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ABSTRACT

In this paper, isometric equivalence of the multiplication operator M, restricted to the invariant
subspaces of index 1 in p' () are investigated. Also, the reducing subspaces of the operators M, i 2
1 on p? (u) are discussed.
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1. INTRODUCTION:

Let p be a finite, nonnegative measure on the closure of the open unit disc D . For 1<t < oo, let pt (W)
denote the closure of analytic polynomials in I (W) . A point 7 € C is called a bounded point evaluation

for pt () if there is a positive constant ¢ such that | p(z)I<cllp |l for all polynomials p ; the

L' ()
collection of all such points is denoted bpe (pt (@) . 1 z € C and there are positive constants M and r

such thatlpw )IKM lip i whenever p is a polynomial, and lw —z I< 7, then Z is called an

L'’
analytic bounded point evaluation for p (). Denote the set of all such points by abpe (pt (4)) . Observe

that abpe (pZ (4)) is an open subset of bpe(p[ (w) .

We will assume that support (1) =D, ({A})=0forevery Ac D, abpe(pt (Ww)=D ,and pt 7))
is irreducible, by which we mean that pt (&) contains no nontrivial characteristic functions. It is
known that p’ () has the division property at all A€ D ; thatis, if f € p' (1) and A€ D with
f(A)=0, then f (z)/(z —A)e pt (1) . Multiplication by z defines a bounded linear operator on
p () which we will denote by S . An invariant subspace of pt () is a closed linear subspace
M c pZ (1) suchthat SM C M . It is also known that S — Al is bounded below for every A€ D ; so

if M is an invariant subspace of pt (1) then (S —AI)M is closed. Furthermore, it follows from the
Fredholm theory that dim M /(S — AI )M does not depend on A € D . The index of an invariant subspace

1
of M is the dimension of M/SM. Recall that if Y74 =—A is the normalized Lebesgue measure on D then
T

t . t
p (M) is the Bergman space L, .
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2. ISOMETRICALLY EQUIVALENT INVARIANT SUBSPACES

Recall that an operator U is an isometry if IUf [I=Ilf Il for every fin dom (U ) . Two invariant subspaces
M and N of pt (u) are called isometrically equivalent if there is a linear isometry U : M — N such
that US |jy =S |y U . It follows from Beurling’s theorem that all invariant subspaces of the multiplication
byz, MZ , on the Hardy space H 2 are isometrically equivalent to one another. If the underlying space is a
Hilbert space and U is a linear surjective isometry then M and N are called unitarily equivalent. Richter
in [3] has shown that no two invariant subspaces of the Bergman space Lg are unitarily equivalent to one

another, unless they are equal. Also, he has proved that if M and N are invariant subspaces of MZ on the
Dirichlet space D and N < M then M =N .

Theorem 1: Suppose that M and N are two isometrically equivalent invariant subspaces of pt () both
of indices1.1f N <M then M =N .

Proof: Let U : M — N be a linear isometry such that US ly; =S |y U Forany A€ D, define Kﬁl

to be the element in ker(S Iy, ~A)" such that f(ﬂ)=(f,K£‘{I>for every feM . If
ZM)={Ae D :f (A)=0, for each f € M} then by Lemmas 2.1 and 3.1 of [2], for every

Ae D\Z (M) ker(S Iy )" =C K} . similarly,  ker(S Iy —A)" =C.K} for  every
AeD\Z(N)CD\Z(M). since U" maps ker(S Iy —2) into ker(S ly; —=A)", we see that
UKY =pW)K Y forevery Ae D\Z (N) . Thus,

U YA = UF K= UKD ) = ok f)

= P K{ ) =pDf (A)
foreach f € M and Ae D\Z(N).

Since N # {0}, the set Z (N ) is a countable subset of D with accumulation points only on the unit circle
T .Thus, D\Z (N ) is always a nonempty open set. Let f be a nonzero functioninM . If f has a zero
oforder n at z € D\(N ) and ¢f hasazeroof order m at 7 ,then (j —1)n < jm forevery j 21,
because f j_l(f ¢j )=(f ¢)j and f ¢j is analyticon D \ Z (N ) . Therefore,

-1 _m

Ty S R X

Jj n

Letting j —> oo, we conclude that n < m which implies that @ = ﬂ is analyticon D \Z (N ). Feom now

on, suppose that [ is a fixed nonzero elementin M .Since IU ll=1, we have
(@ (F YU "f L K yiip ki
foreach n =1 andall A€ D\Z (N ) ;thus
L) I (A <arr g Yt/
Lettingn —> o0, we see that | @(A) I<1 forall A suchthatf (1) #0.Thus, |@(A)I<110on D\Z (N ),

and so can be extended to an analytic function on D . Hence, (Ug (1) = @(A)g (1) forevery g € M
and A€ D .put Q={z :l¢p(z)I<1}. Then

1" f 1, =lf 1L,
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that is

np 14 — p
jQ|(p| If | d,U—IQIfI du,n>l.

Applying the dominated convergence theorem, we conclude that I Q|f P d i =0. Consequently, if

Q, :{zeQ:If(z)Izl}, n=>1
n

then

1
—pﬂ(gn)sjgnv 14 d,uéj-glf P du=0.

n

Since f is a nonzero analytic function, ¢ ={z € Q:f (z) =0} is a countable set and so 1(£2)=0.

Hence,

p@<ul Q)< uQ,)=0.
n=0 n=0

This shows that | @(z ) I=1a.e. [¢£]. The continuity of the function ¥ (z)=l@(z)| on D implies that if
W(z)#1 forsome z(y in D then W (z ) #1 on a neighborhood of z(y, which contradicts the fact that
sup p =D. Therefore, | @(z )I=1 forall z € C and the open mapping theorem implies that @ is a
constant function. Hence, M C N .

We now give some direct consequences of the above theorem.

Corollary 1: Suppose that £(dD) >0 ,and M and N are two nonzero isometrically equivalent invariant

subspaces of pt (&) suchthat N <M .ThenM =N .

Proof: By Theorem A of [1], M and N have index 1, and so the result follows using Theorem 1.

We remark that there are various subclasses of invariant subspaces of pt (&) having index 1 ( see, for
example, [2]). In particular, it is shown that any invariant subspace of the Bergman space Lg,p >1,

generated by functions in Lﬁp, must have index 1. Recall that for a family {M 7,}7,61— of invariant

subspaces of pt W, \V My is the smallest closed subspace that contains each M 7
yell

Corollary 2: Suppose that M and N are two distinct invariant subspaces of pt (4) of index 1 such that
M NN #{0}.Then M and N are not isometrically equivalentto M Vv N .

Proof: By Corollary 3.12 of [2], M v N hasindex 1. So in light of Theorem 1, we get the result.

Corollary 3: Let {M 7,}7,€r be a family of invariant subspaces of pt () ofindex 1,and M % bea
nonzero element of this family such that M Y vM 7 has index 1 forall y€ I'.Ifthereis 7 € I' sothat

M71 and \/M7 are isometrically equivalent thenMj,l = \/My,.
yel yell

Proof: By Theorem 3.13 (b)of [2], vV M y has index 1. So using Theorem 1, the result follows.
yel
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Corollary 4: Suppose that {M 7}761— is a family of invariant subspaces of pt (@) of index 1. If M %

and ﬂ M7, are isometrically equivalent then ﬂ M7, =M Yo
yel yell

Proof: By Theorem 3.16 of [2], ﬂ M y is of index 1. Now, apply Theorem 1.
yel'

For a subspace N of pt (&) recall that N1 is the annihilator of N in (pt (,u))*; ie.,
Nt= {x e (pt (,u))* :x(g)=0,Yg € N }. Keeping this in mind, we bring another consequence of the
preceding theorem.

Corollary 5: Suppose that the spectrum of the operator S iso(S)=D . let M and N be two

isometrically equivalent, invariant subspaces of pt (u)such that N € M and N has index 1. Moreover,

suppose that there is a unimodular complex number A which is not in (S * IN 1).ThenM =N .

Proof: It follows from Corollary 4.8 of [2] that M has index 1, so again the result follows using Theorem 1.

3. REDUCING SUBSPACES

Fori >1, we recall that an invariant subspace M of S' in pz(,u) is called a reducing subspace of §'if §'

M 1 cM J‘. Also, the operator S is irreducible if the only reducing subspaces of S are the trivial
subspaces.

From now on, we assume that support (&) C D and (z",z™)=0 forn # m , where {.,.) denotes the
inner product in pz(,u) . For example, if v is a probability measure on [0, 1] and (¢ is the measure defined
on 5 by
ig,_ 1
du(re’”)=—-d80dv (r),
2z

then a routine calculation reveals that {z",z"")=0,n # m . Moreover, |11l =1.The next theorem

L*(u)

is on the reducing subspaces of S',i >1.

Theorem 2: Let w ,, =ll z " ||1/22 ,n>1and
L™ (u)

Wn+1=1
w

limw ,, =sup

n n

ThenS , the operator of multiplication by z on pz(,u) , is irreducible. Moreover, for i >1 one of the
following results holds:

(i) If for every pair of distinct nonnegative integers m,n with 0<n <i —1 and 0<m <i —1 there
exists some integer k >0 such that
W on+ki ¢W m+ki
Wi Wom

then S* has exactly 2! distinct reducing subspaces.

(ii) If there exist two distinct integersn, msuch that 0<n <j —1 and 0<m <i —1 and
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Wntki _W m+ki
w w

n m

for all integers k > 0, then S ' has infinitely many distinct reducing subspaces.
n

Z
Proof: The elements enz—nZO form an orthonormal basis forpz(,u). So

W
Se, =W, .1/w, )2en+1; i.e, S isaweighted shift with weight sequence V,, =W, ., /W, )2 . Thus,
Corollary 2 of [4] implies that S is irreducible. Without loss of generality, assume that W =1. By

Proposition7 of [4] the operator S is unitarily equivalent to Mz on the space of

va ,w ={w,w.Wwp,...}) which is the space of all formal power series Zf (n)z" such that
n=0

Z lf (n) |2 W, <oo.The mentioned proposition also implies that
n=0
IS ll=supv, =1,

n=0

and 50W3 SW(% =1, forall n =20. Therefore
1=lim%w 2 <Tim%w 2 <1

which implies that %w ,, convergestolas n — +oo. Now, iff (z)= Zf (n)z" e Hw% , then
n=0
Lonhr 2 _ T nlhr 2
Lim4/1f (n)1” =lim¥1f (n)I"w, <1.

Consequently, im %/l f (n)1<1.Hence, f () is analytic on D . Now, the result follows from Theorems
B and C of[5].

; 1
Remark: It is easily seen that if d,u(rel 9) = 2—d Odm (r), where m is the Lebesgue measure on [0, 1],
T 2

then condition (i) of Theorem 2 holds. Hence, for everyi >1, the operators S has exactly 2" distinct
reducing subspaces.
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