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ABSTRACT 
In this paper we obtain some results on fixed point theorem in cone metric space which extends some known results 
that are already proved in [6,13].  
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INTRODUCTION 
 
Jungck [1] introduced the concept of commuting maps and proved the results that generalize the Banach contraction 
principle. Sessa [2] further gave the idea of weakly commuting maps thereby generalizing the commuting maps. Jungck 
[3] again extended this concept to compatible mappings. In 1998 [4] Jungck and Rhoades introduced the notion of 
weakly compatible maps. Compatible maps are weakly compatible but the converse is not true. It is during the year 
2007 when Huang and Zhang [5] introduced the concept of cone metric space by replacing the range set of non 
negative real numbers of the metric d by the ordered Banach space. The existence of a common fixed point in cone 
metric space has been considered recently in [6-18] and references therein. The following theorem is the extension of 
the result in [6, 13]. Recently, a new generalization of contraction mappings on complete metric spaces is introduced by 
Beiranvand et al. [17] called T-contraction and T-contractive mappings which are depending on another function. On 
the other hand Morales and Rojas [7, 12] have extended the concept of T-contraction mappings to cone metric space 
where the cone is normal by proving fixed point theorems for T -Kannan, T-Zamfirescu, T-weakly contraction 
mappings. In contrary M. Filipovi´c et al. [6] extended this result without considering the cones to be normal and hence 
defined T-Hardy–Rogers contraction and obtained the fixed point and periodic point results on cone metric space. In 
the framework of T-Hardy-Rogers Contraction Mapping in a Cone Metric Space Sumitra [11] et al. and Soleimani have 
given a new directions thereby obtaining common fixed point for two mappings. 
 
PRELIMINARIES 
 
We recall some definitions and other results that will be needed in the sequel. 
 
Definition 1.1: Let E be a real Banach space and EP ⊂ . Then P is said to be a cone if it satisfies the following 
condition: 

i) P is a non-empty closed subset of E and { }θ≠P  . 
ii) If ,0,0,,,, ≥≥∈∈ baRbaandPyx then Pbyax ∈+ . 
iii) If PxandPx ∈−∈ , then θ=x . 

Cone induces a Partial order relation 
 
We can define a partial order relation on E  with respect to the cone P in the following way yx ≤ if and only if

Pxy ∈− . Also yx << if and only if Pxy int∈−  and yx < implies yx ≤ but yx ≠ . If φ≠Pint  then the 
cone is a solid cone. 
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Definition 1.2: Let X be a set and EXXd →×: satisfying  

i) Xyxyxd ∈∀≥ ,,),( θ and θ=),( yxd if and only if yx = . 
ii) Xyxxydyxd ∈∀= ,),,(),( . 
iii) Xzyxyzdzxdyxd ∈∀+≤ ,,),,(),(),( . 

Then d is called the cone metric and the pair ),( dX is called the cone metric space. 

E.g. a) [5]: Let 2RE = and }0,0:),{( 2 ≥≥∈= yxRyxP , RX = and 

.0,,),,(),( ≥∈∀−−= αα Xyxyxyxyxd Then ),( dX is a cone metric space and P is a normal cone with 
normal constant 1. 
 
There are two different kinds of cones: normal (with a normal constant K ) and non-normal cones. Let E  be a real 
Banach space, P E⊂ a cone and ≤  the partial ordering defined by P . Then P is said to be normal if there exist 
positive real number K such that for all Pyx ∈,  

yx ≤≤θ implies yKx ≤ .   
 
Or, equivalently if nzyx nnn ∀≤≤ , and .limlimlim xyxzx nnnnnn

=⇒==
∞→∞→∞→  

 
The least of all such constant K is known as normal constant. 
 
Definition 1.3 [5]: Let ( )dX , be a cone metric space. Let nx be a sequence in X and Xx∈ . If for every Ec∈ with 

θ>>c there is N such that for all Nn > , cxxd n <<),( . Then nx is said to be convergent to x  and x is the limit 

of nx . We denote this by  

)(,lim ∞→→=
∞→

nxxorxx nnn
. 

 
Definition 1.4 [5]: Let ( )dX , be a cone metric space. Let nx be a sequence in X . If for any Ec∈ with θ>>c  

there is N such that for all Nmn >, , cxxd mn <<),( . Then nx is said to be a Cauchy sequence in X . 
 
Definition 1.5 [7]: Let ( )dX , be a cone metric space, P a solid cone and XXT →: . Then  

i)  T is said to be continuous if xxnn
=

∞→
lim  implies that TxTxnn

=
∞→

lim , for all nx  inT . 

ii) T is said to be Subsequentially Convergent, if we have for every sequence }{ nx that }{ nTx is convergent, 

implies }{ nx  has a convergent subsequence. 

iii) T is said to be sequentially convergent if we have, for every sequence }{ nx , if }{ nTx is convergent, then 

}{ nx also is convergent. 
 
Definition 1.6 [8]: Let f and g be two self maps on X . If vgwfw == for some Xw∈  then w is  
the coincidence point of f and g and v is the point of coincidence of f and g . 
 
Definition 1.7[5]: Let ( )dX , be a cone metric space. If every Cauchy sequence is convergent then X is said to be 
complete cone metric space 
Let ( )dX , be a cone metric space.  

i) If vu ≤ and wv << then wu << . 
ii) If cu <<≤θ for each Pc int∈ , then θ=u . 
iii) If E is a real Banach space with cone P and if λaa ≤ where 10 <≤ λ  and Pa∈ , then θ=a . 

 
Definition 1.8 [4]: Let S  and T  be two self-mappings of a cone metric space ( )dX , .The pair ( )TS , is said to be 

weakly compatible if TSuSTu = whenever TuSu = for some Xu∈ . 
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Remark 2.1 [15]: If Pc int∈ , na≤θ and θ→na , then there exists 0n  such that for all 0nn > we have .can <<   
 
The following proposition is proved in [8]. 
 
Proposition 2.2 [8]:  If f and g be two weakly compatible maps on X. If f and g have unique point of coincidence 
fw gw v= = then v is the unique common fixed point of f and g. 

 
M. Abbas, B.E. Rhoades [10] in corollary 2.4 have proved the following result 
 
Theorem 2.3 [10]: Let ( )dX , be a complete cone metric space with normal constant K. Suppose that the mapping 

XXf →: satisfies  

.,),,(),(),(),(),(),( 54321 Xyxyfxdafyxdafyydafxxdayxdafyfxd ∈∀++++≤  

where 5,4,3,2,1;0 =≥ iai  and 1
5

1
<∑

=i
ia . Then f has a unique fixed point. 

The G.Song et al. [13] have proved the following theorem. 

Theorem 2.4[13]: Let ( )dX , be cone metric space and 5,4,3,2,1;0 =≥ iai be constants such that 1
5

1
<∑

=i
ia . 

Suppose that the mappings XXgf →:,  satisfy the condition 
),(),(),(),(),(),( 54321 fygxdagyfxdafygydagxfxdagygxdafyfxd ++++≤ , for all ., Xyx ∈  

 
If the range of f is contained in the range of g and )(Xg  is a complete subspace, then f and g have a unique point of 
coincidence. Moreover, if f and g are weakly compatible then they have a unique fixed point. 
 
MAIN RESULT 
 
Theorem 3.1: Let ( )dX , be complete cone metric space. Let XXT →: be a continuous and one-one function and 

XXgf →:,  be two functions satisfying  

),(),(),(),(),(),( 54321 TfyTgxdaTgyTfxdaTfyTgydaTgxTfxdaTgyTgxdaTfyTfxd ++++≤               (1) 

for all Xyx ∈, Where 5,4,3,2,1;0 =≥ iai  and 1
5

1
<∑

=i
ia . 

 
Suppose if the range of f is contained in the range of g and )(Xg  is a complete subspace. Then 

i) There exist Xu∈ such that 1( ) ( ).lim limn nTf x u Tg x
n n

+= =
→∞ →∞

 

ii) If T is subsequentially convergent then )()( 1+= nn xgxf have convergent subsequence. 

iii) f and g have a unique point of coincidence. 
iv) Further if f and g are weakly compatible then they have a unique common fixed point. 

 
Proof: Let Xx ∈0 be an arbitrary point of X . Since )()( XgXf ⊂ then there exist Xx ∈1 such that 

)()( 10 xgxf = and so on. Therefore, we have )()( 1+= nn xgxf where ..,.........3,2,1,0=n  
Then  

1 1 1 2 3 1 1 4 1

5 1

( , ) ( , ) ( , ) ( , ) ( , )
( , )

n n n n n n n n n n

n n

d Tfx Tfx a d Tgx Tgx a d Tfx Tgx a d Tgx Tfx a d Tfx Tgx
a d Tgx Tfx

+ + + + +

+

≤ + + +
+       

         1 1 2 1 3 1 4 5 1 1( , ) ( , ) ( , ) ( , ) ( , )n n n n n n n n n na d Tfx Tfx a d Tfx Tfx a d Tfx Tfx a d Tfx Tfx a d Tfx Tfx− − + − +≤ + + + +
 

         1 1 2 1 3 1 5 1 1( , ) ( , ) ( , ) { ( , ) ( , )}n n n n n n n n n na d Tfx Tfx a d Tfx Tfx a d Tfx Tfx a d Tfx Tfx d Tfx Tfx− − + − +≤ + + + +
 

         
)},()(),()( 1531521 +− ++++≤ nnnn TfxTfxdaaTfxTfxdaaa

                                                         (2) 
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and 

),(
),(),(),(),(),(

15

143112111

nn

nnnnnnnnnn

TfxTgxda
TgxTfxdaTfxTgxdaTgxTfxdaTgxTgxdaTfxTfxd

+

+++++

+
+++≤

 

),(),(),(),(),( 5114131211 nnnnnnnnnn TfxTfxdaTfxTfxdaTfxTfxdaTfxTfxdaTfxTfxda ++++≤ −+−+−  
)},(),({),(),(),( 114131211 nnnnnnnnnn TfxTfxdTfxTfxdaTfxTfxdaTfxTfxdaTfxTfxda −+−+− ++++≤ . 

),()(),()( 1421431 nnnn TfxTfxdaaTfxTfxdaaa +− ++++≤                                                                      (3) 
 
Adding (2) and (3), we get, 

).,()(),()2(),(2 154321543211 nnnnnn TfxTfxdaaaaTfxTfxdaaaaaTfxTfxd +−+ ++++++++≤  

).,(
)2(
)2(),( 1

5432

54321
1 nnnn TfxTfxd

aaaa
aaaaaTfxTfxd −+ −−−−

++++
≤

 
).,(..........................),(),( 1011 TfxTfxdbTfxTfxbdTfxTfxd n

nnnn ≤≤≤ −+                                (4) 

where, .1
)2(
)2(

5432

54321 <
−−−−
++++

=
aaaa
aaaaa

b                

 
Let nm > , 

1 2 1
0 1( , ) ( ) ( , ).n n n m

n md Tfx Tfx b b b b d Tfx Tfx+ + −≤ + + + ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ +
           

                            0 1( , ) ,
1

nb
d Tfx Tfx n

b
θ≤ → →∞

−
. 

So from Remark 2.1, for given Pc int∈ with c<<θ , such that we have cTfxTfxd
b

bn

<<
−

),(
1 10 .  

Hence cTfxTfxd
b

bTfxTfxd
n

mn <<
−

≤ ),(
1

),( 10 for each Pc int∈ , which implies that cTfxTfxd mn <<),(  , for 

each Pc int∈ . 
 
Consequently, )}]({[)}({ 1+nn xTgrespxTf  is a Cauchy sequence.  
 
Since ( )dX , is a complete cone metric space the above sequence is convergent in X.  
 
That is )}]({[)}({ 1+nn xTgrespxTf  is convergent.  
 
Now since T is sub sequentially convergent so )()( 1+= nn xgxf  have a convergent subsequence. 
 
Let )()( 1+=

kk nn xgxf be the convergent subsequence such that 

vxg
knk

=+∞→
)(lim 1 . .)(lim 



 =

∞→
vxfresp

kn
k

  

 
SinceT is continuous, we get, .)(lim 1 TvxTg

knk
=+∞→

                                                                 (5) 

 
Again as ( )g X  is complete, so there exist Xw∈ such that vgw = . 
 
Now, 

).,(),(),(),( 11 TvTfxdTfxTfwdTvTfwdTgwTfwd
ii nn ++ +≤=

 

).,(),(

),(),(),(),(

115

14113211

TvTfxdTfxTgwda

TgxTfwdaTfxTgxdaTgwTfwdaTgxTgwda

ii

iiii

nn

nnnn

++

++++

++

+++≤
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From definition 1.2 (iii), 

)},(),({),( 1414 ++ +≤
ii nn TgxTvdTvTfwdaTgxTfwda .  

 
Using definition 1.2 (iii) and (4), we get, 

).,(),()}.,(),({),( 10313113113 TfxTfxdbaTfxTgxdaTfxTfxdTfxTgxdaTfxTgxda i

iiiiiiii

n
nnnnnnnn +≤+≤ +++++

 
Then from the above relation we get 

).,(),()},(),({

),(),(),(),(

11514

10313211

TvTfxdTfxTgwdaTgxTvdTvTfwda

TfxTfxdbaTfxTgxdaTgwTfwdaTgxTgwda

iii

i

iii

nnn

n
nnn

+++

++

+++

++++≤

 
 

2 4 1 1 3 1

3 0 1 4 1 5 1

(1 ) ( , ) ( , ) ( , )

( , ) ( , ) ( 1) ( , ).
i i i

i

i i

n n n

n
n n

a a d Tfw Tgw a d Tgw Tgx a d Tgx Tfx

a b d Tfx Tfx a d Tv Tgx a d Tfx Tv
+ +

+ +

− − ≤ +

+ + + +  

31
1 1

2 4 2 4

3 54
0 1 1 1

2 4 2 4 2 4

( , ) ( , ) ( , )
(1 ) (1 )

( 1)( , ) ( , ) ( , ).
(1 ) (1 ) (1 )

i i i

i

i i

n n n

n
n n

aad Tfw Tgw d Tgw Tgx d Tgx Tfx
a a a a

a aab d Tfx Tfx d Tv Tgx d Tfx Tv
a a a a a a

+ +

+ +

≤ +
− − − −

+
+ + +

− − − − − −  
1 1 2 1 2 0 1 3 1

4 1

( , ) ( , ) ( , ) ( , ) ( , )

( , ).

i

i i i i

i

n
n n n n

n

d Tfw Tgw A d Tv Tgx A d Tgx Tfx A b d Tfx Tfx A d Tv Tgx

A d Tfx Tv
+ + +

+

≤ + + +

+
where, 

)1( 42

1
1 aa

aA
−−

= ,
)1( 42

3
2 aa

a
A

−−
= ,

)1( 42

4
3 aa

aA
−−

= ,
)1(

)1(

42

5
4 aa

a
A

−−
+

= . 

 
Let Pc int∈ with c<<θ be given. Then from (5) and using definition 1.3 we can choose a natural number N such 
that for all Ni ≥ , we have, 

1
1 5
),(

A
cTgxTvd

in <<+ , 
2

1 5
),(

A
cTfxTgxd

ii nn <<+ , 
3

1 5
),(

A
cTgxTvd

in <<+ , 
4

1 5
),(

A
cTvTfxd

in <<+ , 

∞→→ ianTfxTfxdbA in θ),( 02 , so from remark 2.1 we have,
2

02 5
),(

A
cTfxTfxdbA in << . 

This implies .
555555

),( cccccccTgwTfwd =+++++<<  

 
Thus we get, 

cTgwTfwd <<),(  for all Pc int∈ which implies that .),( θ=TgwTfwd  
 
So it follows that .TgwTfw =  Now since T is one – one gwfw = . Hence we have vgwfw == .  
 
So, w is the coincidence point and v is the point of coincidence.  
 
We now prove that the point of coincidence is unique. 
 
If not let there be another point of coincidence q then there is Xp∈ such that qgpfp == .  
 
Then we have 

1 2 3 4

5

( , ) ( , ) ( , ) ( , ) ( , )
( , ).

d Tfp Tfw a d Tgp Tgw a d Tgp Tfp a d Tgw Tfw a d Tgp Tfw
a d Tfp Tgw

≤ + + +
+  

).,(),(),(),(),(),( 54321 TfwTfpdaTfwTfpdaTfwTfwdaTfpTfpdaTfwTfpdaTfwTfpd ++++≤
 

).,()(),( 541 TfwTfpdaaaTfwTfpd ++≤  
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Since, 1
5

1
<∑

=i
ia we get θ=),( TfwTfpd therefore, TfwTfp = since T is one-one fwfp = . Therefore

.vq =  
 
Since f and g is weakly compatible mappings the unique common fixed point exist from the Proposition [2.2]. 
 
The following corollary is the main result Theorem 2.1 in [13] 
 
Corollary 3.2: Let ( )dX , be a cone metric space. Let XXgf →:,  be two functions satisfying  

),(),(),(),(),(),( 54321 fygxdagyfxdafygydagxfxdagygxdafyfxd ++++≤  

where 5,4,3,2,1;0 =≥ iai  and
5

1

1i
i

a
=

<∑ . 

 
Suppose if the range of f is contained in the range of g and )(Xg  is a complete subspace. Then f and g have a unique 
point of coincidence. Further if f and g are weakly compatible then they have a unique common fixed point. 
 
Proof: If we take xTx =  in Theorem 3.1 then we get the result. 
 
The following corollary is obtained which is the main result of Hardy and Rogers [14] in the setup of cone metric space 
as proved by M. Abbas, B.E. Rhoades [10] for normal cones. 
 
Corollary 3.3: Let ( )dX , be a complete cone metric space. Let XXf →:  be two functions satisfying  

),(),(),(),(),(),( 54321 fyxdayfxdafyydaxfxdayxdafyfxd ++++≤  

where 5,4,3,2,1;0 =≥ iai  and 1
5

1
<∑

=i
ia . 

Then f have a unique fixed point. 
 
Proof: If we take g  and T both as identity map in Theorem 3.1 then we get the result. 
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