sub near-field space S is a left simple I" -semi normal sub near-field space if and
onlyifSTa=Sforalla€es.

Proof: Suppose that S is a left simple I'-semi normal sub near-field space and a € S.

LetteSI'a,seS, y eT.
teSl'a=t=s;aawheres; eSand e €T

Now st = sy s,aa ) = (sI5; )oa eSl'a = STa is a left I'-semi sub near-field space of S.

Since S is a left simple I'-semi normal sub near-field space, ST’'a = S.

Therefore STa=Sforalla € S.

Conversely suppose that ST'a = S for all a € S. Let L be a left I'-semi sub near-field space of S.
Letl € L. Then | € S. By assumption ST'l = S.

Lets€S. Thens € SI'l = s=tal forsomet€S, a €T.
leL,teS, aelandLisaleftI'-semi sub near-field space = ral € L = s € L.

Therefore, S < L. Clearly L € Sand hence S=L.
Therefore S is the only left I'-semi sub near-field space of S. Hence S is left simple I'-semi normal sub near-field space.

We now introduce a right simple I'-semi normal sub near-field space and characterize right simple I'-semi normal sub
near-field spaces.

Definition 1.2.51: A T'-semi normal sub near-field space S is said to be a right simple I"-semi normal sub near-field
space if S is its only right I'-semi sub near-field space.

Theorem 1.2.52: A I'-semi normal sub near-field space S is a right simple I'-semi normal sub near-field space if and
only ifal'S=S foralla € S.
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Proof: Suppose that S is a right simple I"-semi normal sub near-field space and a € S. Lett€ aI'S,s€ S, y€T.
teal'S = t=aos; wheres; eSand o €T.

Now tys = (aas; )ys=aa (s; yS)eal’'S = al'S is aright I'-semi sub near-field space of S.
Since S is a right simple I'-semi normal sub near-field space, aI'S = S.

Therefore aI'S = S foralla € S.

Conversely suppose that al'S = S for all a € S.

Let R be a right T"- semi sub near-field space of a I'- semi hormal sub near-field space S.
Letr € R. Thenr € S. By assumption rT'S = S.

Lets€S. Thens e 'S = s=ratforsomete S, a €T.
re R,teS, o €T and R is aright - semi sub near-field space = rat € R=> s€ R.

Therefore, S € R. Clearly R € S and hence S =R.

Therefore S is the only right I'- semi sub near-field space of S. Hence S is right simple I'- semi normal sub near-field
space S. This completes the proof of the theorem.

We now introduce a simple I'-semi normal sub near-field space and characterize simple I'-semi normal sub near-field
spaces.

Definition 1.2.53: A T-semi normal sub near-field space S is said to be simple I'-semi normal sub near-field space if S
is its only two-sided I'-semi sub near-field space.

Theorem 1.2.54: If S is a left simple I'-semi normal sub near-field space or a right simple I'-semi normal sub near-field
space then S is a simple I'-semi normal sub near-field space.

Proof: Suppose that S is a left simple T'-semi normal sub near-field space. Then S is the only left T'-semi sub near-field
space of S.

If A is a I'-semi sub near-field space of S, then A is a left I"-semi sub near-field space of S and hence A =S.

Therefore S itself is the only I'-semi sub near-field space of S and hence S is a simple I'-semi normal sub near-field
space.

Suppose that S is a right simple I'-semi normal sub near-field space. Then S is the only right I'-semi sub near-field
space of S.

If A'is a I'-semi sub near-field space of S, then A is a right I'-semi sub near-field space of S and hence A =S.

Therefore S itself is the only I'-semi sub near-field space of S and hence S is a simple I'-semi normal sub near-field
space.

Theorem 1.2.55: A I'-semi normal sub near-field space S is simple I"-semi normal sub near-field space if and only if
Srar'S=Sforalla€eSs.

Proof: Suppose that S is a simple I'-semi normal sub near-field space and a € S.
LetteSTalr'S,se Sand yeT.
teSralrS =t=s,axafs, wheres;, s, eSanda, p €T.

Now tys = (S;@aff s;)ys = ssxaf (s, ys) € SI'al's and
st=sU sixafsy) = (s)51)aafs, € Sral'S. Therefore Sr'al's is a I'-semi sub near-field space of S.

Since S is a simple I'-semi normal sub near-field space, S itself is the only I'-semi sub near-field space of S and hence
Sral'sS =S.
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Conversely suppose that STal’'S = S for all a € S. Let | be a I'-semi sub near-field space of S.

Leta€el. Thena € S. SoSrars =S.

LetseS. Thense Sralr'S > s=t,eaft,forsomet;, t, €S, o, ET.
aelt, €S a BET, lisal- semisub near-field space of S

=>taaft,el=>sel Therefore S I. Clearly | € Sand hence S=1.

Therefore S is the only I'- semi sub near-field space of S. Hence S is a simple I'- semi normal sub near-field space. This
completes the proof of the theorem.
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