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ABSTRACT

In this paper we obtain some results on fixed point theorem in cone metric space which extends some known results
that are already proved in [6,13].
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INTRODUCTION

Jungck [1] introduced the concept of commuting maps and proved the results that generalize the Banach contraction
principle. Sessa [2] further gave the idea of weakly commuting maps thereby generalizing the commuting maps. Jungck
[3] again extended this concept to compatible mappings. In 1998 [4] Jungck and Rhoades introduced the notion of
weakly compatible maps. Compatible maps are weakly compatible but the converse is not true. It is during the year
2007 when Huang and Zhang [5] introduced the concept of cone metric space by replacing the range set of non
negative real numbers of the metric d by the ordered Banach space. The existence of a common fixed point in cone
metric space has been considered recently in [6-18] and references therein. The following theorem is the extension of
the result in [6, 13]. Recently, a new generalization of contraction mappings on complete metric spaces is introduced by
Beiranvand et al. [17] called T-contraction and T-contractive mappings which are depending on another function. On
the other hand Morales and Rojas [7, 12] have extended the concept of T-contraction mappings to cone metric space
where the cone is normal by provingfixed point theorems for T -Kannan, T-Zamfirescu, T-weakly contraction
mappings. In contrary M. Filipovi“c et al. [6] extended this result without considering the cones to be normal and hence
defined T-Hardy—Rogers contraction and obtained the fixed point and periodic point results on cone metric space. In
the framework of T-Hardy-Rogers Contraction Mapping in a Cone Metric Space Sumitra [11] et al. and Soleimani have
given a new directions thereby obtaining common fixed point for two mappings.

PRELIMINARIES

We recall some definitions and other results that will be needed in the sequel.

Definition 1.1: Let E be a real Banach space and P  E. Then P is said to be a cone if it satisfies the following
condition:

i) P isanon-empty closed subset of E and P # {9} .
i) If x,yeP,and a,beR,a>0,b>0,thenax+byeP.
iii) fxePand—xeP,thenx=6.

Cone induces a Partial order relation

We can define a partial order relation on E with respect to the cone P in the following way X <y if and only if

y—XxeP.Also X<<Yifandonlyif y—XxeintP and X< Yimplies X< ybutX=y.If INtP # ¢ then the
cone is a solid cone.
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Definition 1.2: Let X be asetand d : X x X — E satisfying
i) d(x,y)=0,Vx,ye Xandd(x,y)=~€ifandonlyifX=1Y.
i) d(x,y)=d(y,x), Vx,yeX.
i) d(x,y)<d(x,z2)+d(z,y), VX,y,ze X .
Then d is called the cone metric and the pair (X, d) is called the cone metric space.
E.g.a)[5]: LetE =R*and P ={(X,y) e R*: x>0,y >0}, X =Rand
d(x,y)= (|X - y|, a|X - y|), VX, ¥y€ X,a2>0.Then (X,d)is a cone metric space and P is a normal cone with
normal constant 1.

There are two different kinds of cones: normal (with a normal constant K ) and non-normal cones. Let E be a real
Banach space, P — E a cone and < the partial ordering defined by P . Then P is said to be normal if there exist
positive real number K such that forall X,y € P

0 < x <y implies[X| < K]y].

Or, equivalently if X, <y, <z, Vnand limx, =limz, =x=limy, =x.

n—oo n—oo n—oo
The least of all such constant K is known as normal constant.

Definition 1.3 [5]: Let (X ,d )be a cone metric space. Let X be a sequence in X and X € X . If for every C € E with
C >> @ there is N such that for alln > N ,d (X, X) << C. Then X, is said to be convergent to X and Xis the limit
of X, . We denote this by

!Lr?cxn =X, Or X, = X(n — o).
Definition 1.4 [5]: Let (X,d)be a cone metric space. Let X be a sequence in X . If for any C e E with ¢ >>6
there is N such that for alln,m > N, d (X, X,,) << C. Then X, is said to be a Cauchy sequence in X .

Definition 1.5 [7]: Let (X ,d )be a cone metric space, P a solid cone and T : X —> X . Then
i) T issaid to be continuous if lim X, = X implies that limTx,, =Tx, forall X, inT .

n—o nN—o0

i) T is said to be Subsequentially Convergent, if we have for every sequence {Xn}that {TXn}is convergent,
implies {X,} has a convergent subsequence.
i) T is said to be sequentially convergent if we have, for every sequence{X,}, if {TX_ }is convergent, then

{x, }also is convergent.

Definition 1.6 [8]: Let f and J be two self mapson X . If fw = gw =V for some We X thenWis
the coincidence pointof f and g and Vis the point of coincidence of f and g

Definition 1.7[5]: Let (X ,d)be a cone metric space. If every Cauchy sequence is convergent then X is said to be
complete cone metric space
Let (X ,d )be a cone metric space.

i) Ifu<vand V<<WthenU << W.

i) If@<u<<cforeachceintP thenu=46.

iii) If E is areal Banach space with cone P andif a<adwhere0<A<landae P, thena=46.

Definition 1.8 [4]: Let S and T be two self-mappings of a cone metric space (X , d).The pair (S,T)is said to be
weakly compatible if STu =TSU whenever Su =Tu for someU € X .
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Remark 2.1 [15]: IfceintP, # <&, anda, — @, then there exists N, such that for all N > n,we have a, << C.

The following proposition is proved in [8].

Proposition 2.2 [8]: If f and g be two weakly compatible maps on X. If f and g have unique point of coincidence

fw=gw= Vthen v is the unique common fixed point of f and g.

M. Abbas, B.E. Rhoades [10] in corollary 2.4 have proved the following result

Theorem 2.3 [10]: Let (X , d)be a complete cone metric space with normal constant K. Suppose that the mapping
f : X — X satisfies

d(fx, fy) <ad(x,y)+a,d(x, fx)+ad(y, fy)+a,d(x, fy)+ad(fx,y), Vvx,yeX.

5

where @, >0;1=12,34,5 and Zai <1.Then f has a unique fixed point.
i=1

The G.Song et al. [13] have proved the following theorem.

5
Theorem 2.4[13]: Let (X,d)be cone metric space and @, >0 ;i=12,3,4,5be constants such thatZ:ai <1.

i1
Suppose that the mappings f, g : X — X satisfy the condition

d(fx, fy) <ad(gx, gy)+a,d(fx, gx)+a,d(qy, fy)+a,d(fx, gy) +ad(gx, fy), forall x,y e X.

If the range of f is contained in the range of g and g(X) is a complete subspace, then f and g have a unique point of
coincidence. Moreover, if f and g are weakly compatible then they have a unique fixed point.

MAIN RESULT

Theorem 3.1: Let (X , d)be complete cone metric space. Let T : X — X be a continuous and one-one function and
f,g: X — X be two functions satisfying

d(Tfx, Tfy) < a,d(Tgx,Tgy) +a,d (Tfx, Tgx) + a,d (Tgy, Tfy) + a,d (Tfx, Tgy) + a,d (Tgx, Tfy) (1)
5
forall X,y e X Where & >0;1=12,345 and Zai <1.

i=1
Suppose if the range of f is contained in the range of g and g(X) is a complete subspace. Then

i) Thereexist Ue X suchthat |i, TF(X,)=U=|jm T9(X,..).
N—oo N—o0

ii) If T is subsequentially convergent then f (X,) = g(X,.,) have convergent subsequence.
iii) f and g have a unique point of coincidence.
iv) Further if f and g are weakly compatible then they have a unique common fixed point.

Proof: Let X, € X be an arbitrary point of X . Since f(X)c g(X)then there exist X, € X such that

f(X,) = g(X,) and so on. Therefore, we have f(X,)=0(X,,;)where n=0123,...........
Then

d(Tfx,, Tfx,,,) <ad(Tgx ,Tox ., ) +a,d(Tfx ,Tox, ) +a,d(Tox,.,, Tfx, ) +a,d(Tfx, ,Tgx,,,)
+a.,d(Tox,, TfX,,)
<ad(Tfx ,,Tfx )+a,d(Tfx ,Tfx ) +ad(Tfx ,Tfx ,)+a,d(Tfx ,Tfx )+a.d(Tfx
<ad(Tfx ,,Tfx )+a,d(Tfx ,Tfx ) +ad(Tfx ,Tfx ) +a{d(Tfx
<(a,+a,+a;)d(Tfx ., Tfx )+ (a;+a;)d(Tf, , T )}

n-1'7 fon+l)
Tfx ) +d(Tfx , TfX )}

n-17
2
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??foM,fon) <ad(Tgx,,Tgx,,,) + a,d(Tfx
+a,d (Tgx,,;, TfX,)

<ad(Tfx,,, Tfx,) +a,d(Tfx,,, TfX,) +a,d(Tfx, ,, Tfx,) + a,d (Tfx,,,,

<ad(Tfx,,,Tfx,) +a,d (Tfx,,,, Tfx,) + a,d (Tfx,_,, Tfx,) + a,{d (Tfx

<(a, +a,+a,)d(Tfx, ,, Tfx,) + (a, + a,)d (Tfx

Tox,,,) +a,d(Tgx,, Tfx,) +a,d (Tfx,,,, Tgx,)

n+1? n+1

Tfx, ,) +a.d(Tfx,, Tfx,)
e TIX ) +d (T, TX )}
Tfx,) 3)

n+1?

n+11
Adding (2) and (3), we get,
2d(T#x,.,, TfX,) < (2a, +a, + a, +a, + a;)d (Tfx, ,, Tfx,) + (a, + a; + a, + a;)d (Tfx
(2a,+a,+a,+a, +a
(Z_az_as_a4_a5)

Tfx,).

n+1? n+1?

d(Tfx, ., TfX,) < ) d(Tfx, ,, TfX,).

d(Tfx,,,, TH,) <bd (TfX, |, TIX,) <o <b"d(Tfx,, Tfx,). (4)
where. b — (2a, +a,+a,+a, +a;) <1
(2-a,-a,-a,-a;)
Letm>n,
d (fon ,fom) <(b" + b™ +b™ % 4 eennn. +bm’1)d (foO,fol).

n

Slb—bd(foo,fol) —6,n— o,

So from Remark 2.1, for given C € int P with & << C such that we have 16

d(Tfx,, Tfx,) <<cC.

n

b
H d(Tfx,, Tfx,) <
ence d(Tfx, ) 10

d (Tfx,, TfX,) << C for eachC € int P, which implies that d(TfX. ,Tfx ) <<c , for

eachc eintP.

Consequently, {Tf (x,)} [resp{Tg(X,,,)}] is a Cauchy sequence.

Since (X ,d ) is a complete cone metric space the above sequence is convergent in X.

That is{Tf (X,)} [resp{Tg(x,.,)}] is convergent.

Now since T is sub sequentially convergentso f (X,) = g(X,,;) have a convergent subsequence.

n+l

Let f(X, ) =0(X,, 1) be the convergent subsequence such that

k—0

l!im 9(X,, )=V .[resp lim f(x, )= v}
Since T is continuous, we get, l!ing (X 42) =TV )

Again as g(X) is complete, so there exist W € X such that gw = V.

Now,

d(Tfw, Tgw) = d (Tfw,Tv) < d(Tfw,Tfx, ,,) + d(Tfx, ,;, TV).
<a,d(Tgw,Tgx, .,) +a,d(Tfw, Tgw) + a,d (Tgx
+asd (Tgw, Tfx, ;) +d(Tfx Tv).

TfXx ) + a4d (TfW1 -l-gxni +1)

n;+1? n;+1

n; +17

© 2018, IJIMA. All Rights Reserved 80



Jigmi Dorjee Bhutia* and Kalishankar Tiwary /
Some results on the fixed point theorem on Cone metric space / IJMA- 9(4), April-2018.

From definition 1.2 (iii),
a,d(Tfw,Tgx, ;) < a,{d(Tfw,Tv) +d(Tv,Tgx, .,)}-

Using definition 1.2 (iii) and (4), we get,
a,d(Tox, ., Tfx, ;) <a,{d(Tgx, ., Tfx, ) +d(Tfx, , Tix, ;)}.<a,d(Tgx, ,, T, ) +asb™d (Tfx,, Tfx,).

Then from the above relation we get
<a,d(Tgw,Tgx, ) +a,d (Tfw, Tgw) + a,d (Tgx, ., TX, ) +a,b™d (Tfx,, Tfx,) +
a,{d(Tfw,Tv) +d (Tv,Tgx, ,)}+ad(Tgw,Tfx, ;) +d(Tfx, ;,Tv).

(1_ a2 - a4)d (TfW1TgW) = a:l_d (rgW’ Tgxn- +1) + an (rgxn- +l’-|_fxni )
+azb"d (Tfx,, Tfx,) +a,d (Tv,Tgx, ,) + (& +Dd (Tfx, ., TV).
& a5
d(Tftw, Tgw) < ———d(Tgw, Tgx,, ,,) +——————d(Tgx, ,,, TfX, )
(1—&2—84) o (1—&2—34) i I

a3 n a4 (aS +1)
— b"d(Tfx,, Tf —2——d(Tv,Tgx, . ——=———d(Tfx,,,, TV).
+(1_a2_a4) (r ° X1)+(1_a2_a4) (r 9 ' 1)_|_(:|-_‘512_a~4) (r o )

d(Tfw, Tgw) < Ad(Tv,Tgx, .,) + Ad(Tgx, .., Tfx, )+ Ab™d (Tfx,, Tfx,) + A,d (Tv, Tgx, 1)
+A,d (T, ,,,TV).

where,
B a, a, 3 a, _ (as +1)
A e e e e e a) N ey

Let C € int P with @ << Cbe given. Then from (5) and using definition 1.3 we can choose a natural number N such
that for alli > N , we have,

d(Tv,Tgx Tv) << % ,

4

n; +1 n;+1 n+171

C C C
) << E, d (Tani +l,Tani) << ﬁ, d (TV,TgX ) << ﬁ, d (TfX

Ab™d (Tfx,, Tfx) - @ ani — oo, so from remark 2.1 we have, A,b"d (Tfx,, Tfx) << SL .

This implies d (Tfw, Tgw) <<%+%+%+ +—==cC.

C c ¢
_+_ J—
5 5 5

Thus we get,
d (Tfw, Tgw) << ¢ forall ¢ € int P which implies that d (Tfw, Tgw) = 6.

So it follows that Tfw = Tgw. Now since T is one — one fw = gw. Hence we have fw = gw =V
So, W is the coincidence point and V is the point of coincidence.

We now prove that the point of coincidence is unique.

If not let there be another point of coincidence ( thenthereis P € X suchthat fp=gp=q.

Then we have
d(Tfp, Tfw) < a,d(Tgp,Tgw) + a,d (Tgp, Tfp) + a,d (Tgw, Tfw) + a,d (Tgp, Tfw)
+ad(Tfp, Tgw).
d(Tfp, Tfw) <a,d(Tfp,Tfw) +a,d (Tfp, Tfp) + a,d (Tfw, Tfw) +a,d (Tfp, Tfw) + a.d (Tfp, Tfw).

d(Tfp,Tfw) < (a, +a, +a,)d (Tfp, Tfw).
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5

Since, Zai <lwe getd (Tfp,Tfw) = @ therefore, Tfp =Tfwsince T is one-one fp = fw. Therefore
i=1

q=\V.

Since f and ( is weakly compatible mappings the unique common fixed point exist from the Proposition [2.2].

The following corollary is the main result Theorem 2.1 in [13]

Corollary 3.2: Let (X , d)be a cone metric space. Let f,g: X — X be two functions satisfying
d(fx, fy) <a,d(gx, gy) +a,d(fx, gx) +a,d(gy, fy) +a,d(x, gy) +a;d (gx, fy)

where @, > 0;1=1,2,34,5 andZ:ai <1.

i=1

Suppose if the range of f is contained in the range of g and g(X) is a complete subspace. Then f and g have a unique
point of coincidence. Further if f and g are weakly compatible then they have a unique common fixed point.

Proof: If we take TX = X in Theorem 3.1 then we get the result.

The following corollary is obtained which is the main result of Hardy and Rogers [14] in the setup of cone metric space
as proved by M. Abbas, B.E. Rhoades [10] for normal cones.

Corollary 3.3: Let (X , d)be a complete cone metric space. Let f : X — X be two functions satisfying

A, fy) <ad(x,y)+a,d(5, %) +ad(y, )+ ad( y)+ ad(x, )
where @, > 0; 1=1,2,3,4,5 and iai <1.

i=1
Then f have a unique fixed point.

Proof: If we take § and T both as identity map in Theorem 3.1 then we get the result.
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